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In this unit we study about spin angular momentum. In the last unit we saw
how the z-component of the angular momentum operator could have values
that are either integral and half integral multiples of 7. So the total angular
momentum J was written as the sum of the familiar orbital angular

momentum, L, and the spin angular momentum S. We now know several
particles in nature that have this property of spin angular momentum like
electrons, protons, neutrons, photons to name a few. How do we know that
quantum particles actually possess this property of spin? We know this

because it is measureable in experiment.

Since angular momentum is an observable, it is measurable. It is actually
related to the magnetic moment of an atom. Therefore, if we are able to
measure magnetic moment of a quantum particle, we can measure its angular
momentum. One such experiment was devised in 1922 by O. Stern and

W. Gerlach to measure the magnetic moment of the electron. Recall that in
Unit 9 you were introduced to the three quantum numbers (n, I, ml). However,
the quantitative results obtained from the Stern-Gerlach experiment could not
be explained with the help of only three quantum numbers. In 1925, Pauli
formulated the exclusion principle and the idea of 4 quantum numbers for
electron. In the same year, the existence of the spin property of the electron
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Those of you who are
interested may like to
read about the history
of the hypothesis of
“spin” in Sec. 13.7 of
the book: Quantum
Mechanics: Theory
and Applications

by Ajoy Ghatak and S.

Lokanathan,
5" Edition, Macmillan
India Ltd.
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was postulated by two research students S.A. Goudsmit and G.E. Uhlenbeck
to explain observed spectroscopic data. They hypothesized that every electron

. fi
possesses a spin angular momentum + >

Although spin is described as an angular momentum, it is not the kind of
angular momentum associated with motion in space (like L=rx p). For
example, suppose in an experiment, an electron is prepared in a state  of

zero momentum (— vy = 0). Then th\|/ = Ey\y = an\|/ =0 and so if any
component of the electron’s angular momentum is measured, the result

should be 0. That is true if you assume that the angular momentum of the
electron is just the quantum mechanical analogue of the classical angular

momentum. What you actually get is ig. So, the electron has an “intrinsic”

angular momentum, or a quantum degree of freedom, called its “spin” which
has nothing to do with its actual motion. The nomenclature of “spin” is
misleading because it creates the impression the electron is spinning about its
axis, like a top — though that is not the case. Although initially it was believed,
that if the electron has an angular momentum when it is not moving in space -
it must be rotating about its axis.

Since the spin angular momentum does not have a classical analogue, we
cannot follow the standard practice and derive a quantum mechanical spin
angular momentum operator from its classical counterpart (by replacing x and
p in the classical expression by their corresponding operators as postulated in
Unit 4). We therefore start by establishing the mathematical framework for the
spin angular momentum by describing the spin angular momentum of the
electron in Sec. 14.2. We do this by extending the angular momentum algebra
we studied in Unit 13 to the spin angular momentum operator and assuming

that the electron’s spin angular momentum can have values ig. We derive

the spin angular momentum matrices, show how the spin angular momentum
operators can be written in terms of the Pauli spin matrices and also use the
two-component Pauli formalism to write the electron spin eigenkets and the
complete wave function. The formalism is developed for the spin angular
momentum of the electron, with the understanding that the spin of other
particles must be studied in the same way.

In Sec 14.3 we derive the magnetic moment associated with the orbital and
spin angular momentum. In Sec. 14.4 we describe the Stern Gerlach
experiment and explain the results using the idea of the spin magnetic
moment of the electron. In Sec. 14.5 we briefly discuss spin dynamics.

Expected Learning Outcomes

After studying this unit, you should be able to:

% state the properties of the spin angular momentum operator;
« derive the spin angular momentum operators for the electron in terms of
the eigenkets of éz ;

% write the spin angular momentum matrices for the electron in terms of the
Pauli matrice and derive the eigenkets éz ;
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% write the general spin state of the electron as a two-component spinor
and represent the spin angular momentum operators of the electron in
terms of the Pauli matrices;

« describe the electron wave function in the spinor formalism;
% derive the orbital and spin magnetic moment of the electron;
% describe the Stern-Gerlach experiment and explain the results; and

« describe the time evolution of the spin state of the electron.

14.2 SPIN ANGULAR MOMENTUM

While we do not know the form of the spin angular momentum operator, we
can deduce some of its properties. Let us first look at these.

14.2.1 Properties of the Spin Angular Momentum
Operators

We start with the definition of the total angular momentum (Eq. 13.42) of
Unit 13:

J=L[+$ (14.1)
As we know, J and [ are Hermitian operators, with the components
(jx,jy,jz) and (ﬁx,ﬁy,ﬁz) respectively. Therefore we can say that S is also
a Hermitian operator with the components (éx,éy,§z). In component form we

can write Eq. (14.1) as:

Jx =iy +8x;dy =L, +8,;d, 2L, +8, (14.2)
Given that Jand [ satisfy the commutation relations:

U dy 1= ind 0y, 3, )= ind i, )= imd, (14.3a)

[Ex.Ly 1= inl iy Ly )= il [0 L | = i, (14.3b)
We can write:

Iy dyl=ind, = [ix+ 8Ly +8, =i, +8;)  (124)

We don't know what S looks like at this stage, but we do know that [ canbe
written in the coordinate representation and also in terms of the angular
variables 6 and ¢ (Unit 4, Unit 8) and S cannot. Therefore [ and S are
commuting operators. With this condition, for Eq. (14.4) to hold, given

Eq. (14.3a and b) we must have [SX,Sy]— /hSz In general, the same

commutation rules should hold for the spin angular momentum operator S
(and its components S,,S, and S, ) that hold for L and J:

In the vector notation this relation is written as:

- S
§x§=in§ or [§,8;]=in> ejuSy (14.5b)
k=1
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and §2-85,2+§,2+8,2 (14.6)
Also: [$2,8,]=0 (14.7)
It is also true that [éz,éx]: Oand [§2,§y]= 0. However since §X,§y,§z do

not commute among themselves, we choose the eigenkets of the spin angular
momentum operator to be the simultaneous eigenstates of S2 and §Z .

To write down the spin angular momentum operator for the electron (or rather
any other spin half particle like the neutron or the proton), we start with the
result that the electron spin angular momentum in the z-direction has the value

J_rg (Uhlenbeck and Goudsmit, 1925). So we are looking for an operator
S for which éz has the eigenvalues ig and which satisfies the commutation

rules of Eq. (14.5) and (14.7). Clearly there will be two eigenkets, and if we
label them as |$1) and | ), we can write:

Selon) = 2161) 5 Sul62) =1 00) (14.82)

and are eigenkets of S2 as well.
|91) 02) g

Since S, is Hermitian and |¢¢) and |¢2) have distinct eigenvalues, |¢4)and
\¢2> are orthogonal and form a complete set for a two dimensional Hilbert

space for the spin angular momentum of the electron. They can be scaled to
be normalized and so we can write:

(0i]0i) =85, 0,j=12 (14.8b)
And
01)(01] +|d2) 02| =1 (14.8c)

Using the spectral representation (SAQ 6a of Unit 10), éz can be written as:

Sz = 2 1)on | ~lo2)oz [ (14.80)

You can check that this is the correct form of the operator éz.

SAQ1

Show that for S, defined by Eq. (14.8d), §Z|¢1> = g|¢1> and

Selba) =3 l42).

We next write down the spin angular momentum matrices for the electron.

14.2.2 Spin Angular Momentum Matrices for the Electron

Recall that in Unit 13, we have written down the angular momentum matrices
for j=1/2:
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1 (0 1 1 (0 —i 1 (1 0
Jy =—h (Jy = —1h J, =—h (14.9)
211 o0 21j o0 210 -1

You can check for yourself that:

e The eigenvalues of J,(J, and J,, also) are ig. So if a measurement of

J, is made (or Jy or J,) you would get +gor —g.

e The matrices J,, J,and J, satisfy the commutation rules (TQS5, Unit 13):

Ux.dy = indz; [y, Jz]= indy;[dz,dx ] = indy .
The matrices J,, J,,and J,hence are an appropriate representation of the

electron spin angular momentum operators. So the spin angular momentum
matrices of the electron S, S, and S, are:

1 (0 1 R(0 =i A1 0
Sy =—h Sy =2 B - (14.10)
211 o0 2(i 0 20 -1

We can also write the matrices as:

h h n

where c,,6,,6,are the Pauli spin matrices defined as

0o 1 0 -i 1 0
ze[ J; GyZ( J; Gzz[ J (14.12)
1 0 i 0 0 -1

We can now also write the matrix for the operator S2 (Eq. 13.64 of Unit 13) as

3 (1 0
§% =~ n? (14.13)
4 o 1
And we have:
A 3 5 3
S?o1) =712 d1) 5 S%b2) = h%62) (14.14)

Designating the angular momentum by a value s (in place of j), we have the

general result for s = %:

$2|¢;) = s(s+Wn2|¢;) =12 (14.15)
And

S7|0i)=s,n¢;) i=12 (14.16)
Where the values of s, are s, =-s ands, =-s+1=s.

Recall that the angular momentum matrices were defined in the basis |j,mj>.

1 1

For j=% the basis eigenkets were %_E> and —,—%>. Notice that both

2
S2 and S, are diagonal in this basis and therefore will have simultaneous
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eigenvectors. The eigenvectors of the matrices S2 and S, can be

determined as column vectors and these will be the simultaneous eigenkets
|¢1) and |¢2) of the operators S2and S, . You will find (SAQ 2b) that:

1 0
hm>=[ Ji|¢2>=[ ] (14.17a)
0 1

(¢1]=(1 0); (o2|=(0 1) (14.17b)

And

SAQ2
a) Show that in the basis |¢¢) and |¢2) defined in Eq. (14.8a)

Sx =5 lon(oz |+ 42)(0n]

and

Sy = 2 )0z | +162)(0n ]
b) Show that:

i) the eigenvalues of Sy, S, and S; are +g or —g.

1 0
i) the eigenvectors of S, are { ] and [ J
0 1

iii) the eigenvectors of S, are also the eigenvectors of S2 with the

. 3
eigenvalue Zh'

1 0
The eigenvectors |¢1) :[ J and |¢2) :( J are also referred to as the “spin-
0 1

up” and “spin-down” states, respectively for a spin-half particle. If the z-
component of the spin angular momentum is measured for an electron in the

state |¢1) , the result obtained would be g . If the z-component of the spin

angular momentum is measured for an electron in the state|¢>), the result
obtained would be —g. The states |¢1) and |¢2) are often represented as

|T) and |{) or |+) and |-) ,respectively, to indicate their “spin-up” and
“spin-down” character. For the rest of this unit we designate |¢1) and |¢,) by
T} and |{), respectively.

We next write down the wave function for the electron, which, as you now
know, has two spin angular momentum states. For this one uses a formalism
called the Pauli two—component spinor formalism (introduced by W. Pauli in

12 1927).
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SAQ3
Show that the eigenvectors for éx are

1 1 1
et =[sx =)= =M+ 1Y)

and

1 1 1
S =[sx==2) ==/

14.2.3 Pauli Two-Component Formalism

Let |¢) be the general spin state of the electron in space. Let us write |¢)as a

linear combination of the eigenkets |T) and |1} as:
[0) = C4| 1) + Co ) = (T o) 1) + (L) ¥) (14.18)

|T) and |[{) are column vectors and |¢) is also a column matrix

Cr) ((T]o)
|¢>=[CJ={M¢>} (14.19a)

And the adjoint (¢| is a row matrix:

wi=lcr )=t (oM (14.19b)

The column vector of Eq. (14.19a) is called a two-component spinor.
Designating the state \¢> by y to show that it is a spinor, we can write

Egs. (14.19a and b) as:
x =Cxr +Coxr (14.20a)

1 =Crapt +Co T (14.20D)

You must understand that these are equivalent descriptions and so:
(M) 1 0
1=9)= s =M= =)= (14.21)
(Y]9) 0 1

1" =)= (e") (o1);

=0 0); 0 T=(1=0 1) (14.22)

Similarly:

Now let us consider the action of S, on [¢):
Sz(0) =19') (14.23)

As in Eq. (14.19a), we can write |¢') in terms of its components which is
another spinor, say y':

9) = {me =y’ (14.24)
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Using 1 = |11+ $)(1] we can write
Now (Mo = (*[Szfe) = (TS T+ [4) o)
= (1 \sz\ TN o)+ (T \SZ\ L] 9) (14.25a)
Similarly
(Vo) = (v [Szle) = ([S2 [T+ V) o)
(¢ \SZ\ o)+ (b \SZ\ L)) (14.25b)

. [(T S 1) (T[S ¢>} {(TI¢>] (14.26)

(bS] ) (VS V) L e)

Now from Egs. (14.8a) we can write: §Z|T> = 2|T> : §Z|¢> = —ZH)(SAQ 1)

So

[0 =%

and
- fi 2 ),
(116:])=2: (118 4) <0343 1) <o
(v |s“z\¢>=—g (14.27)

So Eq. (14.26) reduces to:

5o e apr oy (it
e e

Using the definition of the Pauli spin matrices from Eq. (14.12), Eq. (14.28) is:

o N>

x = %GZX (14.29)

So effectively, the operator §Z is the matrix gcz:

§, o %GZ (14.30a)

Similarly it can be shown that:

Sy o gcx (14.30b)
8y =70y (14.300)

The expectation value of the operator S, in the state |9) is

(0]S2]0) = (01 ")

SR PR he |

(VD) (L[5 M s
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Which we can write as:

<§z> = gXTGzX

(14.32)

So the expectation value of §Z is written in terms of the spinor and Pauli spin

matrix in a compact way (Compare Eqgs. 14.31 and 14.32).

We can define similar relations for <§X> and <§y>

Properties of the Pauli Spin matrices

The Pauli spin matrices anti-commute so

{c,-,cj}zo where i,j = x,y,z

The trace of each Pauli matrix is zero.

The square of each Pauli matrix is the identity matrix

c,-z =/ where i=x,y,z and | is the 2x2 identity matrix.

The Pauli matrices follow the commutation rules:

[GX,Gy]: 2ic, ; [cy,cz]= 2ic ;[GZ,GX]= 2i6y

(14.33a)

(14.33b)

(14.33¢)

SAQ 4

a) Show that §X @%cx and §y @%cy.

b) Show that {GX,Gy}ZOZ{Gy,GZ} ={cz,0x} -
c) Show that [ox,5, |=2ic,; [6y,0,]=2icx;[c,,0x] = 2ic) .

14.2.4 Electron Wavefunction

The probability density of locating a quantum particle at a point x, is defined
through its wave function y(x) = (x|y) where |x) are the eigenkets of the

position operator defined by x| x) = x| x). As you have seen in Unit 11, we

solve the stationary state Schrodinger equation H|E) = E|E), where H is

typically a function of the position and momentum operators, to determine

VE(X)=(x|E).

However if the quantum particle is the electron, which also has spin angular
momentum, the wave function y(x) would not define the spin angular

momentum state of the electron at x, which could either g(spin-up) or —g

(spin-down) irrespective of its location. You cannot therefore determine, for
example, the probability of locating the electron at x in the spin up state. So
instead of representing the state of the electron at x by a single wave function
y(x) it makes more sense to represent the state by two functions w4 (x) and

v (x), where
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e y4(x) defines the probability of locating the particle at the point x in the

spin up state, that is with the z-component of the spin angular momentum

E,and
2

ey (x) defines the probability of locating the particle at the point x in the
spin down state, that is with the z-component of the spin angular

fi
momentum — E'

So now the electron is described by a two-component wave function in
the coordinate basis. Therefore you can see that the size of the Hilbert
space for the electron is double of what it would have been if it had no spin
degree of freedom.

The wave function at x can be written in the spinor formalism as a two
component spinor as:

(14.34a)

yA(X)
yp(x)=

v (x)

yp(x) is a two- component wave function which is a 2 x1 matrix, different
from the scalar wave function y(x) which is just a complex number (or a

scalar so to say). In general in three dimensions,

v (XY, Z)}

wp(x,y,z):[ (14.34b)

vi(Xy,2)
We denote the column vector of Eq. (14.34a or b) by the spinor
vp (Wp(X,y,2)=yp) and we can write:

1
1P =vp(Xy,z)=wyr(X, y,Z)[OJ

0
+w(x,y,2){1]=wm 224 (14.35)

where
. J'|\|/¢(x,y,z)|2dr is the probability of obtaining the spin up state |T) at
(x,y,z), and
. J'|\N(x,y,z)|2dr is the probability of obtaining the spin up state |1)at
(x.y,2).
Further:
2 2
j|\|/¢| dr+'[|\|/¢| dr=1 (14.36)

If the Hamiltonian for the electron depends on the position, momentum and
spin operators, the general stationary state Schrodinger equation of the

electron is:
. (v (XY, 2) v (X,Y,2)
Hyp =Eyp = H =E (14.37a)
V(XY z) vi(x.y,2)
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where H is in general a 2 x2matrix. Eq. (14.37a) can also be written as the
spinor equation:

Hyp = Exp (14.37b)

And the time-dependent Schrodinger equation is:

.0 ~
’EE\VP(X,Y,Z) =Hyp(x,y,z)

, a{w(x,y,Z)} A{w(x,y,Z)}
—inl By (14.38)
oty (xy,z2) vi(XY,2)

Let us illustrate what we have been discussing with the example of the
Hydrogen atom. If we consider the Hamiltonian for the problem to be

N 2
H=—h—V2.l+V(r)./ (14.39)
2m

where | is the 2 x 2 identity matrix and the only interaction is the Coulomb
interactionV(r), the Schrodinger equation is:

[—;—;-VZ_I+V(r)./:|\yp(x,y,2):E\Vp(x,y,z) (14.40)

The Hamiltonian is a diagonal 2 x 2 matrix and Eq. (14.40) reduces to identical
partial differential equations for y4(x,y,z) and y(x,y,2).

However if the spin orbit interaction is included in the Hamiltonian, then the
Hamiltonian operator is:

2
L v2.|+V(r).|+a% (14.41)
r

H=-——
2m

Where

~(h ~(h ~(h

The Hamiltonian in this case is no longer diagonal and we get two coupled
partial differential equations for y4(x,y,z) and v |(x,y,z). You will learn the

technique of solving such equations using perturbation theory in your third
semester course, Quantum Mechanics-Il.

SAQ5

. [ L, —il
Showthat [§=n| . 72 x|
2 \Ly+iL, -L,

14.3 MAGNETIC MOMENT

The angular momentum of an atom is measured using its magnetic moment.
Let us now describe the magnetic moment of the atom in terms of its orbital
and spin angular momentum.
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14.3.1 Orbital Magnetic Moment

Classical Analogue

We start with the classical description of the magnetic moment due to a
charge q of mass m moving in a circular path of radius r (Fig. 14.1) with a
velocity v . The angular momentum L is directed perpendicular to the plane
of the path and we can write:

L =m(F xV)=mvrk (14.43)
where k is the unit vector in the z-direction. This rotating charge constitutes a
current / which is:

I = charge flowng through any point of the path per second
=q (L] Amperes (14.44)
2nr

The magnetic moment p of this current loop is the product of the current and
the area of the loop so:

u=IA=q (ZLj(an)= [%)(mvr) = (%)L (14.45)

nr
Notice also that p/L = (zi] From Eq. (14.45), if the charge q is positive, the
m

angular momentum and the magnetic moment point in the same direction, so
they are parallel. If g is negative, the angular momentum and the magnetic
moment point in the opposite directions and are anti-parallel. We can write
Eq. (14.45) as a vector equation:

fi, = (;nji (14.46)

The subscript L on the magnetic moment indicates that we are talking about
the magnetic moment due a charge moving in an orbit and L is its orbital
angular momentum. The interaction Hamiltonian Hﬁ,t for the magnetic

moment i in an external magnetic field B is just its potential energy (U):

- q )z
Hllﬁt = U = —HLB = —(%)LB

=L 1B, +L,B, +L,B,] (14.47)
2m
The force acting on the charge in the magnetic field is just
F=-VU=V(iB)= (i)ﬁ(ﬂé) (14.48)
2m
An electron moving inside an atom will therefore have a magnetic
moment i, = —(i) L and experience a force F = —(i)ﬂf.é). If the
2m 2m
external magnetic field is in the z-direction (é = BZR), then the potential energy

of the electronis U = [ZLJLZBZ and the force acting on it is along the z-
m

direction:
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oB e oB
F 2\_(e), Z) 14.49
“Z( oz ] (Zm) Z( oz (14.49)
Quantum Formalism

The quantum mechanical analogue of the orbital angular momentum is LisL
and we can write the magnetic moment of the electron as:

~ e ~
==L
i =5

Let us now discuss the magnetic moment due to the spin angular momentum.

(14.50a)

14.3.2 Spin Magnetic Moment

Goudsmit and Uhlenbeck analysed a large number of spectroscopic lines and
found that the results could not be explained with the help of the three
quantum numbers n, and m;. The most familiar example is the two closely

spaced Dq and D, lines in the spectrum of a sodium lamp. If analysed with
the three quantum numbers n, I and m,there should have been just a single
line in the sodium spectrum, corresponding the transition from 3p to 3s. To
explain the observed spectroscopic data, Goudsmit and Uhlenbeck advanced
the hypothesis according to which every electron rotates with an angular

h S . . .
momentum — , which is the spin angular momentum, and carries, in

addition to its charge, a magnetic moment equal to one Bohr

Magneton(pB L j

2mg
This intrinsic angular momentum is not due to the rotation of the
electron of the electron about its axis (SAQ 6b). The magnetic moment due
to the spin angular momentum is actually

fis =0 58

14.50b
om ( )

where g (> 2.0023) is the Lande g factor, e is the electronic charge and Sis

the spin angular momentum. Therefore: (g = —g(zijé . The z-component of
m

. e \h
the magnetic moment can have values pu, = _g(Z_)E =g or
m

Ho = g[zi]g = —Ug , corresponding to the two eigenvalues of éz which are
m

g and —g for the spin up and spin down states of the electron respectively.

The interaction Hamiltonian for the spin magnetic moment and the external

magnetic field is

(14.51)

Those of you who are
interested may like to
read about the
history of the
hypothesis of “spin”
in Sec. 13.7 of the
book: Quantum
Mechanics: Theory
and Applications

by Ajoy Ghatak and
S. Lokanathan,

5" Edition, Macmillan
India Ltd.

SAQ 6

a) Calculate the value of the Bohr magneton in Sl units.
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b) Show that if the spin angular momentum of the electron is attributed to the
rotation of the electron about its own axis, the velocity of the electron
would be greater than the velocity of light.

With this idea of the magnetic moments associated with the orbital and spin
angular momentum we now describe the Stern-Gerlach experiment armed.

14.4 THE STERN-GERLACH EXPERIMENT

Source for Magnet
Silver Atoms Collimator

The experiment, originally conceived by Otto Stern in 1921, was carried out by
him and W. Gerlach in 1922 in Frankfurt. The experiment was designed to
verify the notion of space quantization, that is the quantization of the z-
component of the angular momentum of the electron as proposed in the Bohr-
Sommerfeld model (Unit 8).

Silver (Ag) atoms are heated in an oven, in which here is a small hole through
which the silver atoms escape. This beam of silver atoms is passed through a
collimator and then enters an inhomogenous magnetic field produced by a pair
of pole pieces. The standard experimental arrangement is shown in Fig. 14.2.
Why we use silver atoms will become clear in the next few paragraphs.

-
0P

Screen

Fig. 14.2: Stern-Gerlach Experiment.

The particles with non-zero magnetic moment are deflected from the straight
path by the magnetic field gradient before they strike a detector screen, such
as a glass slide. The silver atoms are travelling along the y-direction as you
can see and the magnetic field is predominantly along the z-direction. The
detector shows a two line pattern indicating that the single beam of silver
atoms splits into two. We now analyze the results of this experiment in the
classical and quantum mechanical picture

Classical Picture

Assuming that the magnetic moment of each silver atom is p, the force on
each silver atom is F =~ uz(—aaBZ ) where p, is the magnetic moment of the
z
atom along the magnetic field. The silver atom, as you know has 47 electrons
out of which the outermost is a 5s electron. The 46 inner electrons create a
spherically symmetrical electron cloud which has no net angular momentum,
so the angular momentum of the silver atom is only due to the angular
momentum of the single (47" or 5s) electron. Therefore the net magnetic
moment of a silver atom is due to the angular momentum of a single electron.
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In the classical picture, the magnetic moment of the silver atom is due to the

orbital motion of this electron which is g, = —(Zij L and the force acting in
m

the z- direction is F = —(ijLz (&) So the silver atoms in the beam

2m 0z
should be deflected in direct proportion to the
z-component of the magnetic dipole moment and by looking at the trace of
the deflected particle on a screen, one can measure the z-component of the
magnetic moment of the electron. So if a beam of silver atoms (atomic dipoles)
is sent through the Stern Gerlach apparatus, since the values of the z-
component of its magnetic moment can vary continuously from —p, to

uz (depending on the direction of the angular momentum vector), the beam of
atoms would fan out and form one continuous trace in the classical picture.

However, since it was found that a single atomic beam produced more than one
trace on thescreen S, the experiment clearly showed that the inhomogeneous
magnetic field resolved one single beam of atoms into more than one
discrete component. This showed that p, and therefore the z-component of
the angular momentum of the electron can take only discrete values. This
experiment therefore confirms the quantization of the z- component of the
angular momentum.

The results were also unusual in the light of quantum mechanical ideas which
we now discuss.

Quantum Mechanical Picture

The assumption so far is that the magnetic moment of the electron originates
from its orbital motion. In the quantum mechanical picture, we know L, is

quantized and therefore so is n,. The angular momentum eigenstates, which

are simultaneous eigenstates of [2 and an are characterized by the values of
I 'and m;, respectively, where / takes on integer values, and for each value of /,
m; has 2/ +1 integer values running from —/to /. So p, = ———h—m/ has

m
discrete values corresponding to the discrete values of m,. In keeping with the
idea of quantization of orbital angular momentum a single beam of atomic
dipoles will split into 2/ +1 beams corresponding to the 2/ +1 values of m;.
However [ has integer values, so 2/ +1 is always odd. However in the
experiment with silver atoms, the number of traces is an even number, 2.

Stern and Gerlach also measured distance between the traces and concluded that
the value of m; does change by one.

Now, the valence electron in the silver atom is located in the s shell, for this
electron / =m; =0 and the magnetic moment in the z-direction is also zero.
Therefore if the angular momentum of the electron is only due to its orbital
angular momentum, the silver atoms should not be deflected at all by the
magnetic field and there should be just one trace, not even two.

So while the Stern-Gerlach experiment showed that the z-component of the

angular momentum was quantized and that the angular momentum

component in the direction of the magnetic field changed in integral multiples

of 71, it could not shed light on the origin of the magnetic moment. 131
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With the introduction of the idea of the spin angular momentum of the electron
however, even with / = 0, the electron has a finite angular momentum in the

z-direction due to its spin angular momentum, J_rg and two possible values of

the magnetic moment which causes the deflection of the silver atoms in the
magnetic field leading to two traces.

With this it seems reasonable to introduce four quantum numbers n, /, m; and

mg for the electron. The eigenvalue of S2 s s(s+1)r2 where s = % The

eigenvalues of éz are mgh , where mg =% or —%.

14.4.1 Sequential Stern-Gerlach Experiments

The results of the Stern-Gerlach experiment make it clear that if a
measurement of the magnetic moment of the electron were done, the results
would be either pg or — g and after the measurement the electron is either

in the spin up state |T) orin the spin down state |{).

As we have said earlier, the z-direction is not special in any way and the

eigenvalues of §X and §y are also g and —%. The two beams observed in

the experiment therefore correspond to the spin up state |T> or in the spin

down states of éz . If instead of applying the magnetic field in the z-direction,

you rotate the Stern-Gerlach apparatus so that the magnetic field is in the
x-direction, you would again get two traces corresponding to the two

eigenvalues of éx and the two beams would correspond to the spin up and
spin down states of §X.

Spin -up

| | Spin-up | Spin -up
|
N R ay

Spin -down Spin -down Spin -down

Fig. 14.3: Sequential Stern-Gerlach experiments.

Let us now see what the results of a sequence of Stern-Gerlach
measurements tell us, when the measurement is carried out sequentially
along two orthogonal directions in space. Consider the sequential experiment
shown in Fig. 14.3. In the first measurement (Stern-Gerlach apparatus A) the
magnetic field is along the z-direction and the output has the two states of the
|T> and |~L> Let us now block one of the output beams, say the beam

corresponding to |~L> and allow the |T> beam to be incident on a second

Stern-Gerlach apparatus B where the magnetic field is along the x-direction.
You will find that once again the beam will split into two parts and a
measurement of the magnetic moment will yield the values of g or — g with
equal probability (1/2). If you now block one of the beams in the output, say
once again the spin-down state |S, | ), and let the |S,+) beam be incident on

a third Stern-Gerlach apparatus C where the magnetic field is along the
z-direction ( so you are measuring S, ). You will find that once again the beam
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will split into two parts and a measurement of the magnetic moment will yield
the values of ug or — g with equal probability (1/2).

So what the sequential SG experiments tell us is that Sy, and S, are

incompatible observables and [§Z,§X]¢ 0. You would get similar results if you
were measuring any pair out of Sy, Sy ,S;.

14.5 SPIN DYNAMICS

Consider an electron at rest in a magnetic field in the z-direction B= BOIG.
The Hamiltonian for the electron is:

H=HS

S =—fs.B=-n;By (14.52)
e h h .
And p; = —g(—jSz where S, =— or ——. Using g ~ 2, we get
2m 2 2
iy ~ _(ejsz and AS, = (ejs‘zso - (e&)jS - 00S;.
m m m
So for any initial state |y(0)), the final state of the system is

7@ 7inSAZt
with=e n|yO)=e & |y(0) (14.53)

Let us use Eq. (14.52) to determine the expectation values of the spin angular
momentum operators.

SAQ 7
Given that the initial state of the system is |S, | ) calculate <§X><§y><SZ> ata

later time t.

14.6 SUMMARY

B The same commutation rules for the spin angular momentum operator
S (and its components §X,§y and éz) are the same as for the orbital

angular momentum [ and the total angular momentum J:
[éx, éy:l = ihéz; [éy,éz:l = Ihéx; [éz, éx]= Ihéy
and
For the electron, §Z has two eigenvalues ig. The two corresponding

eigenkets are |T)and |1, which are also the eigenkets of S2:

- hi - /]
SN =211 1 &b =11y
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B The spectral representation of the spin angular momentum operators

is:

S =N 8, = FEmR

Sz =3I ]

The spin angular momentum matrices for the electron are

h h h
SX =EGX;Sy ZEGy;SZ =EGZ

where cy,c),6, are the Pauli spin matrices defined as

0 1 0 —i (1 0]

1 0 i o) 2 (o -1

3 (1 0
And S2 =2p2

4 o 1

1
The eigenvectors are represented by column matrices: ‘T} = (Oj and

0
H) = (J , which are also referred to as the “spin —up”and “spin-down

“states, respectively for a spin half particle.

The general spin state of the electron in space,

¢), is a linear

combination of the eigenkets |T) and |{):
|9)=Ci|T)+ Caf4) = (o) 1)+ (Y[ 9)])
<T¢>J
(Ho)

The column vector \(I)) is called a two-component spinor y and we

C
|¢) is also a column matrix |¢) = [ 1} = [
C2

write:
=Crr +Caxt

The two descriptions are equivalent and

XE|¢>:{S:I§] Lt E|T>=[;] Lxl E|¢>={?]

In this description the spin angular momentum operators are
represented using the Pauli spin matrices as follows:

a n a h a n
SX @EGX ; Sy @EG}/; SZ©EGZ

The wave function of the electron can be written in the spinor formalism
as a two component spinor:

W(X)J

\UP(X){
v (x)

where



Unit 14 Spin Angular Momentum

e y+(x) defines the probability of locating the particle at the point x in
the spin up state, that is with the z-component of the spin angular

momentum g and
ey (x) defines the probability of locating the particle at the point x in
the spin down state, that is with the z-component of the spin

h
angular momentum — 5

B An electron moving inside an atom has a magnetic moment

gy = —(;j L due to its orbital motion and a magnetic moment
m

s = —g(zi)§ due to its spin angular momentum S, where
m
g (~2.0023 ) is the Lande g factor .

B The Stern-Gerlach experiment was designed to verify the notion of space
quantization, that is the quantization of the z-component of the angular
momentum of the electron. The experiment showed that the
z-component of the angular momentum was quantized and that the
angular momentum component in the direction of the magnetic field
changed in integral multiples of 7. The complete results of the
experiments could be explained only after assuming the existence of the
spin angular momentum of electrons.

14.7 TERMINAL QUESTIONS

1. Write down the eigenstates of éy in terms of the eigenkets | T)and ‘i}

2. Determine the eigenstates of the operator §X cosf+ éy sinf.

3. Show that (c.A)c.B)= AB+ic.(AxB).

4. Given that the initial state of the system is |y(0)) =sinf|T)+cosp|\),
determine <§X ><§y ><§Z> at a later time .

5. Consider a Stern-Gerlach experiment with a uniform magnetic in the
z-direction. Calculate |y(t)) assuming that the initial state is

|w(0)) = cosa|T)+sinall).
14.8 SOLUTIONS AND ANSWERS
Self-Assessment Questions

toa) Sale) =5 Il —le2)(02 ] 61)

= 201161} 191)~ (b2 01)]62)
=5 1%)

S2lé2) = 21161) (4111 02) (62 12)
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= 2L{1102)] 1)~ [92) 02 |2)]

--3l¢2)
2. a) Using the results of SAQ 6(a), Unit 10
Sx = (Sx)11]01)(2] +(Sx)z [01) (02 ]
+(Sx)21]92) (01| +(Sx)a2 | d2) (92|
R(0 1
Using Sy 25[1 OJ we get (Sx)qq =(Sx)p =0 and

(Sx)12 :(Sx)21 :h/2.

Sor S = én)(d2] +|é2) (on ]
Similarly,
Sy =(Sy )4 101)(d1]+(Sy )y, [01) (02|
+(Sy )yq [02) (1] +(Sy )py [62)(02]

==l 02 |+ 1020 01| = D= [91) (b2 +62) (01
b) i) The characteristic equation for Sy is
A -1=0=1=11 = sy :i%
The characteristic equation for S, is

A-1=0=1=11 and s, =+

N | =+

The characteristic equation for S, is

A-1N(A+1)=0=xr=41 and s, =1n/2

X1 X2
i) Let the eigenvectors of S, be |¢1) =[ } and |$2) =[ }
Y1 Y2

Defining

a-ge0=3(, )30
Szlp1)=5[01) =7 =5
|61) 2| 1) 2[0 iy )" 2L,
)
= = = X1 =X;y1=0
-1 Y1
1
|¢1>=(J
0
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X2 — X2 0
:{ N ]3XZ=o;y2=y2:»|¢2>:U
-y2 -y2 1

i) Using Eq. (14.13) we write:

200 3.1 (M _3 5[ _ 3,
S |¢1>—4h [0 1}[0 —4h 0 =" [¢1)

1 0)/(0 0
Similarly 82|¢2>=%h2{0 1] U:%#U:%h?mz)

3. Let the eigenstates of S, be |Sxt)and | Sy ). Writing the eigenstate
|Sxt)in terms of |T) and ) we have: [S,+)=c1|T)+c2|{) where

cZ +¢3 =1. Since §x|SxT>=g|SxT> we get:

h .
SX\SX¢>=§[C1\T>+CQH>] (i)
Using the definition of éx from SAQ 2a we can also write

SxISxr) = 5101} 02|+ 102 (01 ] S41)
= U el D)+ 2O+ e2l)

= %(c1)\¢>+gcz|T> (ii)
Equating the RHS of Egs. (i) and (ii) we get:
Sl M)+ cal Y= 2 o)) + S eal)
= c1|T) +co[d) =cq[¥)+ca|T)
Or (c1-c2)|T)+(c2-cr)d)=0=c1=02 (iii)

Using Eq. (iii) in Eq. (i) we get 2012 =1

or Cq = =C2 (iv)

Sl

1 1
Syr)=—|D+—=|¥ v
Set) =l + 1) )
We follow the same steps to determine |Sy )
We write | Sy ) = ¢4|T)+c|{) with:

ci? +c2 =1 (vi)

also  Sx|Sxy) = lei T+ calV)] (vii
137
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and §X|SX¢>=%ci|¢>+%c'2|T> (i)

equating Egs. (vii and viii) we get
(ci+ch)|T)+(ci+co)¥)=0  =cf=—ch

1
Soc2+c2=1=ci=-Ch=—

V2
and hence [S, ) =%|T>—%2|~L>

4. a) Using Eq. (14.26) with §Z replaced by éx we get

g (115 ms‘xuq ()
|¢>_SX|¢>{<¢\§X|T> (48 L)
Using the definition of éx = %|T><~L| +g|¢><¢|

We get $[1)=2|4) and S:4)=2|4)

(1[$1) =0 =(4| ¢4 and <¢|§X|¢>=g=<¢|§x|¢>
(o) g
MM@}Z E

Using (Eq. (14.26) for Sy, we have

(MSy[7) <T\§y|¢>J[<TI¢>J

(S (SN

-k [

¢,>=Sx|¢>=
LA
2

A h
SX <:>§GX

|¢/>:§y|¢>:[
Sy[1) = M+ = ) and §y[4)=-2|1)
(118,11 = (4|8, V) =0

(18, 4) - —’g; (48,11 = %

o =) ((1]e)
viiyis: [¢') = S . 2 _hg
Eq. (vii)is: |¢") Sy|¢>{% 5 MM“’J 2 y|0)

A h
138 S Sy @EG}/.
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b) {Gx,cy}zcxcy+6ysx
0 10 —i 0 -iy(0 1
= +
(1 0}(1' 0} (i 0]{1 0]

We can calculate similarly for {c,,c,} and {o,,04}.

C) [GX,Gy]=GXGy—GyGX
0 1][0 —i] [0 —i[O 1
_[1 oli o) Ui 0}1 o}
i 0 -i 0 1 0
= - =2i =2ic,
P P

[6y.02] and [5,,0,] can be derived similarly.
d) We have {GX,Gy}:O = OxOy =—Cy0yx
and
[GX,Gy]=2iGZ = 0xCy —GyGx =20xGy =2i0,
or GxCy =i0cg
Similarly {c,,5,}=0 and [6,,0,]=2icx = 6,0, =icy
and

{c,,6x}=0 and [67,0x]=2ic, = c,0x =icy.

5. Using Eq. (14.42) we get

LA.é = LAXsX + Lyéy + LAzSAz
~(h ~(h ~(h
. (0 1 . (0 =i . (1 0
210 270G o) 2 (o -1
[o L‘X} o -if, [EZ 0 }
~ + ~ + ~

h LZ LAX_iLAyJ

-19 -34
6. a) Bohr Magneton pg = & _ 18710719 x1.054x10734 s
2m 2x9.1x10-31kg

=9.27x10-24 JTesla""
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b) Let the radius and linear velocity of the spinning electron be rand v
respectively. The spinning of the electron about its own axis produces

a current of 2e_v and the corresponding magnetic moment is
nr

ug =Ia =(e—v)ﬂf2
2nr

i) Equating ppgcalculated from Eq. (i) to the experimentally observed

eh
value ug = — we get
2m
( ev ) o €h h
— |t =—=Sv=—-
2nr 2m mr
The classical radius to the electron path is obtained by equating its

2
rest energy mc? to its self electrostatic energy e,
r

e2
-~ =mc2 =r=e2/mc? (iii)
p

Substituting for r in Eq. (ii) from Eq. (iii) we get:

V=L(m02):zzh—c=137
me?2 c e2

The speed of the spinning electron therefore has to be 137c to

produce this magnetic moment, which is not possible.

7. From SAQ 4 we have |y(0)) = SX¢)=%2T>—%2H>-

Using Eq. (14.52) we get

iHt iwpSt

lw(t)=e 7 |y0)=e 7 [S)

1 _icu0§zt 1 _dopt leopt
e e E e )

-

ot
1le 2

7| it

—-e 2

Therefore: (y(t)|=—| e 2 -e 2
(o] =
LA h
Now using Sy =Ecx:

140 (W(OfSwtt)) =2 (wltforwit)
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iO)ot

i(,l)ot /Cl)ot .
h - 0 —i e 2 o
Z[e 2 —-e 2 J(/ 0 J i(,\)ot Z—ES"'\(,Oot

_e 2

(WO} fw®) = 5 (e ute)

4 0 -1 it

_e 2

The values of <§X ><§y ><§Z> imply that the direction of the spin angular

momentum vector rotates about the z-axis with an angular speed o .

Terminal Questions

1. Following SAQ 3, let the eigenstates of éy be ‘SYT> and ‘Sy¢> , then

Sys)=cq|T)+c2|¥) with ¢2 +c2 =1 (i)

Sy[8yr) =701l +2eall) (i
and  $y[Sy4) = LI+ ler| )
+ 2L 1)+ ) leal)

=’£c1|¢>_"gcz|¢> (i)

Equating the RHS of Egs. (ii) and (iii), we get:
(cr+ico)T)+(ca—icy)d)=0=cp =icy

Also c12+c§:1:>C1:%2;02:%2:|Sm>:%(]1‘>+i|¢>)

Similarly, |Sy¢> =ci|T)+ o) with ¢j? +c2 =1 (iv)
A h h

and sy|sy¢>=—§ca|T>—Ec'2|¢> (v)
2 in i, .

and Sy|Sy¢>:?c1|~L>—502|T> (vi)

Equating the RHS of Egs. (v) and (vi) we get:
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(ci—ich)|T)+(ch+icy)|¥)=0

) 1 i 1 .
= ch=-icy and ¢ =—;c0 =—== [Sy,)=—(T-il{
o2 === [Syr) = =(1)-1V)
2. Matrix corresponding to éﬁ :éx cosB+.§y sinp is

Sp :gcosﬁcx +gsin[3csy

h( 0 cosBJ h( 0 —isinBJ
= — +_
2 cosf 0 2 isinB 0

fi 0 e—iﬁ
2 elB 0

Let us determine the eigenvalues of this operator. The charactertic
equation is

X1 X2
Let the eigenvectors of Sy be |1) = [ J for A=n/2and |2) = [ J for
Y2 )

A=-hl/2.8So:
h[ 0 e_iﬁj[)q] h[)q]
2| el 0 )\y1) 2y

- P 1
=xi=ePyr=yr=efx= 1>=%2[ ]

el
And
=~ =-= = xp =—-e My,
2eB 0 Ny 2\y,
5 1 (1
or =—-elPxy =|2)=—
Y2 2 | > \/E ol

3. We write c.A = GXAX + cyéy + Gzéz and
0B = oxBy +0,B, +0,B, + 0,6,
(G.A)(G.B) = (GXAX + GyAy + GZAZ)(GXéX + Gyéy + cszéz)
oxAyorB, oy A0, B, +0yhob,
+oxAyo, B, + oxAce.B,
+ GyAyGXéX + cyAyczéz

+GZ/2\ZGyBy +GZ/Z\ZGXBX (i)
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Check for yourself that GXAX :,Z\ch; cyAy = ,Z\ycsy; cz/A\Z = ,Z\chz
and ¢2 =G}2, =62 =1
Also 6xcy =ic; = 6,0y =—icz. Similarly 6,6, =-icy ; 65, =—icy, .
(c.A)cB)= AcBy + AyBy, + A,B,
+ AX(GXGy )éy + Ay (GyGX)BX
+ Ax (chz)éz + 'Z\Z(GZGX )éx
+/2\y(0y GZ)BZ +AZ(GZGy)éy (i)
From SAQ 4 we have cycy =ic,
Therefore Eq. (ii) is:
(cA)oB)=AB i, (AB, -A,B,)

vicy (A, By —AxB,) +icy(A,B, ~A,B,) =AB+c(AxB)

4. |w(0)) = sinp|T) + cos B|)
|w(t)) = e~ |y(0)) = e~ [sinp| ) + cos p|)]
_logt iogt

=e TsinB|T>+eTCosB\~L>
_ oot

et (1) et (0 .
=e 2 sin[{ J+e 2 cosﬁ[ }z S T8
0

17| ot
e 2 cosP

it _ fot ioot _fwot
So (y(t)|=sinpe 2 (T|+cospe 2 <¢:[e 2 sinp e 2 cosBJ

(Sx) = (w(t)] Sxlw(t))

imot ot 0 1 oot .
_ e 2 sinf e 2 cosB][ J e,.m; sinf;
1 e 2 cos
=—|e 2 sinP e 2 cosﬁ] © ;Otcosﬁ
e 2 sinp

= gsinﬁcosﬁ(e"‘*’of +e-ioot) = gsin 2B cos (wgt)

Similarly,
(Sy) =(wi)|Sylw())
_lot

ioot ioot 0 —i =
— — 2
i e 2 sinf e 2 cosP € 4 sin
2 i o) &
e 2 cosP
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gt

pf oot _lwot o
=—|e 2 sinP e 2 cosP -le cosf
2 _lexpt

ie 2 sinf

= %(— sinfcosBe@t +  sinpcos Be—"mof)

= gsin 2B sin(wgt)

(82) = {w()] Szlw())

A ioot _ gt 1 0 10)20t
:E(e 2 sinf e 2 COSBJ{ J e/wot sinp
0 - e 2 cosf
. imot
ioot oot - .
|l e 2 sinB
—E{e 2 sinp e 2 cosB] oot
—-e 2 cospP
:E(sinzﬁ—cos2 B)ZECOSZB
2 2
ﬂ IcoOS
lw(t)=e n =e " [y(0)) (i)
From TQ 1, we have
Sy4) = (] )+ 1)) (ii)

|sy¢>— (] i) (iii)

T
From Egs. (||) and (|||) e get .
515k 1=~ 9}l

[w(0)) = cosa(E|S”>+E|S”>)

+Sinoc(—LSyT>+LSy¢>)

%( OSOL—ISInoc)|SyT> \/_(COSOL+ISIn0L|Sy¢>
Now §Y|SVT>=%? §y|3y¢>=‘g

So

coso 00 ’mot
wy(t) e 2 ——sinae S
i) =| =2 = }I yt)

CoSs o i(,\)of imot
+ e 2 +jsince 2 |Sy¢>
V2
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