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12.1 INTRODUCTION

In this unit we solve the Schrédinger equation for the simple harmonic
oscillator (SHO) and determine explicitly the eigenvalues and eigenfunctions
using the mathematical framework developed in Units 11 and 12. The results
of this unit are not new to you, however the methods used here are different
from you have studied in Unit 7. You will appreciate that the mathematics
presented here is simpler to execute.

In Sec. 12.2 we write the stationary state Schrédinger equation and the raising
and lowering operators that you have also studied in Unit 7. We determine the
minimum energy of the system and the energy eigenvalues. We show that the
expectation value of the energy is always positive. Finally we write the time
dependent solution for the stationary state of the SHO. In Sec. 12.3 we explain
why the raising and lowering operators are called the creation and annihilation
operators and in Sec 12.4 we introduce the number operator. In Sec 12.5 we
determine the energy eigenfunctions. In Sec 12.6 we calculate the uncertainty
product, using the generalized uncertainty principle.

Expected Learning Outcomes

After studying this unit, you should be able to:

% write the simple harmonic oscillator Hamiltonian in terms of the raising
and lowering operators;

% obtain the commutator relations for the raising and lowering operators; 71
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s determine the minimum eigenenergy and the energy eigenvalues;
% determine the action of the raising and lowering operators on the energy
eigenstates;
% derive expressions for the normalized simple harmonic oscillator
eigenfunctions using the raising and lowering operators; and
% determine the uncertainty product for the simple harmonic oscillator using
the generalized uncertainty principle.
12.2 SOLVING THE SIMPLE HARMONIC
OSCILLATOR PROBLEM
The Hamiltonian operator for the simple harmonic oscillator is
-y
=P 252 (12.1)
2m 2
In Unit 7 you have written the Schrédinger equation of stationary states:
n2 02 1 .
{—2+mwzxz}\vn(X)=En\vn(X) (12.2)
m ox 2
where E,, is the eigenenergy and v ,(x) the eigenfunction of the n" energy
eigenstate of the simple harmonic oscillator. This is in the position
representation. In Dirac notation we can express this as:
H|n) = Ep|n) (12.3)
This equation is of general validity and does not confine itself to any specific
representation. Thus it is unlike Eq. (12.2), which is specifically when the
operators and states are represented in position representation.
Here |n)is the eigenket for the n" eigenstate having the eigenvalue Ej, . In
Unit 7 we have also defined the operators & and &'
- 1 4 B B 1 . -
a= (mox + ip);at = (moXx —ip) (12.4)
N2hmo N 2hmo
Expressing x and p in term of & and &t from Eq. (12.4) and substituting in
Eq. (12.1), the Hamiltonian operator H can be expressed in terms of dand at
as:
H = hm(éTé+%] (12.5)
Since [, ] =it , using Eq. (12.4) we get the commutator of & and &' as:
[4,a7]=1 (12.6)
The commutator of H with & is:
~a ara 1Y 4 ata oA 1.
[A,8]= | no aTa+§ 4| =holataa)+ ho o508 (12.7)
; 1, ~taal_atrasa1. st sla -
Since [E,a} =0 and [a a,a]: a'laa)+ [a ,a]a = -4, Eq. (12.7) reduces to
72 [H,3] = —hoa (12.8)
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Similarly you can show that:

[H,87]=hoat (12.9)

SAQ 1
Show that [H,41] = hoat .

We now calculate the minimum possible value of the eigenenergy of the
simple harmonic oscillator.

12.2.1 Minimum Eigen Energy

Let us now consider an arbitrary eigenket |E> of H, corresponding to the
eigenvalue E (I:I|E> = E|E>). Let us consider the action of & on |E) which
gives a ket |o)

|a) = 8|E) (12.10)
Taking adjoint we get

(a| = (E|at (12.11)
Using Egs. (12.10) and (12.11) we can write the inner product (a|a) as:

(ocloc>=<E

ata

E) (12.12)

From Eq. (12.5), ata = hi -% and Eq. (12.12) is now:
®

(afa) = <E%—%‘E> 3 (%—%)(EE)
N holao) =(E-ﬁ2°3)<E|E> (12.13)

You know that the norm of a state vector is always positive, so (a|a> and
(E|E) are positive definite quantities. Therefore Eq. (12.13) also implies:

E—%OZO:EZ%O (12.14)

Thus we see that the minimum possible value of the eigen energy of a

linear harmonic oscillator is %’) At this stage we still cannot say that the

minimum energy is %hw. We can only say that the minimum energy could be

%ha) or anything greater than this. Further we can also see that for E = h?m

(ala) =0 and so
|a)=alE)=0 (12.15)
We can also say that (which will become clearer in the Sec. 12.2.4).

o . i
alE)=0 iff E :? (12.16) 73
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It can also be shown that the expectation value of the energy of the linear
harmonic oscillator is always positive.

12.2.2 Expectation Value of the Hamiltonian Operator

Let us calculate the expectation value of H for the simple harmonic oscillator
for any arbitrary state |y):
‘

(w[p2|y) + = me? (y|%2|y) (12.17)
2

() = vl = (v] -+ Jmoi

_1
2m
Let us define

Q)= lv) ; |P)=ply) (12.18)

Since x and p are Hermitian, we get

(Q[=(w[xT = (w[x (12.19a)
and (P|=(wlpT =(w|p (12.19b)
So (Q|Q) = (y|xTX|y) = (w[*?|y) (12.20)
and (PIP) = (v[pTBlw) = (w[p?|w) (12.21)

Since (Q|Q)=0and (P|P) >0, substituting for (y|p?|y) and <\y‘f(2‘\y> from
Eq. (12.20) and (12.21) into Eq. (12.17) we get:

<I:I>:%(P\P>+%mm2(Q.Q>ZO (12.22)

So the expectation value of the energy of a simple harmonic oscillator is
always non-negative.

12.2.3 Energy Eigenvalues

From Eg. (12.8) we have
[H,8] = ~hwd = Ha — aH = —hod = Ha = aH —hod  (12.23)
For the eigenket |E) of H, corresponding to the eigenvalue E (FI|E> = E|E>),
using Eq. (12.23) we get
A E)) = (6 ~ hod) E) = &lF|E))- no(d £))
=(E -ho)4|E)) (12.24)
Recall that when you have an equation /Z\|a> =ala),|a) is an eigenket provided

it is not a zero. Let us consider the case when &|E) = 0. In this case, for
Eq. (12.24), we can draw the following conclusion:

1. If |E)is an eigenket, a|E)is also an eigenket.

2. If |E)corresponds to the eigenvalue E, &|E) corresponds to the
eigenvalue E - 7o.
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If however E = Eqg = %hm we necessarily should have a|Eq) =0 as otherwise

we will have states with energy less than %ho), which is not possible as %hm

is the lowest possible value of E.
Further, if 4E) is an eigenket then 42|E) is also an eigenket corresponding
to the eigenvalue E - 2o , provided é2|E> # 0. To see this write the eigenket
(8 E))as |E") corresponding to the eigenvalue E'=E - hio (I:I|E’> = E’|E'>).
Using Eq. (12.24) we can write
A(32|E)) = A(EEYY) = (M - hod) E')

= (E' - ho)d|E")) = (E - 2h0)(&2|E)) (12.25)
From Eq. (12.25) we can see that if E' — o = E — 2ho # %D then (42|E)) is an
eigenket of H with the eigenvalue (E - 2hw). Thus both E — o and E - 2hw
are eigenvalues of H. We can continue with this process and say that if

E » h?m is an eigenvalue of H, E -, E — 2ho,E — 3ho,...,E —nhe are all

eigenvalues of H, right up until E" = E —nfio = %}) because in that
cased|E") =0. So the lowest possible energy eigenvalue of the simple
harmonic oscillator is ’%m and the energy eigenvalues increase in units of 7w,

so the possible energy eigenvalues are:

lhm,éhm,éhw,zhw, ..... ,(n +l}hm,.. (12.26)
2 2 2 2 2

To show that these are the only possible eigenvalues, let us assume that 37w
is an eigenvalue. Then we get that 27, 70,0,-ho,—2he are all eigenvalues

since a|E) is a null vector only for E = h7o) . However this contradicts the result

obtained in Sec. 12.2.2 that E > %0 . So the only possible eigenvalues are

those in Eq. (12.26).

How many eigenvalues can you have for the simple harmonic oscillator?
There can be an infinite number of eigenvalues. Let us see how.

From Eg. (12.9) we have:
[H,a1]1=roat = HaT —aTH = hoa' = AaT = 4TH + hwat
(12.27)
For the eigenket |E) of H, corresponding to the eigenvalue E (I:I|E> = E|E>),
ABTIE)) = (6TH + noat |E) = 4T (AIE))+ nolaT|E))
_ EaT|E))+ holaT|E)) = (E +no)aT|E))  (12.28)
So for every eigenket |E), (at|E)) is also an eigenket of the Hamiltonian with

an eigenenergy (E + o). Let us now check if (éT|E>) can be a null vector.

75
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Now /:I=hm(éTé+%j3 f?rJr{?v:hi—1 and since the commutator of a and
(0]
avis1:
45T —4'a-1>aa —aTar1=>aat = H L1 (12.29)
o 2
And
. [ H 1
t
ala' |E))=|—+—=|E
@'e) [m 2} )
N é(éT|E>)=(£+l)|E>:hcoé(éT|E>)=(E+h—m)|E> (12.30)
ho 2 2
If 47|E) =0, we get in Eq.(12.30)
o
(E+7}|E>=o (12.31)

Since |E) is not a null vector, for Eq. (12.31) to hold, E = _h?(o, which is

clearly a contradiction. Thus éT|E> # 0and from Eq. (12.28), for every

eigenvalue E, E + ho is also an eigenvalue. So the simple harmonic oscillator
has an infinite number of energy eigenvalues. The energy eigenvalues are
given by:

E, :(n+%]ha) for n =0.123,... (12.32)
We will henceforth follow the nomenclature that the eigenket corresponding to
E, = (n + %)ha) is |n). The eigenkets form a bases for a denumerable infinite

dimensional Hilbert space, since the energy eigenvalues are non-degenerate
and the energy eigenkets are orthogonal, as H is Hermitian. We can always
construct normalized eigenkets, which then satisfy the following orthonormality

condition:
(n|m)=38pm (12.33)
And we can write:
> |n)n| =1 (12.34)
n=0,12..

The lowest possible energy is h?m which is the ground state energy or the
zero point energy. The ground state is labelled |0). Since |0) (corresponding
to E, = %hw ) is the ket with lowest energy, 8|E) =0 forE = %"’ and so we

must have 4/0)=0. So

H|0>=m(é*é+%)|0>=%h@|o> (12.35a)

And H|n) = Ep|n) = (n + %jhm|n) (12.35b)
76
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Since Hamiltonian is an observable, it eigenstates |n) from a complete set.

The general state of the simple harmonic oscillator can be written as a simple
superposition of the eigenkets of H:

[w) = Y caln) (12.36)
n=0

12.2.4 Time Evolution of the State Vector

The time dependent Schrédinger equation for the simple harmonic oscillator is

in 2 1(®) = Al©) = 25+ 2 mo2i2 ey (1237)
ot 2m 2 '

Using Eq. (11.41) of Unit 11, we can write the general solution |y(t)) of this
equation as:|y(t))=e & |y(0)). Since |\y(0)):ZC,,(O)|n), (where
n

cn(0) =(n|y(0))), we have:
iEnt

W)= .(n|y(0)e & |n)

n=0,12..

. 1
- Zan(o)e"”[mz)ﬂn) (12.38)

n=012..
12.3 CREATION AND ANNIHILATION OPERATORS

Using the notation introduced in Sec. 12.2.4, with |E) =|n) , we can write

F@lm) = (En ~hoXaln)) =+ Jro- o @n)

(=3 Jroi@imy (12.39)

Notice also that from Eq. (12.32) we can determine the energy eigenvalue of
the (n-1)" state

Fln —1) = En_qfn—1) = [(n —1+%]hm}|n )
= Kn - %)hm}m -1 (12.40a)

And: Hin-1) = (E, — ho)n —1) (12.40b)
Comparing the RHS of Egs. (12.39) and (12.40b), we can say that (é|n>) is an

eigenket of H with the energy eigenvalue corresponding to the eigenstate
|n - 1). This still does not fix the normalization as any multiple of an

eigenstate, is also an eigenstate with the same eigenvalue. Therefore é|n>
has to be some multiple of |n—1), so let us say that:
aln) = bpln-1) (12.41)
which implies:
(nja" =(n-1p, * (12.42) 77
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Taking the inner product of (n|a" and &|n) we get:

(nlataln) = (n=1|by * bpln = 1) = by * by(n =1|n 1)

= by * by =|bp[? (12.43)
i HOA _
From Eq. (12.5) we have a' a = — — — and so:
o 2

(nlataln) = < % - %‘n> = [é(n + %)hw - %}(nm) =n(12.44)
Comparing Egs. (12.43) and (12.44) we get

Iba|> =n=b, =Vn (12.45)
Substituting for b, from Eq. (12.45) into Eq. (12.41) we get:

an) = ¥n|n—1) (12.46)

Notes that there can always be a phase factor e® multiplying the RHS of
Eq.(12.46). Thus if \n) is normalized eigenket, then the normalized eigenket
corresponding to [n—1) is \/ﬁ\n -1).

The operator a is therefore called the lowering operator, the action of the
operator & on an energy eigenstate |n)is to turn the state into another energy

eigenstate, which has a lower energy, |n —1). Since
I:I|n -1 =(E, —hw)n—1), the energy is reduced by one quantum (7®), so

we can say that a effectively annihilates one quantum of energy. This is why
a is also called the annihilation operator.

We can do a similar analysis for the operator 47 and show that:
atin)=vn+1n+1) (12.47)

Thus if {n = 0) is the ground state, the normalised states are

1), V2| 2),v6|3),2V6|4), etc.

The operator at is called the raising operator. The action of the at on an
energy eigenket |n> is to turn it into another energy eigenket which has a

higher energy, |n+1). Since
Hin+1) = Epqln+1) = Kn +1+ %)hw}m +1)
=(Ep + ho)n+1) (12.48)

Since the energy increases by one quantum (%o ), we can say at effectively
creates one quantum of energy, hence a' is also called the creation
operator.

SAQ 2
Show that &t|n)=vn+1n+1).

78
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12.4 THE NUMBER OPERATOR

We define 414 as the number operator N . Notice that from Eq. (12.5)

Njn) = 418)n) = (% _ 1j|n> _ [i(n + 1}1@— ﬂ|n> — n|n)

2 ho 2
(12.49)
So the energy eigenkets are also eigenkets of N, with eigenvalues
0,1,2,...,n,.... The Hamiltonian can be rewritten as:
H = hco(N + %) with H|n) = hco(n + %)|n> (12.50)
And for any two eigenkets |m) and |/}, we get
(m{Nr) = mS (12.51)

SAQ3

Show that <n‘ééT ‘n> =n+1.

12.5 EIGENFUNCTIONS OF THE SIMPLE
HARMONIC OSCILLATOR

We first determine the wave function for the ground state of the simple
harmonic oscillator. For the ground state, we know that:

1

40)=0= moX +ip)0) =0 (12.52)
=02 T PN
Taking the inner product of a|0) with (x| we get:
- 1 N
xlal0 :0:><x[ mox + ip }O>:O (12.53)
s Vaima "% P
which is
mo , . i N
1/— x|x|0) + x|p[0) =0 12.54

Using (x1X(0) = x(x|0), (x|3[0) = [- fhj’_xj<x|o> and vo(x) = (x|0) (the

eigenfunction for the ground state) we can write

" [moe i . d
\/% | ’haﬂ“’“*) =0 (12:99)

And we get the following ODE

[ [mo nod
el =0 12.56
V2r " Vame dx}vO(X) (12.59)

mo
h

which is

Two( =

& ]X\Vo(x) (12.57)

79
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Defining a2 = % as in Unit 7, Eq. (12.57) reduces to

2 vo(x) = -a2xyo(x) (12.58)
X

With the solution

wo(x) = Aexp(— aZZXZJ (12.59)

Where A is a constant which can be determined upto a phase factor using the

o0
normalization condition on *(x)yo(x)x =1. The normalized wavefunction,

as you have determined in Unit 7 is:

12 2,2
a asx
X)=|—=| exp ——— 12.60
vl =( =) [ 2 j (12.60)
Once again, as in Unit 7, defining & = ax , we can write:
12 2
a g
=|—| expl—-=>= 12.61
vox)=( =] xp( zj (12.61)

To derive the wave functions for the remaining eigenstates, we use
Eq. (12.49)

1
vn+1

Therefore, for the first excited state of the simple harmonic oscillator we can
write (with n = 0) and using the definition of 4T from Eq. (12.4),

atiny=vn+1n+ N =|n+1)= (at|n)) (12.62)

1) = éﬂo) = = m (mwx — ip) 0) (12.63)
which can be written as:
1 na
(x]1) = <x{%(mmx - /p)}‘0> (12.64)

with y1(x) = (x|1) being the eigenfunction for the first excited state of the

simple harmonic oscillator. We get

mm n d
W(X):N; X—\/% a}\vo(x) (12.65)

Note that:
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Substituting for \yo(x),di\yo(x) and using a2 = % in Eq. (12.65), we get:
X

yi(x) = [\/% X - J; (- a2x)]wo<x)
= (%)1/2 {\/;a X+ \/gax} exp(— a22)(2 J

12 2,2
a asx
=|—=| Z2axexp|- 12.67
(2«/%] p( ] (12.67)
With & = ax, the wave function is just:
(x)=[-2 ", &2 (12.68)
X)=|——= exp| — = .
You can check for yourself that the wave function derived in Eq. (12.67) is
normalized.
From Eq. (12.62) we get:
1 (- 1 a1 )2
n)=——(af|n-1 =—[a’r n—Z}
Im = = (@tin - )= = —| @I -2)
:;[(ﬁ)ﬂn—@}:.. (12.69)
n(n-1)(n-2)
Continuing in this fashion, we get
1 [A n }
ny=—|(at)’|0 12.70
n)= | @ )"[0) (12.70)
And
. 1 (a 1 /4
1) =(at]0)); |2) = —=(aT[1));.|3) = —=(&t|2))....... 12.71
1= @"10): [2) = =(@T11):.13) = =(é"12)) (12.71)
Eq. (12.71) is used to determine all the eigenfunctions for the simple harmonic
oscillator.
SAQ 4

a 2 AR
a) Show that for W(x):[mj 2<§exp(—7J,LW1 (X)y1(x)dx =1.

b) Show that: ., 1(x) = ﬁ[g —d%}\un(x).

12.6 UNCERTAINTY PRODUCT

We determine the uncertainty product AxAp for the eigenket |n>of the simple
harmonic oscillator. Following Eq. (11.7) of Unit 11, we can define the
uncertainty as the root mean square deviation and so Ax and Ap can be
written as:

Ax = (%2) — (%) (12.72a) 81
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where
(%) =(n|X|n); (X2) = (n|%2|n) (12.72b)
Using the definition of the creation and annihilation operators in Eq.(12.4) we
can write:
)2:1/ —(@+a"); p—lw/hmm it _a (12.73)
So,
A 17} A oAt 3 /) T
(x) = <n{ %( +a )}n> = W/Zm [(n|a|n <n|a |n>]
= n
= |— -1 1 1H[=0 12.74
2moa[ n{n|n-10++vn+1(n|n+ )] ( )
And,
) 2
A2 i ~ AT
(x2) <n{1/—2mw ( +a )} n>
_ _[ a2)n) < (6" F|n) + (riaa" )+ (nla"aln)|
2m
= h [ )(n|n=2)+(n+1)(n+2)(n|n+2)
+(n+1)n|n)+ n(n|n)]
—(2n+1):i(n+l) (12.75)
2mm mm 2
Similarly, it can be shown that (SAQ 5):
(p)=0 (12.76)
. 1
And 2)=h — 12.77
n (p?) moa(n+ 2) ( )
SAQ 5
Show that for the eigenket |n>of the simple harmonic oscillator (p) =0 and
. 1
2)=h —.
(p?) mm(n+ 2)
Using Egs. (12.74 to 12.77), the uncertainty in the observable x is:
- N h 1 h 1
Ax = 32) ()2 :\/_( _)_o :\/_( _] 12.78
x =/(X2) - (%) 3 o R ( )
And the uncertainty in the observable p is:
Ap =4(p?) - (f))z = \/hmm(n + %) -0 = \/hmm(n + 2) (12.79)
The uncertainty product is:
AXAp = \/L(n + l} \/hmco(n + l) = h(n + 1) (12.80)
82 mo 2 2 2
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We can use the results derived in this section to, answer the following SAQ.

SAQ 6

Calculate the expectation value of H in the n'" eigenstate of the simple
harmonic oscillator.

12.7 SUMMARY

B The Hamiltonian operator for the simple harmonic oscillator is
N A2
H= 5— + %mco2f(2 can be written in terms of the ladder
m

operators(Unit 7) 4 and at given by

a= ;(mm)? +ip); af = (moXx — ip)

1
N 2imo N 2mo

as H = hm(éTé + ;j . The stationary state Schrédinger equation is:

H|n) = En|n)
a and af satisfy the following commutator algebra:
[8,aT1=1; [H,8] = -hod;[H,at] = hoat
B The minimum possible value of the eigenenergy E of a linear

harmonic oscillator is %O and é‘E = %D> =0.

B The expectation value of H for the simple harmonic oscillator for any
arbitrary state ]\y> is always greater than or equal to zero:

<ﬁ>=<\,, \,,>>o

B If |E) is an eigenket of H with the energy eigenvalue E then

2
—p—+1mc02>?
2m 2

2

> &|E) is also an eigenket of H with the eigenenergy (E - 7o),
provided that E = h?m because in that case 4 E)=0.

> (éT|E>) is also an eigenket of the Hamiltonian with an eigenenergy
(E + ho).

B The energy eigenvalues of the simple harmonic oscillator are given by:

E, = (n + %)ha) for n =0,123,...

There can be an infinite number of eigenvalues. The corresponding
energy eigenkets are labelled by |n> . The ground state is labelled by

|0) which has the energy %0

B The eigenkets form a bases for a denumerable infinite dimensional
Hilbert space. 83
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The energy eigenvalues are non-degenerate and the energy eigenkets
are orthogonal, since H is Hermitian.

We can always construct normalized eigenkets, which then satisfy
orthonormality condition:

(n|m)=38pm
The Identity operator in this basis is

> |n¥n|=1.

n=0,12..

A general state of the simple harmonic oscillator can be written as a
simple superposition of the eigenkets of H:

)= 2caln)

n=0,12..

The general time dependent solution \\y(t)> for the simple harmonic
oscillator is:
_IEqt
wie) = 2n[w0)e ™ [n)
n=012..

For any eigenstate |n), 4n) =n|n—1) and 4" |n) =vn +1|n +1).
The operator & is called the lowering or annihilation operator, since
the action of the operator a on an energy eigenstate \n) is to turn the

state into another energy eigenstate with a lower energy, reducing the
energy by one quantum (ko). The operator a7 is called the raising or

creation operator, the action of the 47 on an energy eigenket |n) is to
turn it into another energy eigenket which has a higher energy,

n+1)

increasing the energy by one quantum.
We define the number operator N = 47& and N|n) = n|n).

The ground state wave function y(x) is derived from the relation:
a|0) = 0 by taking the inner product of &/0) with (x|. The higher order
eigenfunctions y(x)are derived in the same way using the relation:

=== 611o)|

The uncertainty product for the simple harmonic operator is:

1
AXAp =hl n +—
P ( 2)

12.8 TERMINAL QUESTIONS

Evaluate: i) (m|x|n) i) (m|p|n).

2. Determine (m|[x,p]|n).

3. Determine: i) (m|x2|n) ii) (m|p2|n) .
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4.

Derive the wave functions y»(x) and y3(x) for the simple harmonic
oscillator.

Derive the equations of motion for the operators 4 and at . Solve the
equations to determine their time dependence.

aT)

Show that, for the function f(at):af(at)0) =

0)-

An eigenstate | A) of the operator & defined by the relation: &|A) = o|A), is

called a coherent state of the simple harmonic oscillator. Show that |A>
_lof?
can be written as: |A) = Nge®@"|0)where Ng =e 2 . Show also that

(A|N|A) = a2 where Nis the number operator.

12.9 SOLUTIONS AND ANSWERS

Self-Assessment Questions

[,4t]- [m(afa . 2) af} _ holata,at]+ hcoE,éT}
[%,éT] —0 and [at4,41]=at[a.at |+ [at,at o = af
Therefore [H,47]= hoal

From Eq. (12.28)

H(&t|n)) = (Ep +ho)@t|n)) = Kn + ;)hm + hm}(éﬁ n))

_ Kn o %)m}(éfm) (i

Notice also that from Eq. (12.35b) we can say

Hln+1) = Kn +1+ %]hm}m +1) = Kn + %)hm}m +1) (i)

Comparing Egs. (i) and (ii) we can say that since (aT|n>) is an eigenket of
H with the eigen energy corresponding to the eigenstate |n + 1), at|n)
has to be some multiple of |n+1), so let us say that

at|n) =bp|n+1)

which also gives us (n|a=(n+1jb, *

Taking the inner product of (n|a and éT|n> we get:
(nfadt|n) = (n+1|by * by|n +1) = by * bp(n+1|n +1)

= by * by = |by? (iii)

85



Block 3 Quantum Mechanics in Hilbert Space
From Eq. (12.5)

ééT|n>:(%+%]|n>:>ééT|n>:(n+1)|n) (iv)

And <n|ééT|n> =(n+1Xn|n) = (n+1) (v)
So from Egs. (iii) and (v) we get |bn|2 =n+1= b, =vn+1.
And therefore: &T|n) =vn+1|n+1)

3. We know that [4,a1|=1= 44t =ata+1=N+1

(n[é&t|n) = (n|N +1n) = (n[N|n) + (nln) = n +1 (since (n|n) = 0)

4. a) 1= [wit)wr(x)dx = j[%)%?e—ézdx, with & = ax

—00 —00

d¢ = adx, we have

o e(3)- e 23

(using Integral 5 of Table 3.1)

@)

b) From Eq. (12.69) n+1>:\/1_
n+

1

_ 1 | [mo, [a o d -
Vnat(X) = ,—n+1{ on X Mo dXJWn(X) ()
E=ax= ,/%x (ii)

d‘Vn _ d‘Vn % —-a de (|||)

dx d§¢ dx dg

Substituting from Egs. (ii) and (iii) into Eq. (i) we get (with £ = ax):

P — [a—x— ! (aiﬂw (x)
n Jn+1lV2 av2\ dg n

1 d .
——2(n+1)[é—d—§}w(x) (i)

5. From Eq. (12.73) f = iJ’“""T“’(“T _4)
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(nlBln) = iy [(nlt |n) - (nfdn)]
1 (5o + )~V o 1]
=0 ((njn+1) = (njn-1) = 0)
(ol =25t -]
=220 (rfat?|n) + (nfa2|n) - (nataln) - (nfaat|m)]
since  (na@"2|n) = (n[&2|n) = 0
And (nlaat|n)+(nlataln) = (2n +1)n|n) = 2n + 1
(n|p2|n) = _h’"T“’[_ (20 +1)] = mhco(n " %j
!

(n[62|n) + me2(n|32]n)

=
278 +1mc02)”(2
2m 2

6. () = (nlfin) = <n

A 1
2m

Using the results of Sec. 12.6, we can write:
<I:I> = L[hmm(n = 1)} + me? [i(n + 1)} = hoa(n + l)
2m 2 2 mo 2 2
p

2
Notice further that ( n nj= <n L n> = h_“)(n + 1)
2m 2 2

P L mo2z2
2

Terminal Questions

1) (m|%n) = \/% (m|(@+ 4t |n)

h - o
= %[<m|a|n> + <m|&fr |n>]

= 1/2:%0 [x/ﬁ(m|n -D+~vn+1m|n+ 1)]

=A== [VNOmn-1+VN+10mn+1
" [Jns Jn+15
2mo ' '
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(mlpln) = iy "7 (mat - &)}n)
. [hmo
= I\/j <m|aT In)—( (mlajn)]

. [hmo
= 11/7[\/” +18mn+1— \/Héim,,,,d

[%.6]- %6 - 5%

- ,-\/% @[(éf +8) (8t -4)-(at - )&t + )

a2 42 54T -aTa-a'2+42 -4t a+aat]
=’%’2[é,éT]:ih
{m[[x,p]|n) = in{m|n) = ind&mn
2
(x2) = <m{,/ﬁ EREY )} n>
il ﬁ[{mkﬂm +<m (éT )2 n>+<m‘ééT‘n>+ <m‘éTé‘n>}
+ 2r;T‘ZJ—w[\/n(n —1)(m|n—2)+(n+1)n+2)(m|n +2)

+(n +1)(m|n) + n(m|n)]

= %[\/ n(n=18mn-2 + V(N + 1N +2)3m n+2
®

+(n+1)3mn +n(m|n)dmnl

= %[m?‘)m,n-z + \/msm,n+2 +(2n + 1)6m,n]
122 -5
- _hrgco [<m‘aT ‘ > (mlé2|n) - (m|atéajn) - <m|ééT|n>]

= hmo) ——W(n+1)(n+2){m|n+2)++n(n—-1)(m|n-2)

—n{m|n)—(n +1)(m|n)]
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hmco
[ (n+1)n+ 2)8m n+2 +ANN =18 n_2—nN8my —(N+ 1)5mn]

_ hm‘” SO0+ 212 + 10— Domn_2 —(20+ D |

4. From SAQ 4b and Eq. (12.68)

1 £2
_ 1. d e 92 V2002
va(x)= 2.2[g di}m )= 2[5’ d?j ( J‘) %e 2

_(2«/5] pez -1le 2

va(x)= f[a—d—a}wz( )

1

(GF e

1 £2

. (48&1/;)2 pee ~12ele 2

5. From Eq. (11.59) of Unit 11: ih [aH] th:[éT,I:I]

With H = hw(éT a+ %) we get,

ih%é:[é,éﬂ a+ ;}hm nola,at |at + noat[aa) = ho
= 98 _ e 4 (i)
dt

t S R A SR A .
Similarly: ihaait = hco[aT,aTa - %} = holat,at Ja+nolat,aat = -hoat
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t R
- g8l _jyeat (ii)
ot

Egs. (i) and (ii) can be solved to get

a(t) = e-"ot3(0) ;at(t)=enotat(0)

. We can write the function f(at) as

FaT)=Y Cal@t)" =Co+C1aT +Coa12 +C3a"3 + ..
n

where Cq,C4,Co... are arbitrary coefficients.

Now

a(a1)"0) = avnt|n) =vnta|n) = Nl ~n|n - 1)
=n(n=|n-1 =n(at)" o)

1(61)0) - Crdla110) = X Corle? o) = L&)

Using the results of TQ 6, we can write for a coherent state:

3 A) =a|A) (i

Ay =f(&t)0) (il

Substituting from Eq. (ii) into Eq. (i) we get

af(at)o)=af(at)o) :»%ffﬁo) — af(at)|0) (iii)
of (&t . .
= {#—oﬁ(ﬁ)}m) -0 (iv)

Solving the differential equation in the bracket we can write
f(at)=Ng exd' (v)
|A) = No e4" |0) (vi)

To determine Ny we calculate the inner product (A|A). From (vi) we get

(A| = Ng (0]e* @M = Ng (0Je"8 ( @) = é) (vii)



Unit 12 Simple Harmonic Oscillator-Il

(A|A) =] |2< e“*ée“éT0> (viii)
We can write:
0 * ~\M
i 3 8 )

m=0

Now from TQ 6 , we know that

afat o) = do’; (@) 0y a2(5t o) = d‘fiz [f(1)]0); and so on.
a a

Hence:

" o) ()

dat”
Taking f(éT): e®@" in Eq. (x) we get:

We can write

émeaﬁﬁo>=(ag?jn7eaéTo> (xi)
a

Using Egs. (ix) and (xi) in Eq. (viii) we get:

s pad’ gy L o @8)" et
e*de ]0)-{772::0 e |0)
e @) d T st ’
- X () =" 0D
Thus
0 a*a aéTO _ < (a*a)m 0 “éTO
<e e >_,,§0 por <|e |> (xiii)
ad _ S (aéT)n
e Wo>_;§<o 0
And
(deea ) 3ol at) e 28 o)
2 ot
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To obtain the results of Eq. (xiv) we have used Eq. (12.47):

(0[/j0) = 1{0]0) = 1 ; (0a&t|0) = a(0|1) = 0;
<0‘(océT )2‘o> - a2+2(0|2) =0 ; etc.

Substituting in Eq. (xiii) we get

<0|ecx*éeaéT |0> _ i (a:;;)n _ elaf (xv)
m=0 :

Therefore: |No|? = e 1%* = No = R
Also (AN|A) = (AlatalA)
So:

(ARIA) = a0” =[of2  (-8A)=a|A) (A" =a"(A|





