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5.1 INTRODUCTION

You are familiar with the derivative of a real-valued function defined on an open
sets in R". Now we interpret it in such a way that we can extend it to
vector-valued functions. In Section 5.2, we first discuss the concept of norm in
R" and also about linear maps from R" into R™. Then we define the derivative
of a function from an open subset of R™ into R™ and discuss some basic
properties such as linearity and chain rule. In Section 5.3, partial derivatives
and directional derivatives are defined and the relation between differentability
and existence of partial derivatives and directional derivatives are also given.
The notion of Jacobians is also introduced in this section. In Section 5.4, we
define second order derivatives as bilinear map and establish its relationship
between second order partial derivatives. The symmetry of the second order
derivative is also discussed. In Section 5.5, we restrict ourselves to real valued
function of vector variables. We define Higher order derivatives inductively as a
multi linear map. Then we consider the higher order partial derivatives of
different order also inductively. At the end we discuss Taylor’s theorem for
real-valued functions of vector variables.

Objectives
After studying this unit, you should be able to

e define the derivative of a vector valued function of a vector variable:
e apply the chain rule;

e define partial derivatives and directional derivatives and be able to find the
relationship between partial derivative, directional derivative and total
derivative and apply them;

e write the Jacobian matrix of certain nice functions at a point and use it to
find the derivative of such functions,

e define second order derivative as a bilinear map;
e explain the symmetry of second order derivative;

o write the Hessian of certain nice functions and use it to find the second order
derivative; 5
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infinitesimal (near 0) compared with g if lim

e define higher order derivatives for real-valued functions of vector-variables as
a multi linear map;

e state and prove Taylor’s theorem for real-valued functions of vector variable.

5.2 DERIVATIVE AS A LINEAR MAP

You are already familiar with the vector space structure of R®. You are also
familiar with the linear transformations T : R* — R™, We denote the set of all
linear transformations from R" into R™ by L(R", R™). By fixing bases for R"
and R™ we have the matrix representation for T by an m X n real matrix.
Conversely an m X n real matrix represents a linear map defined by matrix
multiplication. So, in particular, multiplication by a real number is a linear map
from R into R and multiplication by a vector in R‘“ (regarded as anm x 1
matrix) is a linear map from R into R™.

A

Now we want to define the derivative of a vector-valued function of a vector
variable. More specifically, let us consider a function f : E — R™, where E is an
open set in R". If we want to define the derivative of f at a point x € E as the
rate of change of f, we have to compare the size of values of f(x) in R™ and the
size of vectors in. E C R". Now we will introduce a real valued function called
norm on R which helps us in this regard.

e : R" - R defined by

Ix[lre = /X3 + ... + X2, x = (X1, X9 .- -, Xn)

is called the Euclidean norm on R™.

Note that it satisfies

) |x|lre 20

i) |Ixllre =0 <= x =0

iii) || Ax|
iv) |lx+yl

ro = |A]||X||re where A € R
re < Xl + [yl X,y € RO

Notation: We denote the norm on R" for any n by the same notation || t mstead

of || lra

Let us consider || || on R". Then for any x,y € R", we have [|x - y|| = d(x,y),
where d denotes the Euclidean metric on R”. In particular {|x|| = d(0, x).

Also we can observe that x — a in R” or d(x,a) — 0in R is equivalent to
x —al| — 0.

Now we shall give a definition which shows that we can compare the size of
values of two functions f: E — R™and g : E — R" for E C RP.

Definition 2: Letf: E — R™andg: E — R" for E C RP be two functions
and suppose that 0 is a limit point of {lIIx] : x € E}. We say that f is

il
ixli—o0 e




Note that even if f(x) and g(x) are vectors in R™ and R”, we are able to Derivatives in R™
compare their sizes using the norm. Also note that O is a limit point is important
because then only we can talk about the limit ||x|| — 0.

f(x
Further, for any function f: E C R" — R™if ”1” . I ||(x(7“ = 0, then we say

that f is infinitesimal. We denote this by f(x) = o(x).

Now we define the derivative of a vector valued function of a vector variable.
To do this, we first recall the definition in the one-variable case.

Consider f : (a,b) — R where (a,b) an open interval in R. Recall that f is
' f h) —f

differentiable at x € (a,b), iff lim (x+h) = f(x)

limit is called the derivative of f at x and denote by f'(x).

‘exists and in that case this

In other words f is differentiable at x with derivative f'(x) called the derivative
of f at x if and only if the real-valued function given by

f(x +h) — f(x) = f'(x)h + r(h) (1)

h
satisfies kllm% %)» = 0. i.e. r(h) = o(h). This shows that f(x + h) — f(x) can be
thought of as the sum of the linear function that takes h to f’(x)h and a small

function called the remainder, r(h) satisfying r(h) = o(h). So the derivative of f
at x can be regarded as a linear operator on R that takes h to f'(x)h.

- Now we shall see how we can extend this idea to R". We shall first consider the
case where f is a function from (a,b) C R — R™. We know that if x € (a, b),
then we can find anh € R, h > 0 such that (x — h,x + h) € (a,b). Then the
derivative f'(x) of f at x is defined to be the vector in R™ such that
f(x + h) — f(x) = f'(x)h + r(h) where r is a vector-valued function taking

~values in R™ such that r(h) = o(h). This allows us to regard f'(x) as a member
of L(R", R™). Now we define the derivative or differential of f : E — Rm ata
‘point x € E, where E is an open subset of R".

Definition 3: Let E be an open subset of R", f maps E into R™ and x € E. We
say that f is differentiable at x if there exists a linear transformation A of R" -
into R™ such that setting f(x +h) — f(x) = Ah + r(h), we have

O _ o
i [ O be- () =oh).

The condition that A satisfies in Definition 3 can be rewritten as

- lfGe+h) — fx) — A

Ihll—0 [ |
Remark: Since x € E and E is open there exists r > 0 such that B(x, 1) C E;

that is for h € R" with ||h|| < r we have x + h € E. For the sake of convenience

we shall often say ‘for sufficiently small h’ to mean that |jh|| is small enough to
satisfy x + h € E. For instance, it is so for ||h| <r.

=0 )

-

Before we proceed further, we have to check whether a function can have more
than one such transformation. The following result gives that the answer is no.

Theorem 1: Suppose that f is differentiable at x with derivative A; and also
differentiable at x with derivative A,. Then A; = A, 7
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Proof: LetL = A; — A,. For sufficiently small h, consider the inequality
[IL(R)|| < If(x +h) — £(x) — Ash|| + [[f(x + h) — f(x) — Ash|.
Since A; and A, satisfies the conditions in (2), we get that

[OTR
h] Oash — 0.

For any fixed v # 0in R?, it follows that

IL(t V)] |
—0ast— 0. ‘ 3)
[t vi| -
o tv)ll . .
Then linearity of L shows that “Iﬂi V‘l’[ I is independent of t. Thus Lv = 0. Hence
L=0. ' a

If f is differentiable at x, then the linear map A : R* — R™ is cdlled the
differential or derivative (also called Frechet derivative) of f at x and i is denoted
by f’(x) or Df(x).

If f is differentiable at every point x in E we say that f is differentiable on E.
Remark:

Let f be a function defined on an open set E C R" into R™

(i) Let f be differentiable on E. For every x € E the differential f'(x) is a
linear transformation of R" into R™. So f’ is a function which maps E into
L(R", R™), given by,

x +— f(x).
(i) Letm =1 and consider f : E — R. Consider x € E. If f is dlfferentlable at
x, then f'(x) € L(R*, R).

(iii) Letf: E — R™ be a linear map which is differentiable in E then the .
derivative f'(x) = f for each x € E. Let x € E. Then for sufficiently small
h (so that x + h € E)

f(x +h) — f(x) = f(h)
Therefore,

[f(x 4+ h) — f(x) — f(h)|| = 0 for all such h

Thus we may take A as fitself. Therefore, f is differentiable at x with f'(x) = f.
Further for a fixed vector ¢ € R" and A € L(R" R™) if f(x) = ¢ + A(x).
f(x) = ¢ + A(x) c a constant, we then have f'(x) = A(x) Vx € E. This is
generalization of the result that the derlvatxve of f : R — R defined by

f(x) =a+bxish ‘ '

Next we shall discuss some pfoperties of differentiability.

As in the case of scalar-valued functions, we 1ook at the relationship between
continuity differentiability.

Theorem 2: Let f be a function defined on an open set E'C R" into R™. If fis
differentiable at a point x € E, then fis continuous at x € E.




Proof: Since fis differentiable, we have ' N Derivatives in R
f(x + h) — f(a) = f'(x)h + r(h) | 4)

(< + h) — £(x)[] = [|f"Gh ] + ir(w)]

Note that f'(x) is a linear transformation from R" — R™. Therefore we consider
the operator norm || - || of f’(x). Recall that we have defined operator norm in
Unit 1 of Block 1. Then we have '

£ GOl < (7G|
Substituting this in (), we get that ‘
£+ h) — £ | < [IE° GO i + [le(h)l] ®

7 Ash — 0,the R.H.S. of the above equation tends to 0, therefore L.H.S. also tends
to 0. This shows that f is continuous at x (Recall the definition of continuity).

Hence the result. _ _ O

Theorem 3: If the mappings f; : E — R™and f, : E — R™ defined on an
open set E of R are differentiable at some point x € E, then a linear
combination of the form M\ f; + Xof; : E — R™ is also differentiable at x and
(/\1f1 + )\sz)’(X) = (Alf{ + /\gfé)(x)

Proof: For sufficiently small h |

(/\lfl + Azfg)(x + h) - ()‘lfl =+ Agfg)(X) = Al (f] (X + h) - fl(X))+
+Az(fa(x + h) — f2(x))

= Af](x)h + r;(h)]+

+Ao[f3(3)h + ra(h)]

I ()| - ira(h)]
=0, lim
o SR o [

Thus

=0

Oy + Aaf) (¢ + h) — (i + Aafa) (%) = (AE () + Aof(x)) b+ (h)

where r(h) = Ayri(h)+ Aarz(h). We note that [[x(h) | < [Ay-{frs (h){+ [ [ra(b)]

and therefore hm Ir ( i =0
=T

Hence \f; + Aqf; is differentiable at x and

. (Alfl + Azfg)’( ) Al ( ) + /\2f’( )

Remark If f;, f, are differentiable on E then so is A\;f; + Aof5 and
Aifr + Aofy) = M) + /\2f2

- Thus we have seen that sum of two differentiable functions and scalar multiple
of a differentiable function are again differentiable. Also derivative of the sum
is the sum of the derivatives.

Next we shall discuss another important property. o 9
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Theorem 4: (Chain Rule): Suppose f maps E into R™, where E an open
subset of R", f is differentiable at x, € E, g maps an open set containing f(E)
into R, and g is differentiable at f(x,). Then the mapping F of E into R¥
defined by

F(x) = g(f(x)) is differentiable at x, and f'(x,) = g’ (f(xo))f’ (%0).
Proof: Lety, _ f(>x0) and let |
11 (h) = f(xo +h) — f(x0) — f'(x)h
and
ra(k) = g(yo + k) — g(y0) — & (vo)k
for allh € R" and k € R™ for which f(x, + h) and g(yo + k) are defined.

Then Jry ()| = e(h)h, Ira(K)| = n(k K| where e() — 0 as |} — 0 and
(k) — 0 s | — 0. ~

Given h, put k = f(xq +h) — f(xq). Then
nm=ﬂwmm+anSmwmm+dmmw
So

F(xo +h) — F(xo) —(&'(yo)f'(x0))h = g(yo +k) — g(y0) — (&'(30)f'(x0))h
= g'(yo)k + 12(k) —g'(yo) (f'(x0)h) .
= g'(yo)(k — f'(x0)h) + r2(k)
= g'(yo)r1(h) + rz(k)

Hence

[[F(xo +1) — F(x0) — (&' (y0)f"(x))h]]

[
< I (so)lliru(h gll + lle2()l]
[h|

_ llg'(vo)lle(h th+17(k [k
[l
< g o)lieCh)lihi + B (xo)l| + c()lin]

||
= llg'(vollle(t) + [lif* (=)l + e()ln(k)

) .
Now we let ||h]| — 0..Then e(h) — 0. Also ||k|| — 0, son(k) — 0.

Therefore F is differentiable at xg and

f'(x0) = g (yo)f'(x0) | ; -
= g'(£(x0))f"(X0).

Now we use chain rule to obtain following result. The proof is left as an
exercise for you. :

Theorem 5: A function f : /. - R™ is differentiable at a € E if and only if
each of its components f; is differentiable at a. Furthermore, the derivative of its
i th component is the i th commponent of the derivative.




You can try some exercises now. : Derivatives in R"

E1l) Prove Theorem 5. | «

E2) Verify the Chain rule for f : R — R? defined by f(t) = "(t,’t2) and
g : R? — R® defined by g(x1,x2) = (x§, x1x2,x] —x}).

Let us now consider a function f : E — R™ where E is an open subset of R". -
Suppose f is differentiable at x € E. The questions arises how do we compute
f'(x). You might: hav\e already studied the concepts of partial derivative and ‘
differentiability a(ld related theory for a real-valued function of a
vector-variable at apoint. A relevant study material for this.is IGNOU
undergraduate course material MTE- 07, Advanced Calculus (Particularly refer
Unit 2 of Block 2) with emphasis on the case m = 2. This sets a good
background for the related concept for a vector-valued function of
vector-variable. This is the subject matter for the next section.

5.3 PARTIAL DERIVATIVES AND
DIRECTIONAL DERIVATIVES

In this section we define partial derivatives and directional derivatives for a
vector-valued function of Vector-varlables

Let {e;,€,...,€,} and {ul, Ug,. .., Uy} be the standard bases for R® and R™
respectively. Let (.) denote the inner product in R™, i.e. the linear functlons on
R™ x R™ — R that satisfies : ‘

U - Uj = 5ij

i.e. for

m -m
y = Zyluj and z = szuk,
=1 k=1"
m
Y z= ZYij.
=1

LetEC R"beanopensetx 1 <i<m,1<j<mandf:E — R™ The
component functions of f are the real functions fy, . . ., f,, defined by

= Zfi(x)u

ie. forx €E,1<i<m, fi(x) = f(x) - u;.

Notice that each f;; 1 <i < m maps E into R. That means eachf;, 1 <i <mis
a real-valued function on E.

Then we define the following

Definition 4: Let E C R" be anopensetandac Eand1 <i<m,1<j<n
andf: E — R™. Letfj,1 <i < m denote the component functions of f. For ‘ 11.
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ac .E,_ we define

(Dif) (a) = lim 2EY “1'3 - fi(a)

t—0

provided the limit exists.

Note that by writing fi(x,, . .., X,) in place of f;(x), we see that Djf;(a) is the
partial derivative of f; w.r.t. the j-th variable x; at a, called the j-th partial

o : ofi
derivative of f; at a. It is also denoted by a—x(a).
. j

Note that writing a was used instead of x to avoid the confusion.
Further if Djf;(a) exist for each a € E, D;f; denotes the function which take
a — Difi(a),a€ E

Next we shall estabhsh a relationship between the differential of f at a and the
partial derivatives of f;’s at a.

Theorem 6: Suppose f maps an open set E C R" into R™ and f is
differentiable at a point a € E. Then the partial derivatives (D;f;)(a) exists and

f'(a)g = > (Dff)(x)w, 1<j<n ©6)
‘ i=1 ,
where {e;,...,e,} and {uy, ..., uy} are the standard bases of R" and R™

respectively.

Proof: Let us fix j. Since f is differentiable at a, by Definition 3 (changmg x to
a) we have.

f(a + h) — f(a) = '(a)h + r(h) | | 7y

where %)ﬂ,_, Oash — 0.

Since e; € R" and |jte;|| = |t| for takmg n = te tin R, sufficiently small t
Equation(?) gives

fla+ 1)~ f(a) = F(a)(1e) + 1), - ®

te;) . .
where M — 0 ast — 0 in R. Now we apply the fact that f'(a) is a linear

map from R” to R™ (see Remark 1) and get
f'(a)(te;) = tf'(a)e;:
Applying this fact in Equation (8), we get that

im f(a+ te;) — f(a)
t—0 t

= f'(a)e; | )

We now represent f in terms of component function as

x) = fi(x)u,x€B
i=1




" Further we may also write

f(a)ei== }E:(lﬂh,(h c Il,l f;i <m.

i=1

Then, for sufficiently small t # 0,

ot )= gy, 3~ (Hare =) ),

Then

ﬂ(a<+-teﬂ —-ﬂ(a)
t :

f(a + tej) —
t

This follows from the definition of norm (see Definition 1). This inequality «
together with the fact that f is differentiable implies that
ﬂ(as+-teﬁ —-ﬂ(a)

lim = -
t—0 t

This shows that Dif;(a) exists.
This is true for each i such that 1 <i < m.
Thus, D;fi(a) exists for all i such that 1 <i < m.

Since j chosen was arbitrary we get that D;f;(a) exists for1<i<mand
1<j<n. "

Then we get that

f'(a)e; = Z(Df)( ajy, 1<j<n..

I 4 .
¢ i=1

Hence the result. ; _— O

Next we shall discuss some consequences of the theorem.

Let f be as in Definition 3 and a € E (of course by replacing x by a). Then we
get that f'(a) is a linear transformation from R" to R™. ‘

Therefore f’ (x) determlnes a array of numbers a; § such that for each] such that
1< ] <n

m
"(x)e; = Zaijui,
i=1
Note that the sets (ey, .. .,€e,) and {uy, ..., uy} are the standard bases for R"
and R™ respectively‘ ' '

Now we can represent the array, 3,1 <i<m1 < j<ninanm X n matnx
form as follows: : -

a1 12 .aln
f'(a)] =

An1 A2 ... Q.

Derivatives in R®
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We also get from Equatibn (4), that these a;s, are Difi(x),1 <i<m,1 <j<n.
Hence : |
Difi(a) ... (Dufi)(a)
rE=| T
(Difp)(@) ... Dufn(a)
In fact for any fixed j, f'(a)e; is the jth column of the matrix [f’(x)]. The matrix
[f'(x)] is called the Jacobian matrix of f and x and is denoted by Jf(x).

That is
Djf, (a)
e = [
Difn(a)

The vector f’(a)e; is called the j-th partial derivative of f at a. It is denoted by

of
D;f(a) or a(a). It is infact the vector denoted by Vf;(a) and given by
j

Vfl(a) = (lei(a), Dgfi(a), . ani(a))

with this notation we can write f’(a) as

Vi(a)] [ Difi(a) (Duf)(@)] [2h@ - (@)
. sz(a) : : 0%y OXp
f,(a) = . = - -
i . . . afm a afm a
Vi, (a) (Difn)(a) ... Dufu(a) (9}((1 ) 8)(([1)

To have a better idea, let us consider some special cases.

Cases

1) m = 1. Then f is a real-valued function of vector variable. Therefore, we
. ) of . .
have 1 <j<nandi= 1. Then %’s, 1 €j < n, are the usual partial:
derivatives of f at a that you have seen in the undergraduate course. Note
that all the partial derivatives are real-valued.

2) n = 1. Then fis a vector-valued function of a real-variable. The partial
derivative of f at a point a becomes the derivative of f at a. Also the partial
derivative of component functions at a become the derivative of the
respective component functions at that point.

3) m = 2,n = 2. For this case we usually replace the variables x;, x; by X, y.
For instance, if we are dealing with the function f(x,y) = (x2,y?), then we
of(a) of(a) .
tead of — and —.
% and By instead o x an %
Note: We can use Theorem 2 to talk about non-differentiability by taking
examples from the scalar case. This is illustrated in Example 2.

might write

Let us consider some examples.

Example 1: Let F: R* — R3 be defined by
F(X, Yy, 2z, W) = (X2y, Xyz, X2 + y2 + ZW2).




Let us find f'(a) ata = (1,2, -1, —2)

Then F = (f;, f2, f3) where f;(x,y,z, w) = x?y, fo(x,y,z, W) = xyz and

f3(x,y,2z,w) = x2 +y% + zw?.

Moreover, Vi (x,y,z,w) = (2xy,x2,0,0), Vfa(x,y,z, W) = (yz, Xz, Xy, 0) and
Vis(x,y,2, W) = (2x, 2y, w?, 2zw). Hence

2xy x2. 0 0
f'(x,y,z,w)= [ yz xz xy O

2x 2y w? 2zw
4 1 00
Ata=(1,2,-1,-2),f'(ay=|—-2 -1 2 0
2 4 4 4
% % %

Example 2: Let f: R — R? be defined by

1
f(x) = (f1(x),fa(x)) = (x‘,xsin ;) .
We will show that f is not differentiable at (0, 0).

Here f is a vector valued function of real variable. To show that f is not
differentiable, by Theorem 2, it is enough to show that the partial derivatives of
- f do not exists at (0, 0). But since f is a function of real variable, the partial
derivafives becomes the derivative. Also the partial derivative of the component
function at (0, 0) become the derivative of the respective component functions
at (0, 0). The component function f;, f; are given by

fix)=x,x€R

fa(x )—xsm1 xeR,x#0

Then we can see that f, is not differentiable at (0, 0) therefore we can conclude
that f is not differentiable at (0, 0).

kK ok

As in the case of scalar valued functions, the derivative of f at a point x € R™ is
also called total derivative of f at x, to distinguish it from its partial derivatives.

So far we have discussed differentiability at a point. Now let us consider a
function f : E — R", where E is an open set in R". If { is differentiable at each
point of E, then f is said to be a differentiable mapping of E into R™. The

mapping on Eto L (R", R‘“) given by a — f’(a) is called the derivative of f and
is denoted by f'.

Once again, if f is a differentiable mapping of E into R™ then the partial
derivative exists on E and f'(a) is given by [Dif;(a)],a € E.

. Is the converse true? From the scalar valued case you already know that the
existence of partial derivatives at a point need not imply that the function is
differentiable at that point. (You may refer Block-2, MTE-07). For example
consider the function f : R? — R given by

2
fly) = g Xy #0

=0,ifx=0=y

Derivatives in R®
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Then f is a real-valued function of vector-variables. We can show that the
partial derivatives of f exists at (0, 0). But f is not differentiable at (0, 0) since f
1s not continuous at (0, Q) (See Theorem 2).

Next we shall prove a partlal converse of Theorem 5.

Theorem 7: Let B(x,r),r > 0, be an open ball in R". Let f : B(x,r) — R be
a function such that the partial derivatives of f exist at all pomts of B(x,r) and
are continuous at x. Then f is differentiable at x.

Proof: Let ¢ > 0. Then by the cont1nu1ty of Difatxd 4 > 0,0 < ¢ < rsuch
that :

|D;f(y) — Dif(x)| < %, yeB(x,r)and1 <j<n | (10)

n v
Suppose h = Zhjej, Ih]l < 6. Putvo = 0 and v = hye; + ... + hyey for

j=1 '
1<k<n

_ Now fix j where 1 < j < n.

Then we note that B(x, §) is a convex set and therefore we have
[x + vi—1,x+ vj] C B(x, ).
So, we may define ¢; : {0,1] — R, given by #5(t) = f(x 4+ vj_1 + t hjey).

We first consider the case that h; # 0. Let t € [0, 1]. Then for s € R with s # 0
and t+s € [0, 1], we have

gbj(t —+ S)‘— ¢j(t), _ f(X + Vi1 + (t + s)hjej) — f(X + Vj_l) +t hjej
s s _
_ hj [f(x -+ vj_1 + t hje; + she;) — f(x + vi_1 + t he]
shy |

Since Djf exists at x + Vi-1 + t hje;, we have

[f(x + vj_1 + thye; + shye;) — f(x + vJ 1+th e] :
sh;—0 Shj :

= Djf(x + Vj—1 +t hjej) -

As a consequence we have

6t +5) — &0

lim
s—0

s>0

= thj(X + Vi1 +t hjCj)
This shows that ¢; is continuous on [0, 1] and differentiable on (0, 1). Also for
t € (0,1) we have

¢ (1) = hyDyf(x + vj_1 + t hye;).

Now we apply Lagrange’s Mean Value Theorem (Ref. MTE-09, Block for the
statement). By this theorem, 3 6; € (0, 1) such that

6(1) - (0) = ()



f(x + v;) — f(x + vj—1) = BD{(x + vj-1 + Oihye)) »’ (1)
This is true for h; such that hj # 0.
Now if h; = 0, we may take any arbitrary §; € (0, 1) and then
f(x + vj) — f(x + vj—1) = 0 = hyDjf(x + vj_1 + Gihiey)
Thus we got that for all hj, 3 §; € (0, 1) such that the equation(11) holds.
So, |

f(x +h) —f(x) =D f(x+v;) —f(x+vj1)
=1
= Z thjf(X + Vi1 Hjhj)
- =
= Z thjf(X) + Z hy [Djf(x +vi1 + 9jhj) - Djf(X)]
=1 =1

This implies that

f(X + h) - f(X) - i thJf(X) = Zhj [Djf(x + Vj_1 + thj) - Djf(x)]

<> b DsE(x + vi_1 + 6ihy) — Dif(x)]|

<> lbf~ = lile.
=1

This implies that f is differentiable at x and f'(x) is a linear function which

sends h = Z h;e; to the number Z hD;f(x). The matrix [f’(x)] consists of the
i=1 =1

row (Df;(x), ..., Duf(x)) ’ | O

You may note that in the above theorem we considered real-valued functions.
Next we shall consider a corresponding theorem for vector-valued functions.

Theorem 8: Letf: B(x,r) — R™ be a function such that the partial
derivatives D;f exists for all points in B(x, r) and they are continuous at the
point x. Then f is differentiable at x.

Proof: Here we consider the coordinate functions f; of f for 1 < i < m. Let
x € E Then for each i, 1 < i < m, we have D;f;(x) exists in B(x,r) and is
continuous at x. Therefore by the above theorem (Theorem 7), f; is differentiable
at x, for each i such that 1 < i < m. Since all the coordinate functions are
differentiable at x, by Theorem 5 we get that f is differentiable at x. ]

We now extend Theorem 8 to functions defined on any open subset of R".
Before that we make some definitions. We define continuity of differentiable
maps.

For that we want ta lank at the metrie etrtietiire oF T (R R m)

Derivatives in R"
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L(R",R™) can be identified as R" and as such many metrics can be defined on
it. We consider a metric which is relevant and useful in the present context. For
A € L(R", R™), we define a real-valued function || - ||r on L(R®, R") such that

1Bllr = sup{|IB(x)||= : [|X[lms < 1}

(Recall Definition 1 in the beginning of Section 5.2 where we have defined
[+ lg=2)

Then you can check that for any B € L(R"”, R™) the function || - ||y satisfies
i) [Blr=>0

i) |[Bllr =Oifanonlyif A =0

iii) [[AB{[r = (M|B|lr, A€ R
iv) [[B1+Bzllr < [Biflr + [|B2|lt,B1,B2 € L(R", R™).

| - I}t is called the operator norm.

Now we can define a metric structure on L{R®, R™) given by
d(Bi, By) = ||B1 — Bz||r. Then it is easy to verify that d is a metric on
L(R", R™). . : '

Further you can check that, the following inequality holds
[Bx||gm < {[Bflr|x|lrs

Definition 5: A differentiable mapping f of an open set E C R" to R™ is said
to be continuously differentiable in E if for every x € E and to every ¢ > ( there
exists-a § > 0 such that

1£'(y) = £'(x)fIr <€
ify € Eand ||x — y|lre < 9.
You note that for any x € E, f’(x) € L(R", R™).

We denote by C!(E) — the class of continuously differentiable functions on E.

Next we shall prove a theorem which gives an equivalent condition for
functions to be continuously differentiable.

Theorem 9: Suppose f maps an open set E C R" into R®. Then f € C'(E) iff
the partial derivatives D;f; exists and are continuous on E for 1 <i <m,
1<j<n | |

Proof: Suppose f € C'(E). Then by Theorem 1 we have (Djf;)(x) = (f'(x)e;).
y; for all i, j and for all x € E. So partial derivatives exist. Also we have .
(Dif)(y) — (D5f) (%) = {(f'(y) — £'(x))e;}. u; and since fluf] =1, [le;[| = 1 we
get :

Dif)(y) — DA < I(E(y) ~ (el
< (y) - )|

Hence Dyf; is continuous.

For the converse, it suffices to consider the case m = 1 (see Theorem 1). Fix
x € E and € > 0. Since E is open there is an open ball B(x.r) C E with centre x



and radius r, and the continuity of the functions D f at x shows that r can be Derivatives in R"
chosen so that

I(Dif)(y) — (Dif)(x)| <e/n y€B(x,1),1 <j<n. (12)

Suppose h = > hye;, ||h|| < r. Put vo = 0 and v, = hye; + ... 4 hye for
1 <k < n. Then

) f(X + Vj) — f(X + vj—l) (VJ Vj_l)(Djf) (X + Vj;l + Hjhjej) for sbmc 0j S (0, 1)
hi(Djf) (x + vj-1 + Gihie;)

Using (12) we get

1[1
(x+h)—f Z (Dif)(x)| < = Iyle < [lhile
=1

for all h such that ||h|| <r.

This implies that f is differentiable at x and that f'(x) is the linear function
which sends h = ) h;e; to the number ) h;(D;f)(x). The matrix [f’(x)]
consists of the row (D;f)(x),. .., (Dyf)(x)) and since Dsf, ..., D,f are.

- continuous functions on E, we have f € C1(E). O

Remark: The theorem above shows that the converse of Theorem 2 is satisfied
if the partial derivatives are continuous.

Remark 2: The above theorem is very helpful to see, at a glance, the sets on
which most functions have derivatives since it suffices to consider only the
corresponding coordinate functions which are real valued (Refer E3).

Can you give an example of a function which is not continuously differentiable?
Again we can make use of some of the functions in the scalar case.

Example 3: Let f = (f;, ;) be a function definéd from R? — R? where

( 1 1
x2sin — + x2sin — if x;x3 # 0
X1 X2

2 3 —
£1(xy, %2) = < Xy smx1, ifx; #0andx, =0

1
xgsinx—, ile :0andx2 #0

1 .
L 0, ifX1=O=X2 '

and fg(Xl, Xz) = egXitx2

Then f is differentiable at (0, 0) whereas it is not continuously differentiable at
(0, 0).

To show this it is enough to show whether each of the coordinate functions are
continuously differentiable. We know that f is continuously differentiable.
Therefore we consider f;. Then
: 1 .
Difi(x1,X2) = 2x;8in— —cos—, ifx; #0

X1 X1
=0, ifx; =0

and ' 19
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Note that there is a
one-one correspondence
between vectors in
Cartesian plane and point
in R? (Refer Sec.3.2,
MTE-07). Extending this
idea to R?, points in R®
are also called vectors.

20

: ‘ 1 1
Dofi(x1,X2) = 2Xp8in — —cos —, ifxy#0
X2 X2
= 0 ifxo =0.

- Then neither D, f; nor Df; is continuous at (0, 0). Therefore by Theorem 9, f is

not continuously differentjable.
* % x

You can try some exercises now

E3) Show that the following functions are continuously differentiable.
i) f:R3? — R2defined by
f(Xl,XQ, Xg) = (X1 + 2X2 + 4X3, XiXQ, XoX3 + X3X1).
ii) f:R2— RS defined by |

f(x1x2) = (e, e, X1 + X2) -

E4) Compute the first derivative f’(a) of the function f defined by
i) f:R? — R? given by f(x1,%2) = (x} — x2,X; + 2x2) at the point
= (1,1). ,
ii) f:R?— R given by f(x1, xz) = x3 + x2 at the pointa = (~1, 2).

Next we shall define another kind of derivative called the directional derivative.

Let f : E — R™ and u be differentiable at a boint x € Eand v € R". Then we
consider f’(a)v. We know that with t sufficiently small in R

f tv) — —f’ ’
Ifa+tv) —f(a) ~ vl oo

~ [jev]]
So
’ f(a+tvt) —f(@) —f'(a)v|| - 0 ast;» 0
Thus
{i_{% f(a + tvt) — f(a) (13)

*exists and is equal to f’(a)v. This limit in (13) is called the directional

derivative of f at x in the direction v. We formally define it as follows:

Definition 6: Letf: E — R™ E anopen senin R" and v € R”, wh1ch we call
a vector in R". If the limit '

i £ 1) = £0)

t—0 t

(14)

exists, then we say that f has directional derivative at x in the direction v.
The directional derivative of f at - ‘n the direction v is denoted by D,f(x).
We“already noticed that if f is differentiable, then the limit in (14) exists. Also

lim f(x +tv) —
1—0 t‘

f(x) =f'(x)v




ie. Dyf(x) = f'(x)v

Note that if v = ej,j = 1,...,n, then the directional derivatives are the same as
the partial derivatives. In fact we have the following theorem.

Theorem 10: ILetf: E — R™, E an open set in R", be differentiable at a
point x, then the directional derivatives of f exist at x in all directions and in
each case it is a linear combination of partial derivatives.

Proof: Let f: E — R™ be a differentiable function, E an open set in R". Then
as a consequence of by Theorem 2 (replacing a by x), we have

f'(x)e; = D;f(x)

n : .
Letv = Z vie;, Vi € R. Since _f is differentiable, the partial derivatives of f at x |

i=1
exists in the direction v and

f(x + tv) — f(x)

%i_{% . = f'(x).v
= f'(x).2v;e;
= Zvif’ (x)e;
= Lv;Dif(x).

This shows that if f is differentiable, then the directional derivatives at a point

x € R" in the direction of each vector v € R" is a linear combination of partial |

derivatives at x. -4

Now we use this to arrive at the matrix representation of the linear map D, f(x)
when f is a differentiable function from R” — R. It is given by :

_ (Difi(x) ... (Duf)) | [v
f'(x)v = P 3 ; (15
D)%) . (Dofu)(x)| [Va |

n

where v = E v;e;

i=1

Example 4: Let us find the directional derivative of the function f given in
Example 1 ata = (1,2, —1, —2) in the direction v = (0, 1,2, —2)

 We first note the given function f is continuously differentiable since its
coordinate functions are continuously differentiable on R*. Therefore D,f(x) is
. glven by the matrix (15) i.e.

4 1 00 (1)_
Df(x)=|-2 -1 2 0 5
4
2 4 4 2
1
= |3
4

Derivatives in R”
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Example 5: Consider f: R® — R given by f(x;, X2, X3) = x? + 2Xo%3. Let us
find (D, f)(x) where v = (2,1, -3) and x = (0, —1, 3).
Using Definition 6. ‘

f(x +tv) - f(x)

(D)) = lig

t
 lim f(2t,t — 1,3 — 3t) - £(0, -1, 3)
t—0 : t
2 132
i 4t° - 6(t—1)2+6
t—0 t
=6

- Df(0,-1,3) =6
X %k %k

The next example shows that the directional derivative may exist for some
direction and not for others. '

Example 6: Consider f : R? — R given by f(x;,x;) = { (1) li e ; 3 :
if x3x2

Let us check the directions at which f has directional derivative at (0, 0).
Take v = (x4,0),x; # 0, and x = (0,0)

f(x;t,0) — £(0,0) . 1—1
t _tl—I»IO1 t

(Dv)(0,0) = lim

This shows that f has partial direction derivative at (0, 0) in the direction
v = (x;,0) forx; € R.

Bat for v = (x1,X2),x; # 0,X2 # 0 and x = (0,0)

f(_txl,tXQ) - f(O, 0) — im 1
t - t—0 t

D,£)(0,0) = {ing

which does not exist. This shows that f does not have directional derivative at
(0, 0) in the direction for any v = (x;,X2),X1 € R,x2 € R.

* kX

. You can try this exercise.

E5) Iff(x,y,z,w) = (x? — y?, 2xy, zx,z*w?x?) and v = (2,1, -2,, ~1), find
£(1,2, ~1,~2) and D,£(1,2, -1, —2). -

. In the next section, we shall consider derivatives of second order.

5.4 SECOND ORDER DERIVATIVES

In this section, we define derivatives of second order and discuss how the
definition gives an extension of the classical definition of derivatives for the one
variable case. ' :

Let us consider a function f : E — R™ where E C R" is an open set and f is
differentiable on E. In the last section we discussed that if the derivative of f



exists ateach x € E, then x — f (x) defines a function f " on E such that, we
have ‘

f': E—LR"R")

Note that L(R", R™), the set of linear transformations frbm R"toR™ isa
vector space. We have observed that L{R", R™) can be identified as R™™. This
shows that, like f, f' also can be treated as function given by

f': E— R"™.

The difference is that in the case of f’, the range space is not R™, but rather the
' nm-dimensional space R™™.

Therefore we can talk of differentiability of f’ at a poiht x € E or the derivative
of f’ at x to be denoted by f'/(x) or f2(x). If {/(x) exists for all x € E, then we
have .

f”:E— LR" L(R*,R™))

Then with the identification that L(R", L(R", R™)) as R"™™, we get that for
eachx € E, f2(x) € R"™™.

Now we observe the following result.
Proposition 1: If f is a linear map from R" to R™, then f = 0.
This follows from the observation that f'(x) = f(x)v¥x € E.

Let us consider the space L(R™,L(R",R™)). Let B € L(R",L(R", R™)). Then
for any s,t € R", define b by

b(s, t) = B(s)(t).

Note that for any s € R", B(s) € L(R", R™) and, therefore, is a linear
transformation from R™ to R™ which implies that B(s)(t) € R™. Thus bisa
function from R” x R" — R™.

Also forany o, 3 € R

b(OlS]_ +,852, )\tl +}Lt2) = a)\b(sl, Sg) —i—a,ub(sh tz) +Bl'b(82,'t1) +,3/J/(Sz, tkz).

Such a map is called a bilinear map.

Thus, we had taken an element B € L(R",L(R", R™)) and corresponding to
this element we got a bilinear map b € L(R" x R", R™). We denote this set of
bilinear maps by L?(R", R™) which is a vector space under pointwise
operation. The relationship B — b from

L(R",L(R",R™)) — L*(R",R™).
is in fact an isomorphism. The proof is left as an exercise.

Then corresponding to f''(x) € L(R", L(R", R™)), as in the discussion above,
we can define the bilinear map, which we denote by f2(x) and we note that

2(x)(s, t) = (£ (x))(s)(t),s, t € R"

Derivatives in R®
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From now onwards we shall use f'/(x) or f2(x) for the second derivative of f at
X.

Another important property of second derivatives is symmetry which is stated in
the following theorem. We shall not prove this result. For a proof of this, you
are advised to look at the reference book Real Mathematical Analysis by
Charles Chapman Pugh which will be available at your programme study center.

Theorem 11: Letf: E — R™ be a function differentiable at point a € E. If
f?(a) exists, then

(a)(v, w) = f*(a)(w, v).
Next we shall observe that our notation of second derivative of functions from
R™ to R reconcile with the classical notation.

Letf: E C R" — R be differentiable function which is twice differentiable at
acE.

Now we apply Theorem 5 in Sec. 5.2 and discussion that follows theorem to the
function f'. Accordingly we have

f'(a) = (Dif(a),...,Dyf(a)),a € E (16)
and | |
(f')(a) = (D1f'(a),...,Dyf'(a))

Note that each element in the above vector (15) is a row vector, namely
(D;(D1f)(a), ..., D;(D,f)(a)). In practise it is more convenient to express this
in the matrix form as -

Dy(Dif)(a) Di(Dsf)(a) ... Di(Ds)(a)
Do(dif)(a) Dy(Dyf)(a) ... De(Duf)(a) -
D,(D:f)(a) Da(Dsf)(a) mmm@)

This can be written in a more compact form [Dyf(a)]:<i<n Where,
1<<n

m@£ﬂ@ﬂ®

~ (5)

_ 9*(a)
-~ Ox0x;

The above matrix is also called the Hessian of f at a and is denoted by Hf (a).

Now we look at the expressions given for f'(a) and f"/(a) given in () and ().
Then we have

f'(a)(e;) = Dif’(a) = [Dy(Daf)(a), ..., Di(Duf)(a)]
That is,

2(aVe: e:) = (f NV ale:)e:) =D:Df(a).



Here you note that because of the symmetry of the second derivative which is
stated in Theorem 11, we get that

f2(a)(ei, e.i) = fz(e.i.! ei)
. we have D;D;f(a) = D;Dif(a) . (18)
This can be used to check the non-existence of the second derivative at a point.

" (see E 6).

So the Hessian of f at a may also be thought as a convenient matrix related to
the bilinear form f2(a). -

Thus, we have observed that in the case of real-valued function of
vector-variable, we can represent the second order derivative in the matrix form
given by (17). Alternatively, we consider the following matrix also.

D;(Dif)(a) ... Dy(Dif)(a)
D;(Dof)(a) ... Dy(Dof)(a)

(19)
Di(Duf(a)) ... Da(Duf)(a)
The interesting fact is that the two matrices (17) and (19) are equal.

Now we state the following theorem which gives the relationship between the
second order derivative of a function and second order partial derivative of its
component function.

Theorem 12: Letf: E — R™ be a function differentiable at x € E. Suppose
the second derivative of f exists at a € E, then the second partial derivatives of
all component functions fy existata € E fork =1,..., m and they satisfy
8*fi(a) _ Pfi(a)
£2 €)= = ‘
() (@tene) = 5o = non

éonversely, existence of the second-partial derivatives imply the existence of
f'(a), provided that the second-partials exist at all points x € E near a and are
continuous at a.

- Proof: Assume that (D?f)(a) exists. Then x — (Df)(x) is differentiable at
x = a and the same is true of the matrix that represents it

ot of,
éxT_ 8%,
= : '
Ofn Of
5}—(; A

That is the map x — Jf(x) is differentiable at a. For, according to Theorem 5, a
vector function is differentiable if and only if its components are differentiable;
and then, the derivative -of the kth component is the kth component of the
derivative. A matrix is a special type of vector, its components are its entries.
Thus the entries of the matrix are differentiable at x = a, and the second-partial
derivatives exist. Furthermore, the kth row of the matrix is a differentiable
vector function of x at X = a and

(fﬁ(a).(e;lej)) = (f;)'(a)(ei) () = DiDyfy(a) = %ngg:,) '

Derivatives in R™
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* higher order partial derivatives. For that we first introduce you to multilinear

The first derivatives appearing in this fraction are the jth partials of fi at a + te;
andata. .

L0 \44
Conve;éely, assume that the second partials exist at all x near p and are
continuous at a. Then the entries of J; have partials that exist at all points q near
a, and are continuous at a. Theorem 8 implies that x > J, is differentiable at
X = a, i.e., f is twice differentiable at a. : O

In fact we have the following result:

Theorem 13:- Letf: E C R" — R™ be such that the second order partial
derivatives of f exists at a point a € E. If fy denotes the component functions for
1 € k < m, then we have

asz‘(a) . ?ka(a)
6Xi6Xj N anBX,’

The importance of the above theorem is that it can be used to check the
non-existence of the second order derivative.

You can try Some exercises now.

E6) Show that all the second order partial denvatlves of the functlon
f: R? — R defined by

X —y2? ’
f(x,y) = J?ET;;%L) if (x,y) # (0,0)

0 if (x,y) = (0,0)
exist everywhere, but the mixed second order partial derivatives are
~unequal at the (0, 0). What can you conclude about the ex1stence of
second derivatives of this function?

‘ 1
E7) Letf(x,y,2) = x’y + y?z 4 z° — 2x. Find "/ (1, 1, —5) .

5.5 HIGHER ORDER DERIVATIVES

In this section, we restrict ourselves to real-valued functions of vector variables.
We define higher order derivatives of such functions and their corresponding

maps.

In the earlier section we have defined bilinear maps. If we take an element '
B ¢ L(R",L(R", R)) and corresponding to this element we can get a bilinear
map b € L(R" x R" R). For any a1, 22 € R and s,t € R" we recall that

b(a81 +6S2, )\tl -{-y,tz) = a)\b(sl, 52)+a,ub(s1, t2)+ﬁl’b(82, t.1)+,6/14(52, tz).

Now let T be a linear map from R" to L?(R", R). We associate to this map T, a
map

t:R"xR"'xR"— R




given by : Derivatives in R

t(x1,X2,x3) = (Tx1)(x2,Xs)
Then t is trilinear in the sense that it is linear in each variable separately.
We may define a map

M:R"xR"%,...,xR"—= R

k times

given by

M(x1, ..., XK) = M(x1)(x2) .. . (xx)
We denote by L¥(R™*, R), the space of all continuous k-linear maps.

Also note that L(R?, L¥(R", R)) can be identified with L**}(R", R) by
considering for any M in L(R®, L*(R", R))), the corresponding m in
L¥*(R" R) given by

m(xy, ..., Xup1) = M(x1)(%2) . .. (Xace1)

We call M a multi linear map. (For a detailed discussion of multilinear maps
you can refer to the Chapter 2 of the book “Differential Calculus in Normed
Linear Spaces” by Kalayan Mukherjee - trim series.)

Once we have defined k-linear maps we now define higher order derivatives
inductively. For that we may define the derivative . Then f¥(x) € L¥(R", R)
which is the space of all k-linear maps. :

Now we use induction to define the kth derivative f* as a k-linear map on R”.

If for some x € E (f¥)’(x) exists then (f*)/(x) : R® — L*(R", R). Then
corresponding to this (f<)'(x) we deﬁne one (k + 1)-linear map which we
denote as f**1(x) and is given by

FERD (%) (b, by -t = (B () (1) (B2, -+ s tickr)
In this way we can define all the higher order derivatives.

In dealing with these higher derivatives the crucial observation is the fact that '
the space L(R", ..., L(R", R)) can be identified with the linear space (vector
space) L*(R*, R™). Now we define a function || - |}y on LX(R", R).

Mz = Sup{[M(xs, ..., %)) : x| < 13

Then || ||7 satisfies the followmg conditions.

L |Br=0"

2. Bly=0<=B=0

3. ||AB|jr = |A|||B|| where A € R
4. [IB1+ Baflr < [Buflx + [{Bafr

Then the function | - ||r defines a metric d(B;,B;) = HB1 Bs||tand
L*(R", R) becomes a metric space.

Note: If n = m = 1, then as we observed earlier each linear transformation
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and x € R, f*(x) reduces to multiplication by the real number f*(x). Therefore
the definition using the multilinear map agrees with the classical definition of
derivative for the real line R.

We use induction to consider the corresponding higher order partial derivatives
also. For that we look into the notations of partial derivatives in the second and
third variable case and correspondingly we extend it to the n-variable case.

The second order partial derivatives are given by

0*f
Dif = , 1<i<n,
! axian Sisn
‘ 1<j<n

o3 f .

Dyf = % 1<1<n,
- 1<j<n
1<r<n

Like this we can consider kth order partlal derivatives by con31dcr1ng the
k-tuple (i, iz, . . ., ix) and are denoted by

D. ot

i i f = = 1 <1y, i i <n.
i1,ig,...1 = 11,125 ¢ - -k 1L
e ey e O e

ik"

In this way we can consider all the higher order partial derivatives.
In general there arc n* partial derivatives of order k that can be formed.

In the case of the second derivative we already observed that the partial
derivative for each pair (i, j) becomes an element of matrix -

[f2(x)] = [D,Jf(>¢{)]1<.<n given in (17). We can use induction to obtain a similar
1<5<n
matrix for kth order derivative f*(x) provided f*(x) exists at the point x € E.

We denote the matrix by

[£*(x)] = Diy, i fX) 1< iz, <
We are not going into the details of this.

Now that we have defined higher order dcrlvatwes we state Taylor s theorem for
functions deﬁned from R" to R. ‘

Theorem 14:  Letf:E C R* — R where E is an open subset of R" be such
that the derivatives of f upto order k exist at each pointa € Eand are
continuous. Assume that for any y € E, the line segment joining a and y lies
entirely in E. Then for each y € E there exists z = a+ 8y € E where O <f<1
such that for y € E we have -

fla+y) ;-f(a) +f@y+.. .+ R—;l—l—!f‘;j(a)yk + El—!f‘(z)yk. | (20)
where y* = (y,...,y) €Ex ...  E

k !imcs

The series expansion on the nght hand side of Eqn.(20) is called kth Taylor
expansion of f at a.

T nt ire omcss Tl et tha farmce ~n the wvioht hand cide ~f Ean (2D



You can note that the second term f'(x)y is the directional derivative of fat x in

the direction y (see Sec 5.3 Eqn. ).

Note that f'(x) € L(R", R) and, therefore, f’( )y) € Rfory € R"

Also we have fg(x) e L2(R", R). That means for y? = (y,y) € E x E, we have
2(x)(y,y) = ' ()y)(y) €R

Similarly, we have £2(x) € L¥(R", R). Then for any
=(y,y,y) € E x E x E, we have

£E)(y;y,y) = a0l )) € R
Like this you can see that f{x)y" € Rvr=1,2,. Lk

You may note that the statement of the theorem appear to be simple. But it is
not easy to compute the higher order derivatives.

Tn order to understand the theorem in the form which resembles the
one-dimensional case, we introduce some symbols.

If a is a point in R" where all second-order partial denvauves of f exist, and if
x = (X1,...,Xq) 18 an arbltrary point in R", we write

‘f'_(a; x) = ZDif(a)xi. :

f" (a;x) ZZD‘Jf(a xlxJ

i=1 j=1

‘We also write
f"' a;x) = Z Z Z D;; kf(x)x,xer
i=1 j=1 k=1
_if all third-order partial derivatives exist at X.
The symbol f™ (x; t) is similarly used if all mth-order partials exist.

- These sums are analogous to the formula
| o

f'(a;x) = ZDif(a)x
i=1

which we have given in Eqn.(15) of Sec. 5.2 and represents the directional
derivative of f at a in the direction x. In the light of the discussion above, we
restate Taylor’s formula can be restated as follows: :

Theorem 15:  Assume that f and all its partial derivatives of order less than m
where m < n are differentiable at each point of an open set Ein R". If aand b
are two points of E such that the line segment joining aand b, L(a, b) C E then
~ there exists a point z on the line segment L(a, b) such that «

m—1
f(b) — f(a) = > %f@(a; b—a)+ %#nﬂ (2:b — a).

Derivatives in R"
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Proof: Since E is open, there is a § > 0 such that a + t(b — a) € E for all real t
in the interval —0 <t < 1+ 4. :

Define g on (-4, 1 + §) by the equation

g0) =fla+1(b-a)] |
Then f(b) — f(a) = g(1) — g(0). We will prove the theorem by applying the
one-dimensional Taylor formula to g and writing

=1 1 | |
1) — o(0) = Zo® —_g(m)
g(1) — g(0) gkg (0) —g™(#), where0<f<1 @D
Now g is a composite function given by g(t) = f[p(t)], where
p(t) = a +t(b — a). The kth component of p has derivative p/(t) = by — ax.
Applying the chain rule, we see that g'(t) exists in the interval (—4,1 + §) and
is given by the formula

'(t) = > Difp(v)}(b; — a)) = f'(p(t); b — a).
=1
Again applying the chain rule, we obtain

ZZDufpm — a)(bs— &) = F'(pl; b - a)

i=1 j=1
Similarly, we find that g™ (t) = f™ (p(t); b — a). When these are used in (21)
we obtain the theorem, since the pointz = a + (b — a) € L(a,b). O

One of the main applications of Taylor’s theorem is that it is used to derive a
sufficient condition for a function to have an extrema at a particular point. We.

~ shall explain this in Unit 7. Here we shall try to understand the theorem by

considering the simple case, say n = 2.

Let us look at thé expansion in the casen = 2 and fora € Eand x = a + h,
where h € E is such that the line joining a and a + h is contained in E. Then we
have :

f(x) =f(a) + f'(a;h) + f"(z h)
wherez=a+0h,0 <0 < 1.

[f(x) = f(a) +ZDfa)h +ZZDUf(z

i=1 i=1

We have already observed in Sec. 5.2 that the second term in the above
expansion can be represented in the matrix form

ror of] ™
) = [ ;

Similarly, we can represent the third term also in the matrix form. Those who

n

- are already familiar with quadratic form i.e. series expansion of the form

n n
E E ainin

=1 i=1



can recognize that the series above can be represented as a matrix given by

[0%(x) O%*(x) A?f(x) |
Ox?  Ox0%e T Ox10x, | X
X1 X)) | S :
O(x)  0%(x) O*(x) | [xa

| Ox2  Ox0xe 0 Ox? |

We shall consider an example.

Example 7: Let us obtain the second Taylor’s series expansion for the function
given by

f(Xl,Xz) = X%Xz + 5X16x2
at (1,0).

Solution: The second order Taylor’s series expansion of the function at
x =.(1,0) is given by -

£(x1,xa) = £(1,0) + F(a; h) + %f”(z; h)

where h is as in Taylor’s theoremandz = a4+ 6h,0 < 8 < 1.

Here f(1,0) =5

.. [of of hy
(a:h) = [ = a,(z](w) M |

meen= o] =[] o] = [

Therefore a 4+ 6h = [1] +0 [xl - 1} = [

0)(2

1+0X1—0
0 X9

Then f'(a;h) = [2x1x; + 562, x] + 5x;€™], [XI o 1]

X2
=[5, 6] ["1 - 1]
X2
0*f 0*f
AR T &3’ 0x10%x2 | |[X1—1
Also f''(z;h) = [x; — 1, x] 52t o %
Ox0x,  Ox2
_[X —1)(] 29 2(1+9X1—0)+580 X1—1
ST (14 0%, — 60) +5¢° 5(14 6%, — 0)e? X2
Substituting these values in the Taylor’s expansion we get that
f(x1, X2) = 5 + [5, 6] ["lx_ 1} +
2 ;
1 20 2(1 +6x; — ) +5¢°| [x; —1
+ ﬁ[xl - 1,X2] [2(1 + 9X1 i 0)+ 5e9 5(1 —+ 9X1 _ 9)60 Xo
* % %

Derivatives in R™
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Calculus in R® You can try this exercise now.

"E8) Obtain the Taylor’s series expansion for the function ,
 f(xq,X2) = x1 + 2X2 + X4X2 — x} — x3 ‘at the point a = (4/3,5/3)

With this we come to an end of this unit. -

5.6 SUMMARY

In this unit we have extended the concept of derivative for functions defined
from an open subset E C R" to R".
In this unit we have

1. defined differentiability for a function as a linear map and discussed some
. basic properties such as ’ ‘

1) If fis differentiable at a € E, then f is continuous at a |
i) (Af+ Aafo)t = M + dof.
iii) chain rule ,
If F(x) = g(f(x)), then
F'(a) = g'(f(a))f’'(a).
- 2. defined

i)  the first order partial derivatives.
ii) Jacobian Matrix
iii) directional derivatives

3. stated the relationship between

i) differential of f at a point and the partial derivatives at that point. .
ii) differential of f at a point a and the directional derivatives at that point.

4. explained the method for finding the differential of certain nice function by
finding the corresponding Jacobian matrix.

5. defined the second order derivative as a bilinear map.

established the relationship between the second order derivative and the
second order partial derivatives.

illustrated the computation of f'’(a) by finding :thé Hessian of f at a.

defined higher derivatives inductively as a multilinear map.

proved Taylor’s theorem

5.7 HINTS/SOLUTIONS

, El) Hint: Assume that f is differentiable at a and express the i th component
32 : ~ of fasf; = p; o f where p; : R™ — R is the projection that sends a vector




v = (V1,...,Vm) to v;. Since p; is linear it is dlfferentlable By the chain Derivatives in R™
rule, f; is dlfferentlable at a and :

(Dfi)(a) = (Dp;) o (Df)(a) = pi o (Df)(a).
The proof of the converse is similar. ‘
E2) Hint: Apply Chain rule and get the result. \

E3) Hint: In each case you can note that the coordinate functlons are
continuously differentiable.

E4) 1) We write f as
f(x,y) = (x* —y,x +2y)

anda=(1,1). Then we might write —g—i-(l, 1) and g(l, 1) instead of
af )

6)(1( ) and —(a)

Here f is a vectot valued function of vector variable. Therefore we
first compute the partial derivatives of the component functions of f.
- We have f = (f;, f,) where fi(x,y) = x*> —y and fy(x,y) = x + 2y.

Then
2 o (2
af1 (X y) — hm (X + t) : f (X y)
—2X1 i .
2 _ —(x2 _

oh (x y) —hmX (y-l—t)t (x y?

=-1 ;

o _ (x+1t)+2y — (x +2y)
g(x,y) = lim : " : .
ofy Ve X+H2(y4+t) — (x+2y)
g(x3y) —11_{% t

=2

, Then by (4), the partial derivatives of f at (1, 1)are given by.
of ofy ofy

—1,1) = —(1,1), —=(1,1) | =(2,-1).
5 (D) (ax<, ) G n) = -

and ;
of of, ofy _
3_y(1’1) - (E(l’ 1), E(l’”) =(1,2).

- Then f'(x) at (1, 1) is given by the matrix

, 12 ~1
=7 5]
ii) In this case we know that the function is differentiable and therefore,
the partial derivatives exists and they are given by
of

axl( 1,2) =3, , : : 33




Calculus in R™ of
, —{-1,2) =4.
o LD =4

So f’(a) is given by the matrix [3, 4].

2x ~2y 0 0
ES) fixyzw=| 2 o 0 0

2x22w?2 0 2zw?x? 2z2%wx?

2 —4 0 0
£(1,2,-1,~2) = _41 g (1] g
8 0 -8 —4
| 2 —4 0 0772 0
. I

g 0 -8 —4] |-1 36

E6) Hint: Compute Do, f(0,0) and get that D,,f(0,0) = —1. Also compute
D1,f(0, 0) and get that D1,£(0, 0) = 1. Thus, D5,£(0,0) # Dyf(0,0). By
Theorem 12, we conclude that the second derivative of this function does
not exist at (0, 0).

E7) F satisfies all the conditions of Theorem 12 since the component functions
_ are continuously differentiable.

Thus
2

T2 0

4 1
£/ (1,1,—%)=Hf(1,1,——2~)= 2 -1 2
0 2 2

E8) Hint: This can be done on the same lines as in Example 7.
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