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INTRODUCTION 

You are familiar with the derivative of a real-valued function defined on an open 
sets in Rn. Now we interpret it in such a way that we can extend it to 
vector-valued functions. In Section 5.2, we first discuss the concept of norm in 
Rn and also about linear maps from Rn into Rm. Then we define the derivative 
of a function from an open subset of Rn into Rm and discuss some basic 
properties such as linearity and chain rule. In Section 5.3, partial derivatives 
and directional derivatives are defined and the relation between differentability 
and existence of partial derivatives and directional derivatives are also given. 
The notion of Jacobians is also introduced in this section. In Section 5.4, we 
define second order derivatives as bilinear map and establish its relationship 
between second order partial derivatives. The symmetry of the second order 
derivative is also discussed. In Section 5.5, we restrict ourselves to real valued 
function of vector variables. We define Higher order derivatives inductively as a 
multi linear map. Then we consider the higher order partial derivatives of 
different order also inductively. At the end we discuss Taylor's theorem for 
real-valued functions of vector variables. 

Objectives 

After studying this unit, you should be able to 

r define the derivative of a vector valued function of a vector variable; 

apply the chain rule; 

define partial derivatives and directional derivatives and be able to find the 
relationship between partial derivative, directional derivative and total 
derivative and apply them; 

write the Jacobian matrix of certain nice functions at a point and use it to 
find the derivative of such functions; 

m define second order derivative as a bilinear map; 
I 

explain the symmetry of second order derivative; 

I write the Hessian of certain nice functions and use it to find the second order 
I derivative; 



a define higher order derivatives for real-valued functions of vector-variables as 
a multi linear map; 

a state andprove Taylor's theorem for real-valued functions of vector variable. 

5.2 DERIVATIVE AS A LINEAR MAP 

You are already familiar with the vector space structure of Rn. You are also 
familiar with the linear transformations T : Rn -+ Rm. We denote the set of all 
linear transformations from Rn into Rm by L(Rn, Rm). By fixing bases for Rn 
and Rm we have the matrix representation for T by an m x n real matrix. 
Conversely an m x n real matrix represents a linear map defined by matrix 
multiplication. So, in particular, multiplication by a real number is a linear map 
from R into R and multiplication by a vector in Rm (regarded as an m x 1 
matrix) is a linear map from R into Rm. 

Now we want to define the derivative of a vector-valued function of a vector 
variable. More specifically, let us consider a function f : E -+ Rm, where E is an 
open set in Rn. If we want to define the derivative off  at a point x E E as the 
rate of change off, we have to compare the size of values of f(x) in Rm and the 
size of vectors in E c Rn. Now we will introduce a real valued function called 
norm on Rn which helps us in this regard. 

Definition 1: The function 11 /IR. : Rn -+ R defined by 

\ I x 1 I R n  = dx: 4- . . .  + x ~ , X =  (x1,X2 , . . .  ,x,) 

is called the Euclidean norm on Rn. 

Note that it satisfies 

i) l l x l l ~ n  >- 0 

ii) I I x ( J R n  = O x = 0 

iii) 1 1 X x l l ~ n  = I X l l l x J J ~ n  where E R 

iv) ((x + y ( ( ~ n  5 I I x I I R ~  + I I Y  l1Rn, X, Y Rn 

Notation: We denote the norm on Rn for any n by the same notation 11 1 1  instead 
of 1 1  llRn 

Let us consider I I I (  on Rn.  Then for any x,  y E Rn, we have 11 x - y 11 = d(x, y ), 
where d denotes the Euclidean metric on Rn. In particular ((x(( = d(O, x). 

Also we can observe that x -+ a in Rn or d(x, a)  -+ 0 in R is equivalent to 
I ( x  - all -+ 0. 

Now we shall give a definition which shows that we can compare the size of 
values of two functions f : E -+ Rm and g : E -+ Rn for E c RP. 

Definition 2: Let f : E -+ Rm and g : E -+ Rn for E C RP be two functions 
and suppose that 0 is a limit point of {Ilxll : x E E). We say that f is 

Ilf(x) I I  infinitesimal (near 0) compared with g if lim - = 0. 
llxIl+O llg(x) I 1  



Note that even if f(x) and g(x) are vectors in Rm and Rn, we are able to 
compare their sizes using the n o k .  Also note that 0 is a limit point is important 
because then only we can talk about the limit Ilxll -+ 0. 

Ilf(x) I /  Further, for any function f : E c Rn -+ Rm if lim ---- = 0, then we say 
Ilxll-0 Ilxll 

that f is infinitesimal. We denote this by f(x) = o(x). 

Now we define the derivative of a vector valued function of a vector variable. 
To do this, we first recall the definition in the one-variable case. 

Consider f : (a, b) -+ R where (a, b) an open interval in R. Recall that f is 

differentiable at x E (a, b), iff lirn f(X + h, - f(x) exists and in that case this 
n-io h 

limit is called the derivative of f at x and denote by ff(x). 

In other words f is differentiable at x with derivative f f (x)  called the derivative 
of f at x if and only if the real-valued function given by 

r(h) satisfies lim -- = 0. i.e. r(h) = o(h). This shows that f (x  + h) - f(x) can be 
h-0 h 

thought of as the sum of the linear function that takes h to ff(x)h and a small 
function called the remainder, r(h) satisfying r(h) = o(h). So the derivative off 
at x can be regarded as a linear operator on R that takes h to ff(x)h. 

Now we shall see how we can extend this idea to Rn. We shall first consider the 
case where f is a function from (a, b) c R -+ Rm. We know that if x E (a, b), 
then we can find an h E R ,  h > 0 such that (x - h, x + h) E (a, b). Then the 
derivative ff(x) of fa t  x is defined to be the vector in Rm such that 
f(x + h) - f(x) = ff(x)h + r(h) where r is a vector-valued function taking 
values in Rm such that r(h) = o(h). This allows us to regard f f (x)  as a member 
of L(Rn, Rm). Now we define the derivative or differential of f : E -+ Rm at a 
point x E E, wher; E is an open subset of Rn. 

Definition 3: Let E be an open subset of Rn,  f maps E into Rm and x E E. We 
say that f is differentiable at x if there exists a linear transformation A of Rn 
into Rm such that setting f (x + h )  - f (x) = A h  + r(h), we have 

The condition that A satisfies in Definition 3 can be rewritten as 

lim 
I(f(x + h) - f(x). - Ah\[ 

llhll 
= 0 

IlhIl-iO 

Remark: Since x E E and E is open there exists r > 0 such that B(x, r) c E; 
that is for h E Rn with llhll < r we have x + h E E. For the sake of convenience 
we shall often say 'for sufficiently small h' to mean that llhll is small enough to 
satisfy x + h E E. For instance, it is so for J)h[J < r. 

Before we proceed further, we have to check whether a function can have more 
than one such transformation. The following result gives that the answer is no. 

Theorem 1: Suppose that f is differentiable at x with derivative Al and also 
differentiable at x with derivative A2. Then Al = A2 



Calculus in Rn Proof: Let L = Al - AP. For sufficiently small h, consider the inequality 

Since Al and A2 satisfies the conditions in (2), we get that 

For any fixed v # 0 in Rn,  it follows that 

Then linearity of L shows that I I L ( t  V ' l i  is independent oft. Thus Lv = 0. Hence 

L = 0. 
Ilt vll 

Iff is differentiable at x, then the linear map A : Rn -+ Rm is caled the 
differential or derivative (also called Frechet derivative) of f at x and is denoted 
by f ' (x) or Df (x) . 
Iff is differentiable at every point x in E we say that f is differentiable on E. 

Remark: 

Let f be a function defined on an open set E C Rn into Rm 

(i) Let f be differentiable on E. For every x E E the differential f' (x) is a 
linear transformation of Rn into Rm. So f' is a function which maps E into 
L(Rn, Rm) , given by, 

(ii) Let m =l and consider f : E -+ R. Consider x E E. Iff is differentiable at 
x, then fl(x) E L(Rn, R). 

(iii) Let f : E -+ Rm be a linear map which is differentiable in E then the 
derivative f '(x) = f for each x E E. Let x E E. Then for sufficiently small 
h (so that x + h E E) 

Therefore. 

Ilf(x + h) - f(x) - f(h)ll = 0 for all such h 

Thus we may take A as f itself. Therefore, f is differentiable at x with ff(x) = f. 
Further for a fixed vector c E Rn and A E L(Rn, Rm) if f(x) = c + A(x). 
f(x) = c + A(x) c a constant, we then have ff(x) = A(x) Vx E E. This is 
generalization of the result that the derivative off  : R -+ R defined by 
f(x) = a + bx is b. 

Next we shall discuss some properties of differentiability. 

As in the case of scalar-valued functions, we look at the relationship between 
continuity differentiability. 

Theorem 2: Let f be a function defined on an open set E.C Rn into Rm. Iff  is 
differentiable at a point x E E, then f is continuous at x E E. 



Proof: Since f is differentiable, we have 
. . 

f(x + h) - f(a) = f l(x)h + r(h) 

Derivatives in Rn 

llf(x + h) - f(x)ll = Ilfl(x)hll + llr(h)II 

Note that f l(x)  is a linear transformation from Rn -. Rm. Therefore we consider 
the operator norm I (  - I( of fl(x). Recall that we have defined operator norm in 
Unit 1 of Block 1. Then we have 

Substituting this in ( ), we get that 

llf(x + h) - f(x)ll I llfl(x)lI llhll + lIr(h)ll ( 5 )  

As h -+ 0, the R.H.S. of the above equation tends to 0, therefore L.H.S. also tends 
to 0. This shows that f is continuous at x (Recall the definition of continuity). 

Hence the result. 

Theorem 3: If the mappings fl : E -+ Rm and f2 : E -+ Rm defined on an 
open set E of Rn are differentiable at some point x E E, then a linear 
combination of the form Xlfl + X2f2 : E -+ Rm is also differentiable at x and 
(Xlfl + X2f2)I(x) = ( X l f i  + X2f4) (x) 

Proof: For sufficiently small h 

llrz(h3 11 1 - , lim where lim ------ - = 0 
Ilhll-0 llhll Ilhll-0 JlhJJ 

Thus 

where r(h) = A~ri(h) +X2r2(h). We note that ( 1  I (XI  1 .llrl(h) 1 1  + ((rz(h) ( 1  
Ilr(h) I 1  and therefore lim --- = 0 

Ilhll-0 ((hll 

Hence Xlfl + A2f2 is differentiable at x and 

Remark: If fl ,  f2 are differentiable on E then so is XlfI + A2f2 and 
Alfl + X2f2)I = Xlf; + X2f4. / 

Thus we have seen that sum of two differentiable functions and scalar multiple 
of a differentiable function are again differentiable. Also derivative of the sum 
is the sum of the derivatives. 

Next we shall discuss another important property. 



Calculus in Rn Theorem 4: (Chain Rule): Suppose f maps E into Rm, where E an open 
subset of Rn, f is differentiable at xo E E, g maps an open set containing f(E) 
into Rk; and g is differentiable at f(xD). Then the mapping F of E into Rk 
defined by 

F(x) = g (f(x)) is differentiable at xo and fl(xo) = gl(f(xo))f '(xo). 

Proof: Let yo = f(xo) and let 

r, (h) = f (xo + h) - f (xo) - f '  (x)h 

and 

for all h E Rn and k E Rm for which.f(xo + h) and g(yo + k) are defined. 

Given h, put k = f(xo + h) - f(xo). Then 

Hence 

Now we let JJhlJ -, 0. ,Then r(h) -, 0. Also JlklJ --t 0, so ~ ( k )  + 0. 

Therefore F is differentiable at xo and 

Now we use chain rule to obtain following result. The proof is left as an 
exercise for you. 

Theorem 5: A function f : ;; -t Rm is differentiable at a E E if and only if 
each of its components fi is differentiable at a. Furthermore, the derivative of its 
i th component is the i th component of the derivative. 



You can try some exercises now. 

E 1) Prove Theorem 5. 

E2) Verify the Chain rule for f : R + R~ defined by f(t) = (t, t2) and 
g : R2 -+ R3 defined by g(x1, x2) = (x:, ~ 1 x 2 ,  X; - x:). 

Let us now consider a function f : E + Rm where E is an open subset of Rn. 
Suppose f is differentiable at x E E. The questions arises how do we compute 
f'(x). You rnight%@av\e already studied the concepts of partial derivative and 
differentiability afld related theory for a real-valued function of a 
vector-variable at a,point. A relevant study material for thkis IGNOU 
undergraduate co;rse material MTE-07, Advanced Calculus (Particularly refer 
Unit 2 of Block 2) with emphasis on the case m = 2. This sets a good 
background for the related concept for a vector-valued function of 
vector-variable. This i s  the subject matter for the next section. 

5.3 PARTIAL DERIVATIVES AND 
DIRECTIONAL DERIVATIVES 

Derivatives in Rn 

- 

In this section we define partial derivatives and directional derivatives for a 
vector-valued function of vector-yariables. 

Let {el, e2, . . . , en) and {ul, u2, . . . , u,) be the standard bases for Rn and Rm 
respectively. Let (.) denote the inner product in Rm, i.e. the linear functions on 
Rm x Rm + R that satisfies 

i.e. for 

j=1 k= 1 
e 

m 

y - 55 = z y j z j .  
j=1 1 L e t E ~ R ~ b e a n o p e n s e t x 1 ~ i < m , l < j < m a n d f : E - + R ~ . T h e  

I ' component functions of f are the real functions fl, . . . , fm defined by 

i.e. for x E E, 1 j i < m, fi(x) = f(x) . ui. 

~ o t i c e  that each fi, 1 j i < m maps E into R .  That means each fi, 1 5 i < m is 
a real-valued function on E. 

Then we define the following 

Definition 4: Let E c Rn be an open set and a E E and 1 5 i 5 m, 1 5 j j n 
and f : E + Rm.'Let fi, 1 5 i 5 m denote the component functions off. For 



Calculus in Rn a E E, we define 

fi (a + tej) - fx (a) 
(Djfi) (a) = lim 

t t+O 
, 

provided the limit exists. 

Note that by writing fi(xl, . . . , x,) in place of fi(x), we see that Djfi(a) is the 
partial derivative of fi w.r.t. the j-th variable xi at a ,  called the j-th partial 

ai derivative of fi at a. It is also denoted by -(a). 
axj 

Note that writing a was used instead of x to avoid the confusion. 

Further if Djfi(a) exist for each a E E, Djfi denotes the function which take 

a + Djfi(a), a E E 

Next we shall establish a relationship between the differential off  at a and the 
partial derivatives of fi's at a .  

Theorem 6: Suppose f maps an open set E c Rn into Rm and f is 
differentiable at a point a E E. Then the partial derivatives (Djfi) (a) exists and 

where {el, . . . , en) and {ul, . . . , urn) are the standard bases of R" and Rm 
respectively. 

Proof: Let us fix j. Since f is differentiable at a ,  by Definition 3 (changing x to 
a )  we have. 

/ l ' ( h ) l l  + 0 as h + 0. where - 
Ihl 

Since ej E Rn and ( 1  tej 1 1  = I tl for taking n = tej t in R ,  sufficiently small t 
Equation(?) gives 

f(a + tej) - f (a) = f (a) (tej) + r(tej) , 

where I'r(tej'l' + 0 as t -+ 0 in R NOW we apply the fact that f t(a)  is a linear 
It l 

map from Rn to Rm (see Remark 1) and get 

Applying this fact in Equation (8), we get that 

f ( a + t e j ) - f ( a )  
lim = fl(a)ej 
t+O t 

We now represent f i n  terms of component function as 



Derivatives in Rn 



Calculus in Rn We also get from Equation (4), that these aijs, are Djfi(x), 1 5 i < m, 1 5 j 5 n. I 
Hence 

~ l f l ' ( a )  (Dnfl)(a) 
. . .  . . .  

[fl(a>l = . . .  . . .  . . .  
(Dlfm)(a). . . . Dnfm (a) 

In fact for any fixed j, fl(a)ej is the 3th column of the matrix [fl(x)]. The matrix 
[fl(xll is called the Jacobian matrix off  and x and is denoted hv Jf(x\. I 
Tliat is 

The vector fl(a)ej is called the j-th partial derivative off  at a .  It is denoted by 
d f 

Djf(a) or - (a). It is infact the vector denoted by Vfi(a) and given by 
dxj ! 

Vfi(a) = (Dlfi(a) 1 D2fi(a) 1 - - - 1 Dnfi(a)) 

with this notation we can write f l(a)  as 

D l f ~ ( a )  (Dnfl)(a) afl (a) ... 

f l (a)  = 
. . . 

a f m  (a) 
Dnfm (a) . . .  

8x1 - - 

To have a better idea, let us consider some special cases. h 
Cases 

1) m = 1. Then f is a real-valued function of vector variable. Therefore, we 

af(a) 's, 1 <_ j < n, are the usual partial have 1 < j 5 nandi  = 1. Then - 
axj 

derivatives off  at a that you have seen in the undergraduate course. Note 
that all the partial derivatives are real-valued. 

2) n = 1. Then f is a vector-valued function of a real-variable. The partial 
derivative off  at a point a becomes the derivative off at a. Also the partial 
derivative of component functions at a become the derivative of the 
respective component functions at that point. 

3) m = 2, n = 2. For this case we usually replace the variables XI, x2 by x, y. 
For instance, if we are dealing with the function f(x, y) = (x2, y2), then we . - 

df(a) df(a) 8 f 
might write - 

a f - '  
and - instead of - and -. 

dx dy 8x1 8x2 
Note: We can use Theorem 2 to talk about non-differentiability by taking 1 

examples from the scalar case. This is illustrated in Example 2. 

Let us consider some examples. 
I 

Example 1: Let F : R4 + R3 be defined by I 
1 
1 

F(x, Y, Z, W) = ( x ~ Y ,  XYZ, X~ + y2 + Z W ~ ) .  i 



Let us find fl(a) at a = (1,2, -1, -2) 

Then F = (fl, f2, f3) where fl (x, y, z, w) = x2y, f2(x, Y,  Z, W) = XYZ and 
f3(x, y, z, w) = x2 + y2 + zw2. 
Moreover, Vfl (x, y, z, w) = (2xy, x2, 0, O), v f 2 ( ~ ,  Y, Z, W) = (YZ. XZ, XY, 0) and 
Vf3(x, y, z, w) = (2x, 2y, w2, 2zw). Hence 

* * *  
Example 2: Let f : R --t R2 be defined by 

We will show that f is not differentiable at (0, 0). 

Here f is a vector valued function of real variable. To show that f is not 
differentiable, by Theorem 2, it is enough to show that the partial derivatives of 
f do not exists at (0,O). But since f is a function of real variable, the partial 
derivarives becomes the derivative. Also the partial derivative of the component 
function at (0, 0) become the derivative of the respective component functions 
at (0,O). The component function fi, f2 are given by 

fi(x) = X , X  E R 
1 

f2(x) = xsin-,x E R , x  f- 0 
X 

Then we can see that fi is not differentiable at (0,O) therefore we can conclude 
that f is not differentiable at (0,O). 

* * * 
As in thexase of scalar valued functions, the derivative of f at a point x E Rm is 
also called total derivative off at x, to distinguish it from its partial derivatives. 

So far we have discussed differentiability at a point. Now let us consider a 
function f : E --t Rn, where E is an open set in Rn.  Iff is differentiable at each 
point of E, then f is said to be a differentiable mapping of E into Rm. The 
mapping on E to L (Rn, Rm) given by a -+ f'(a) is called the derivative of f and 
is denoted by f'. 

Once again, i f f  is a differentiable mapping of E into Rm then the partial 
derivative exists on E and fl(a) is given by [Djf,(a)], a E E. 

Is the converse true? From the scalar valued case you already know that the 
existence'of partial derivatives at a point need not imply that the function is 
differentiable at that point. (You may refer Block-2, MTE-07). For example 
consider the function f : R2 + R given by 

= O ,  i f x = O = y  

Derivatives in Rn 



Calculus in R" Then f is a real-valued function of vector-variables. We can shc . _---- --, 
partial derivatives of f exists at (0, 0). But f is not differentiable at (0,O) since f 
is not continuous at (0,O) (See Theorem 2). 

Next we shall prove a partial converse of Theorem 5. 

Theorem 7: Let B(x, r),  r > 0, be an open ball in Rn. Let f : B(x, r) -+ R be 
a function such that the partial derivatives off  exist at all points of B(x, r) and 
are continuous at x. Then f is differentiable at x. 

I 
Proof: Let r > 0. Then by the continuity of Djf at x3 6 > 0,O < 6 < r such 
that 

E 
ID,f(y) -Djf(x)I < -, y E B(x,r)  and 1 i j 5 n 

n (10) 

n 

Put 
J=I 

l < k < n .  

Now fix j where 1 5 j 5 n. 

Then we note that B (x, 6) is a convex set and therefore we have 

[ X + V ~ - ~ , X +  vj] c B(x,6). 

So, we may define $j : [O, 11 --+ Rn, given by q5j (t) = f(x + vj-1 + t hjej). 

We first consider the case that h, # 0. Let t E [0, 11. Then for s E R with s # 0 
and t + s E [0, I], we have 1 

= hj 
shj 

Since DJf exists at x + v,-1 + t hJej, we have 

[f(x + vj-1 + t hjej + shjej) - f(x + vjP1 + t hjej] 
lim = 

sh,+O shj 
s>O 

= Djf(x + vj-1 + t hje,) \ 

As a consequence we have 

lim 
S 

J J \  J ' s 4 0  
s>o 

This shows that 4j is continuous on [0, I ]  and differentiable on (0, 1). Also for 
t E ( 0 , l )  we have 

$t(t) = hJDjf(x + v,-1 + t hjej)- 

Now we apply Lagrange's Mean Value Theorem (Ref. MTE-0' 
statement). By this theorem, 3 Oj E (0 , l )  such that 

4j(l) - $j(Q) = $;(@j) 



Derivatives in Rn 

f(x + v,) - f(x + v , -~ )  = hjDjf(x + v,-1 + Bjhje,) 

This is true for hj such that hj # 0. 

Now if hj = 0, we may take any arbitrary Bj E (0 , l )  and then 

f(x + vj) - f(x + vj-l) = 0 = hjDjf(x + vjP1 + Bjhjej) 

Thus we got that for all hi, 3 Oi E (0 , l )  such that the equation(l1) holds. 

So, 

j=1 j=l 

This implies that 

I n I I n  

I This implies that f is differentiable at x and ff(x) is a linear function which 
n n 

sends h = C hjej to the number C hjDjf(x) The matrix [ff(x)] consists of the 

You may note that in the above theorem we considered real-valued functions. 
Next we shall consider a corresponding theorem for vector-valued functions. 

Theorem 8: Let f : B(x, r) -+ Rm be a function-such that the partial 
derivatives Djf exists for all points in B(x, r) and they are continuous at the 
point x. Then f is differentiable at x. 

Proof: Here we consider the coordinate functions fi of f for 1 5 i 5 m. Let 
x E E Then for each i, 1 5 i 5 m, we have Djfi(x) exists in B(x, r) and is 
continuous at x. Therefore by the above theorem (Theorem 7), fi is differentiable 
at x, for each i such that 1 5 i 5 m. Since all the coordinate functions are 
differentiable at x, by Theorem 5 we get that f is differentiable at x. 

We now extend Theorem 8 to functions defined on any open subset of Rn. 
Before that we make some definitions. We define continuity of differentiable 
maps. 

Fnr that W P  want t n  lnnk at t h ~  metric c t n ~ r t n r ~  n f  T (Rn Rm'l 



L(Rn, Rm) can be identified as Rnm and as such many metrics can be defined on 
it. We consider a metric which is relevant and useful in the present context. For 
A E L(Rn, Rm), we define a real-valued function ( 1  / I T  on L(Rn, Rn) such that 

(Recall Definition 1 in the beginning of Section 5.2 where we have defined 
1 1  ' llRn-) 

Then you can check that for any B E L(Rn, Rm) the function 1) - } I T  satisfies 

i) IlBll~ > 0 

ii) llBllT =OifanonlyifA=O 

iii) I~XB(IT = IX~~~BIIT,AE R 

iv) IJB1 + B2ll~ I IlBill~ + I ~ B z ~ ~ T ,  B1, Bz E L(Rn, Rm). 

1 1  ) I T  is called the operator norm. 

Now we can define a metric structure on L(Rn, Rm) given by 
d(B B2) = llB - B2 ( I T .  Then it is easy to venfy that d is a metric on 
L(Rn, Rm). 

Further you can check that, the following inequality holds 

Definition 5: A differentiable mapping f of an open set E C Rn to Rm is said 
to be continuously differentiable in E if for every x E E and to every 6 > 0 there 
exists a 6 > 0 such that 

I l f l (~)  - f '(x) ( I T  < 

if y E E and Ilx - yllRn < 6. 

You note that for any x E E, fl(x) E L(Rn, Rm). 

We denote by C1 (E) - the class of continuously differentiable functions on E. 

Next we shall prove a theorem which gives an equivalent condition for 
functions to be continuously differentiable. 

Theorem 9: Suppose f maps an open set E c Rn into Rm. Then f E C1(E) iff 
the partial derivatives Djf, exists and are continuous on E for 1 5 i < m, 
1 5 j I n  

Proof: Suppose f E C1 (E). Then by Theorem 1 we have (Djfi) (x) = (ft(x)ej). 
ui for all i, j and for all x E E. So partial derivatives exist. Also we have 
(Djfi)(y) - (Djfi)(x) = {(ft(y) - fl(x))ej}. ui and since lluill = 1, llejli = 1 we 
get 

Hence Djfi is continuous. 

For the converse, it suffices to consider the case m = 1 (see Theorem I). Fix 
x E E and E > 0. Since E is onen there is an oDen ball B(x. r) c E with centre x 



and radius r, and the continuity of the functions Djf at x shows that r can be Derivatives in Rn 
chosen so that 

Suppose h = C hjej, llhll < r. Put vo = 0 and vk = hlel + . . . + hkek for 
l S k 5 n . T h e n  

. f(x + vj) - f(x + ~ j - ~ )  = (vj - vj-l)(Djf)(x + vj-1 + Ojhjej) for some Oj € (0 , l )  
= hj(Djf)(x + vj-1 + Ojhjej) 

Using (12) we get 

for all h such that llhll < r. 

This implies that f is differentiable at x and that fl(x) is the linear function 
which sends h = C hjej to the number C hj (Djf) (x). The matrix [fl(x)] 
consists of the row (Dl f) (x) , . . . , (D,f) (x)) and since Dl f, . . . , D,f are 
continuous functions on E, we have f E C1 (E). 

Remark: The theorem above shows that the converse of Theorem 2 is satisfied 
if the partial derivatives are continuous. 

Remark 2: The above theorem is very helpful to see, at a glance, the sets on 
which most functions have derivatives since it suffices to consider only the 
corresponding coordinate functions which are real valued (Refer E3). 

Can you give an example of a function which is not continuously differentiable? 
Again we can make use of some of the functions in the scalar case. 

Example 3: Let f = (fl, f2) be a function defined from R2 -+ R2 where 

1 1 
x: sin - + xi sin - if ~ 1 x 2  # 0 

x2 

and f2 (xl, x2) = eX1+'2 

Then f is differentiable at (0,O) whereas it is not continuously differentiable at 
(070). 

To show this it is enough to show whether each of the coordinate functions are 
continuously differentiable. We know that f is continuously differentiable. 
Therefore we consider fl . Then 

and 19 



Calculus in it" 

Then neither Dlfl nor D2fl is continuous at (0,O). Therefore by Theorem 9, f is 
not continuously differentiable. 

You can try some exercises now 

E3) Show that the following functions are continuously differentiable. 
i) f : R3 + R2 defined by 

f(x1, x2, X'3) = ( X I +  2x2 + 4x3, X1X2 1 X2X3 + ~3x1).  

ii) f : R2 + R3 defined by 

E4) Compute the first derivative fl(a) of the function f defined by 
i) f : R2 -+ Ra given by f(xl , x2) = (x! - x2, xl + 2x2) at the point 

a = (1, 1). 

ii) f : R2 -+ R given by f(xl , x2) = x: + xg at the point a = (- 1,2). 

Note that there is a Next we shall define another kind of derivative called the directional derivative. 
one-one correspondence 
between vectors in Let f : E + Rm and u be differentiable at a point x E E and v E Rn. Then we 
Cartesian plane and point consider fl(a)v. We know that with t sufficiently small in R 
in R2 (Refer Sec.3.2, 
MTE-07). Extending this Ilf(a + tv) - f(a) - fl(a)tvll 

+ O a s t + O  
idea to R ~ ,  points in Rn t IIfvII 
are also called vectors. So 

Thus 

f(a + tv) - f(a) 
lim 
t -+O t 

exists and is equal to fl(a)v. This limit in (13) is called the directional 
derivative off  at x in the direction v. We formally define it as follows: 

Definition 6: Let f : E -+ Rm, E an open sen in Rn and v E Rn, which we call 
a vector in Rn. If the limit 

f (x  + tv) - f(x) 
lim 
t-+O t 

exists, then we say that f has directional derivative at x in the direction v. 

The directional derivative o f f  at : 'n the direction v is denoted by D,f(x). 

Wekh-eady noticed that i f f  is differentiable, then the limit in (14) exists, Also 

f (x  + tv) - f(x) 
lim = f l (x)v  
t - + O  t 



Note that if v = ej, j = 1, . . . , n, then the directional derivatives are the same as 
the partial derivatives. In fact we have the following theorem. . 

Theorem 10: Let f : E -+ Rm, E an open set in Rn, be differentiable at a 
point x, then the directional derivatives of f exist at x in all directions and in 
each case it is a linear combination of partial derivatives. 

Proof: Let f : E -, Rm be a differentiable function, E an open set in Rn. Then 
as a consequence of by Theorem 2 (replacing a by x), we have 

Let v = vie, vi E R. Since f is differentiable, the partial derivatives off at x 
i=l  

exists in the direction v and 

lim 
f(x + tv) - f(x) 

= fl(x).v 
t--+O t 

This shows that if f is differentiable, then the directional derivatives at a point 
x E Rn in the direction of each vector v E Rn is a linear combination of partial 
derivatives at x. . O  

Now we use this to arrive at the matrix representation of the linear map Dvf(x) 
when f is a differentiable function from Rn -+ R. It is given by 

where v = viei 

1 Example 4: Let us find the directional derivative of the function f given in 

I Example 1 at a = ( l ,2 ,  -1, -2) in the direction v = (0,1,2, -2) 

We first note the given function f is continuously differentiable since its 
coordinate functions are continuously differentiable on R4. Therefore Dvf(x) is 
given by the matrix (15) i.e. 

Derivatives .in Rn 



Calculus in Rn Example 5: Consider f : R3 -+ R given by f(xl, x2, x3) = x: + 2 ~ ~ x 3 .  Let us 
find (Dvf) (x) where v = (2,1, -3) and x = (0, - 1,3). 
Using Definition 6. 

f(x + tv) - f(x) 
(Dvf)(x) = lirn 

f(2t, t - 1,3 - 3t) - f(0, -1,3) 
= lim 

4t2 - 6(t - 1)2 + 6 
= lim 

The next example shows that the directional derivative may exist for some 
direction and not for others. 

1 if xlxz . Example 6: Consider f : R2 -+ R given by f(xl , x2) = 
0 ifxlx2 # O 

Let us check the directions at which f has directional deriiative at (0,O). 

Take v = (xl, O), xl # 0, and x = (0,O) 

f ( ~ l t ,  0) - f(O,O) 1 - 1 
(Dvf\(O. O\ = lim = lim - = 0 

This shows that f has partial direction derivative at (0,O) in the direction 
v = (xl, 0) for xl E R .  

But for v = (xl, x2), xl # 0, x2 # 0 and x = (0,O) 

f(tx1, t.2) - f(O,O) 1 Dvf) (0,O) = lirn = lim - 
t-io t t-0 t 

which does not exist. This shows that f does not have directional derivative at 
(0,O) in the direction for any v = (xl, x2), XI E R, x2 E R.  1 
You can try this exercise. 

2 2 2  E5) Iff(x,y,z,w) = (x2 - y2,2xy,zx,z w x ) andv = (2,1, - 2 , ,  -I), find 
f1(l,2, -1, -2) andD,f(l, 2, -1, -2). 1 

In the next section, we shall consider derivatives of second order. 1 

5.4 SECOND ORDER DERIVATIVES 

In this section, we define derivatives of second order and discuss how the 
definition gives an extension of the classical definition of derivatives for the one 
variable case. 

Let us consider a function f : E -+ Rm where E c Rn is an open set and f is 
differentiable on .E. In the last section we discussed that if the derivative of f 



Derivatives in Rn exists at each x E E, then x -+ ff(x) defines a function f' on E such that, we 

f' : E -, L(Rn, Rm) 

Note that L(Rn, Rm), the set of linear transformations from Rn to Rm, is a 
vector space. We have observed that L(Rn, Rm) can be identified as R*. This 
shows that, like f, f' also can be treated as function given by 

f' : E -+ Rnm. 

The difference is that in the case off', the range space is not Rm, but rather the 
nm-dimensional space Rm. 

Therefore \;re can talk of differentiability of f' at a point x E E or the derivative 
of f' at x to be denoted by f "(x) or f2(x). If f "(x) exists for all x E E, then we 

f'' : E -+ L(Rn, L(Rn, Rm))  

Then with the identification that L(Rn, L(Rn, Rm))  as R ~ ~ ~ ,  we get that for 
each x E E, P(x) E R"~". 

Now we observe the following result. 

Proposition 1: If f is a linear map from Rn to Rm, then f" = 0. 

This follows from the observation that f '(x) = f(x)'dx E E. 

Let us consider the space L(Rn, L(Rn, Rm)). Let B E L(Rn, L(Rn, Rm)). Then 
for any s, t E Rn, define b by 

b(s, t )  = B(s)(t). 

Note that for any s E Rn, B (s) E L(Rn, Rm) and, therefore, is a linear 
transformation from Rn to Rm which implies that B(s)(t) E Rm. Thus, b is a 
function from Rn x Rn --+ Rm. 

Also for any a, P E R 

b(asl+Ps2, A t 1  + h )  = aAb(s1, sz)+apb(sl, tZ)+Prb(s2, t l ) + P p ( s ~ ,  t2). 

Such a map is called a bilinear map. 

Thus, we had taken an element B E L(Rn, L(Rn, Rm)) and corresponding to 
this element we got a bilinear map b E L(Rn x Rn, Rm). We denote this set of 
bilinear maps by L ~ ( R " ,  Rm) which is a vector space under pointwise 
operation. The relationship B -+ b from 

L(Rn,L(Rn, Rm))  -+ L~(R",  Rm). 

is in fact an isomorphism. The proof is left as an exercise. 

Then corresponding to f' '(x) E L(Rn, L(Rn, Rm)), as in the discussion above, 
we can define the bilinear map, which we denote by P(x) and we note that 

f2(x)(s, t )  = (fV(x))(s)(t), S, t E R" 



Calculus in Rn From now onwards we shall use fl'(x) or p(x) for the second derivative of f  at 

Another important property of second derivatives is symmetry which is stated in 
the following theorem. We shall not prove this result. For a proof of this, you 
are advised to look at the reference book Real Mathematical Analysis by 
Charles Chapman Pugh which will be available at your programme study center, 

Theorem 11: Let f : E -+ Rm be a function differentiable at point a E E. If 
P(a) exists, then 

Next we shall observe that our notation of second derivative of functions from 
Rn to R reconcile with the classical notation. 

Let f : E c R' -+ R be differentiable function which is twice differentiable at 
a E E. 

Now we apply Theorem 5 in Sec. 5.2 and discussion that follows theorem to the 
function f '. Accordingly we have 

and 

Note that each element in the above vector (15) is a row vector, namely 
(Dj (Dl f) (a), . . . , Dj (Dnf) (a)). In practise it is more convenient to express this 
in the matrix form as 

This can be written in a more compact form [Dijf(a)]15i<n where, 
l<j<n 

Dij (a) = Di (Dj f) (a) 

- a2 f (a) -- &,ax, 
The above matrix is also called the Hessian of f at a and is denoted by Hf (a). 

Now we look at the expressions given for f'(a) and f"(a) given in () and 0. 
Then we have 

f I t  (a) (ei) = Dif '(a) = [Di(Dlf)(a), . . . , Di(Dnf) (a)] 

That is, 



Here you note that because of the symmetry of the second derivative which is 
stated in Theorem 1 1, we get that 

f2 (a) (ei, ej) = f2 (ej , ei) 

:. we have DiDjf(a) = DjDif(a) (18) 

This can be used to check the non-existence of the second derivative at a point. 
(see E 6). 

Derivatives in Rn 

So the Hessian off at a may also be thought as a convenient matrix related to 
the bilinear form f2(a). 

Thus, we have observed that in the case of real-valued function of 
vector-variable, we can represent the second order derivative in the matrix form 
given by (17). Alternatively, we consider the following matrix also. 

DI (D~f)(a)  . . Dn(Dlf) (a) 
DI (D2f) (a) . . . Dn(D2f) (a) 1 L D ~  ( i n f  (a)) - . . 'Dn ( ~ n f )  (a) J 

The interesting fact is that the two matrices (1 7) and (19) are equal. 

Now we state the following theorem which gives the relationship between the 
second order derivative of a function and second order partial derivative of its 
component function. 

Theorem 12: Let f : E -+ Rm be a function differentiable at x E E. Suppose 
the second derivative off exists at a E E, then the second partial derivatives of 
all component functions fk exist at a E E for k = 1, . . . , m and they satisfy 

# 

Conversely, existence of the second-partial derivatives imply the existence of 
f (a), provided that the second-partials exist at all points x E E near a and are 
continuous at a. 

Proof: Assume that (D2f)(a) exists. Then x - (Df) (x) is differentiable at 
x = a and the same is true of the matrix that represents it 

That is the map x ++ Jf(x) is differentiable at a. For, according to Theorem 5, a 
vector function is differentiable if and only if its components are differentiable; 
and then, the derivativeaf the kth component is the kth component of the 
derivative. A matrix is a special type of vector, its components are its entries. 
Thus the entries of the matrix are differentiable at x = a,  and t k  second-partial 
derivatives exist. Furthermore, the kth row of the matrix is a differentiable 
vector function of x at x = a and 

a2fk(a) (ft(a) (ei, ej)) = (f;) '(a) (G) (ej) = DiDjfk(a) = -----. 
*W 8Xidxj 



Calculus in Rn The first derivatives appearing in this fraction are the jth partials of fk at a + te, 
and at a. 

\ 

Conversely, assume that the second partials exist at all x near p and are 
continuous at a. Then the entries of J, have partials that exist at all points q near 
a, and are continuous at a. Theorem 8 implies that x I+ J, is differentiable at 
x = a, i.e., f is twice differentiable at a. 

In fact we have the following result: 

Theorem 13:. Let f : E c Rn + Rm be such that the second order partial 
derivatives off exists at a point a E E. If fk denotes the component functions for 
1 5 k 5 m, then we have 

a2 fk (a) a2 fk (a) ---------- = - - 
axiaxj axjax, 

The importance of the above theorem is that it can be used to check the 
non-existence of the second order derivative. 

You can try some exercises now. 

E6) Show that all the second order partial derivatives of the function 
f : R2 + R defined by 

exist everywhere, but the mixed second order partial derivatives are 
unequal at the (0,O). What can you conclude about the existence of 
second derivatives of this function? 

E7) Let f(x, y, z) = x2y + y2z + z2 - 2x. Find f" 1,1, -- . ( 3 
5.5 HIGHER ORDER DERIVATIVES 

In this section, we restrict ourselves to real-valued functions of vector variables. 
We define higher order derivatives of such functions and their corresponding 
higher order partial derivatives. For that we first introduce you to multilinear 
maps. 

In the earlier section we have defined bilinear maps. If we take an element 
B E L(Rn, L(Rn, R))  and corresponding to this element we can get a bilinear 
map b E L(Rn x Rn , R )  . Foi any al , a 2  E R and s, t E Rn we recall that 

Now let T be a linear map from Rn to L2(Rn, R) .  We associate to this map T, a 

map 

t,: Rn x Rn x Rn -, R 



t ( ~ l  , x ~ ,  ~ 3 )  = (Txl) (XZ 1 ~ 3 )  

Then t is trilinear in the sense that it is linear in each variable separately. 

We may define a map 

M : R n x R n x ,  . . . ,  x R n + R  - 
k times 

M(xi,  . . . , xk) = M ( ~ i ) ( x a )  . . - (xk) 

We denote by Lk(Rn, R), the space of all continuous k-linear maps. 

Also note that L(Rn, Lk(Rn, R) )  can be identified with L ~ + ' ( R ~ ,  R )  by 
considering for any M in L(Rn, L~(R" ,  R)), the corresponding m in 
L ~ + ~  (Rn, R) given by 

m(x1,. . . , xk+l) = M(x~)(xz) . . . (xk+l) 

We call M a multi linear map. (For a detailed discussion of multilinear maps 
you can refer to the Chapter 2 of the book "Differential Calculus in Normed 
Linear Spaces" by Kalayan Mukherjee - trim series.) 

Once we have defined k-linear maps we now define higher order derivatives 
inductively. For that we may define the derivative f". Then f"(x) € L ~ ( R " ,  R) 
which is the space of all k-linear maps. 

Now we use induction to define the kth derivative f" as a k-linear map on Rn. 

Iffor some x E E (P) '(x) exists then (f") '(x) : Rn -t L~(R" ,  R) .  Then 
corresponding to this (f")'(x) we define one (k + 1)-linear map which we 
denote as f k + l ( ~ )  and is given by 
f(k+1)(~)(t l , t2,  - - ,tn = ((f")'(x)(tl)) (t2, 7 tk+l) 

In this way we can define all the higher order derivatives. 

In dealing with these higher derivatives the crucial observation is the fact that 
the space L(Rn, . . . , L(Rn, R))  can be identified with the linear space (vector 
space) Lk (Rn , Rm) . Now we define a function ( 1  - I I T  on Lk (Rn , R )  . 

IlMll~ = Sup{lJM(xi,. . - 1 xn)(l : [ l ~ i l l  L 1) 
" 

Then I (  / I T  satisfies the following conditions. 

2. (IB((T=O*B=O 

3. ((XB(IT = (X(((B(1 where X E R 
4. llBl + B 2 1 1 ~  5 IIB~IIT + llB2llT 
Then the function 11 - ( I T  defines a metric d(B1, Bz) = IJB1 - Bz ( I T  and 
Lk(Rn, R )  becomes a metric space. 

Note: If n = m = 1, then as we observed earlier each linear transformation 
n n . . I . .  1 -  .. r r. m , .  a -  

Derivatives in Rn 



and x E R, f k ( ~ )  reduces to multiplication by the real number f k(x). Therefore 
the definition using the multilinear map agrees with the classical definition of 
derivative far the real line R. 

We use induction to consider the corresponding higher order partial derivatives 
also. For that we look into the notations of partial derivatives in the second and 
third variable case and correspondingly we extend it to the n-variable case. 

The second order partial derivatives are given by 

Like this we can consider l& order partial derivatives by considering the 
k-tuple (il, iS, . . . , ik) and are denoted by 

In this way we can consider all the higher order partial derivatives. 

In general there are nk partial derivatives of order k that can be formed. 

In the case of the second derivative we already observed that the partial 
derivative for each pair (i, j) becomes an element of matrix 
[p(x)] = [Dijf(x)]liiin given in (17). We can use induction to obtain a similar 

l < j < n  

matrix for kth order derivative f k(x) provided f k(x) exists at the point x E E: 
We denote the matrix by 

We are not going into the details of this. 

Now that we have defined higher order derivatives we state Taylor's theorem for 
functions defined from Rn to R. 

Theorem 14: Let f : E c Rn -. R where E is an open subset of Rn be such 
that the derivatives of f upto order k exist at each point a E E and are 
continuous. Assume that for any y E E;the line segment joining a and y lies 
entirely in E. Then for each y E E there exists z = a + By E E where 0 < 0 < 1 
such that for y E E we have 

1 
f(a + y) =.f(a) + fl(a)y + . . . + ----P-' (a)yk + 1 

-P(z)yk k - l !  k ! 
. (20) 

where yk := (y,. . . , y) .E fi x . :. x E - . . 
k times 

The series expansion on the right hand side of Eqn.(20) is called kth Taylor 
expansion of f at a. 
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Calculus in Rn Proof: Since E is open, there is a d > 0 such that a + t(b - a )  E E for all real t 
in the interval -6 < t < 1 + 6. 

Define g on (-S,1+ 6) by the equation 

g(t) = f[a+ t(b - a)] 

Then f(b) - f(a) = g(1) - g(0). We will prove the theorem by applying the 
one-dimensional Taylor formula to g and writing 

Now g is a composite function given by g(t) = f[p(t)], where 
p(t) = a + t (b  - a). The kth component of p has derivative d ( t )  = bk - ak. 
Applying the chain rule, we see that gl(t) exists in the interval ( -&,I+ 6) and 
is given by the formula 1 

n 

gl(t) = CDjf[p(t)](bj - aj) = fl(p(t); b - a).  
j=1 

Again applying the chain rule, we obtain 

Similarly, we find that g(m)(t) = fim)(p(t); b - a).  When these are used in (21) 
we obtain the theorem, since the point z = a + 8(b - a)  E L(a, b). 

One of the main applications of Taylor's theorem is that it is used to derive a 
sufficient condition for a function to have an extrema at a particular point. We 
shall explain this in Unit 7. Here we shall try to understand the theorem by 
considering the simple case, say n = 2. 

Let us look at the expansion in the case n = 2 and for a E E and x = a + h, 
where h E E is such that the line joining a and a + h is contained in E. Then we 
have 

1 
f(x) = f(a) + fl(a; h) + -f1I(z; h) 

2! I 
i= 1 i= l  1=1 

We have already observed in Sec. 5.2 that the second term in the above 
expansion can be represented in the matrix form 

Similarly, we can represent th( third term also in the matrix forrn. Those who . 
are already familiar with quidraiic form i.e. series expansion of the form 

- 



can recognize that the series above can be represented as a matrix given by 

a2f(x) a 2 f ( ~ )  -- ... 
d2f (x) 

dx,2 dxndx2 dx,2 

We shall consider an example. 

Example 7: Let us obtain the second Taylor's series expansion for the function 
given by 

Solution: The second order Taylor's series expansion of the function at 
x = (1,O) is given by 

where h is as in Taylor's theorem and z = a + Oh, 0 < 0 < 1. 

Here f(1,O) = 5 

X l  - 1 
Here h = k:] = [::I - [i] = [ x2 ] 
Therefore a + oh = [:I + Q [xlxi I] = [ I+  ::j - 01 

- 
A ~ S Q  fU(z; h) = [XI - 1, x2] a,: 8 ~ ~ 8 x 2  1 rlX; 11 1 d2f - d2f 

Substituting these values in the Taylor's expansion we get that 



Calculus in R" You can try this exercise now. 

E8) Obtain the Taylor's series expansion for the function 
f(xl, x2) = xl + 2x2 + x-lx2 - x: - xz Bt the point a = (413,513) 

With this we come to an end of this unit. 

5.6 SUMMARY 

In this unit we have extended the concept of derivative for functions defined 
from an open subset E Rn to Rn. 

In this unit we have 

1. defined differentiability for a function as a linear map and discussed some 
basic properties such as 

i) I f f  is differentiable at a E E, then f is continuous at a 

ii) (Xlf + X2f2)l = Xlft + X2ft. 

iii) chain rule 
If F(x) = g (f (x) ) , then 
Ft(a) = gt(f(a))ft(a). 

2. defined 

i) the first order partial defivatives. 

ii) Jacobian Matrix 

iii) directional derivatives 

3. stated the relationship between 

i) differential off  at a point and the partial derivatives at that point. 

ii) differential off  at a point a and the directional derivatives at that point. 

4. explained the method for finding the differential of certain nice function by 
finding the corresponding Jacobian matrix. 

5. defined the second order derivative as a bilinear map. 

6.  established the relationship between the second order derivative and the 
second order partial derivatives. 

7.  illustrated the computation of fU(a) by finding the Hessian of f at a. 

8. defined higher derivatives inductively as a multilinear map. 

9. proved Taylor's theor& - 

El )  Hint: Assume that f is differentiable at a and express the i th component 
o f f  as fi = pi o f where pi : Rm -, R is the projection that sends a vector 



v = (vl, . . . , v,) to v,. Since pi is linear it is differentiable. By the chain Derivatives la Rn 
rule, fi is differentiable at a and 

(Dfi) (a) = (Dpi) 0 (Df) (a) = pi 0 (Df) (a). 

The proof of the converse is similar. 

E2) Hint: Apply Chain rule and get the result. t 

E3) Hint: In each case you can note that the coordinate functions are 
continuously differentiable. 

E4) i) We write f as 

af 
nd , (1 , l )  instead of 

Here f is a vectot valued function of vector variable. Therefore we 
first compute the partial derivatives of the component functions off. 
We have f = (fi, f2) where fl(x, y) = x2 - y and f2(x, y) = x + 2y. 
Then 

df, (x + t)2 - y - (x2 - y) 
--- (x , y ) = lim 
ax t-0 t 

= 2x1 

a f ,  x2 - (y + t) - (x2 - y) -- (X , y ) = lim 
aY t-0 t 

- af2 -(x, y) = lim 
(X + t) + 2y - (x + 2y) 

dx t+o t 
= 1 

"2 -(x, y) = lim 
x + 2(y + t) - (x + 2y) 

ay t+o t 

Then by (4), the partial derivatives of fa t  (1, 1)are given by. 
4 

and 

Then fl(x) at (1, 1) is given by the matrix 

ii) In this case we know that the function is differentiable and therefore, 
the partial derivatives exists and they are given by 



Calculus in Rn 

So f' (a) is given by the matrix [3,4]. 

Hint: Compute Dzlf(O, 0) and get that DZ1f(0, 0) = - 1. Also compute 
D12f(0,0) and get that D12f(0, 0) = 1. Thus, D21f(0, 0) # D12f(0, 0). By 
Theorem 12, we conclude that the second derivative of this function does 
not exist at (0, 0). 

F satisfies all the conditions of Theorem 12 since the component functions 
are continuously differentiable. 

Thus 

Hint: This can be done on the same lines as in Example 7. 




