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4.1 INTRODUCTION 

In Unit 3 we discussed compactness as a generalisation of a basic property of 
bounded closed intervals in R.  Connectedness is a generalisation of a property 
of all intervals in R, namely that of being all in "one piece". So loosely, a space 
is connected if it does not consist of two or more separate pieces. 

In Section 4.2, we formally define connectedness in an arbitrary metric space 
and consider different examples. Then we look at connected sets in familiar 
metric spaces such as Euclidean space Rn and function spaces. We also discuss 
the relation between continuity and connectedness. In this connection we also 
consider the intermediate value theorem. 

In Section 4.3, we define components which are maximal connected sets and 
establish that any metric space is the disjoint union of components. We may say 
that any metric space can be decomposed as components 

For a subspace M of Euclidean space R2, there is another notion of 
connectedness which may seem more natural, the property that each pair of its 
points can be joined by a path in the subspace M. Path connectedness for metric 
spaces, which results from formalisation of this idea, is studied in Section 4.4. 
You will see that each path connected space is connected while there exist 
connected spaces which are not path connected. 

Objectives 
After studying this unit, you should be able to 

identify whether a set in a metric space is connected or not; 

explain what a component is and find out the components of R, Rn and other 
standard metric spaces; 

explain the notion of path connectedness and show its relationship with 
connectedness. 

4.2 CONNECTED METRIC SPACES 

Intuitively speaking, a connected subset of a metric space is one that can be 
considered as one whole piece. In R, for instance, we like to think of 10, 1 [ as 



Metric Spaces connected and [O, I] U [2,3[ as disconnected. [0,1] U [2,3[ is disconnected in the 
sense there is a gap between them. That is it cannot be considered as one piece. 
Whereas when we consider 10, 1 [, it is one piece. 

There ideas are forrnalised in the following definition. 

Definition 1: (Connected space): Let (X, d) be a metric space. We say that X 
is connected if there do not exist two nonempty and disjoint open sets A and B 
in X such that X = AUB. If there exists two disjoint non-empty open sets A and 
B such that X = A U B, then X is called disconnected and the pair {A, B) is 
called a disconnection of X. 

Remark 1: From the definition of a disconnection {A, B) of a metric space X it 
is clear that such A and B are both open and closed. Thus a space X is 
connected if and only if the only sets which are both open and closed are empty 
set or the whole set X. 

It is easy to see that a metric space having only one element is connected. 

To understand the concept we shall first look at metric spaces that are subspaces 
of R with the usual metric. 

Let us see some examples. 

Example 1: Let X = R\{O) be the metric space of all non-zero real numbers 
with the usual metric d(x, y) = Jx - y(. If A = {x E X : x > 0)) 
B = {x E X : x < 0), then the pair {A, B).is a disconnection of X. 

Example 2: Let us consider Q, the metric space of all rational numbers with 
the usual metric d(x, y) = Ix - yl. Let r be any irrational number. If 
A = { x ~ X : x > r ) , B = { x ~ X : ; x < r ) , t h e n t h e p a i r { A , B ) i s a  
disconnection of X. 

The following theorem characterises connected subsets of R. 

Theorem 1: Let E be a non-empty subset of R. Consider E as a subspace of 
R with the standard metric. Then E is connected if and only if it is an interval. 

Proof : Let E C R. Suppose E is not an interval. Then there exists a, b, c E R 
s u c h t h a t a < b < c , a , c ~ E b u t b # E . L e t A = E n ( - o o , b ) , B = E n ( b , o o ) .  
Then A and B are both open in E. Therefore {A, B) is a disconnection of E. 
Hence E is disconnected. 

Conversely let E be an interval. Let, if possible, E be disconnected. Then there 
exist two disjoin non-empty open sets A and B in E with E = A U B. Let 
E = [a, b] and A. = A n [a, b], Bo = B n [a, b] and c = sup Ao. Obviously 
a < c I b , s o c €  [ a , b ] = E = A u B .  

Suppose c E A. Then c # b as A and B are disjoint so a 5 c < b. Since 
c E A. and A. is an open subset of [a, b], there exists some interval [c, d) C Ao, 
c < d < b. Choose x so that c < x < d. Then x E Ao, and x > c = supAo, 
which is a contradiction. Hence c 4 A. 



Similarly we can show that c 4 B. Thus, c 4 A U B which is a contradiction. 
Hence E is connected. 

Connectedness 

This leads us to think that every line in R2 or R3 is connected. But the above 
discussion shows that we need to bring the induced metric for any proof. But it 
is superflous. In fact the following definition shows that we will be able to 
consider subsets and even combine them in a convenient way in some cases. 

Definition 2: Let E be a subset of a metric space X. We say that E is a 
connected set in X if E, considered as a metric space with the metric induced 
from X, is connected. 

Let us now look at R" R3 . . .. Intuitively, we can say that open and closed balls 
are connected sets in R2. You may be able to give more such examples 
geometrically. But, how will we show mathematically? The following simple 
results which we are going to prove can help you in this regard. 

Theorem 2: A subset E of a metric space X is a connected set in X if E is not 
contained in the union of two open subsets of X whose intersection with E are 
non-empty and disjoint. 

Proof : Let E C A U B where A, B are open subsets of X with A n E # 4, 
B n E  # @, A n B n E  = @. Then the pair {A nE, B nE) becomes a disconnection 
of E. 

Conversely let E be disconnected. Then there exists a disconnection {El, E2) of 
E. Since El, E2 are open subsets of E, El = E f~ A and E2 = E n  B for some open 
subsets A andB of X. So E = E1UE2 E AUB,EnA = El # 4, E n B  = E2 # @ 
a n d E n A n B = E l n E 2  = 4 .  

Remark 2: Note that we used the characterization of open sets in a subspace of 
a metric (Refer Section 3, Unit 1). We shall often use this without making 
explicit reference. 

Theorem 3: Let f be a continuous mapping of a metric space X onto a metric 
space Y. If X is connected, then Y is connected. 

Proof: Let X be connected. Let A be a subset of Y which is both open and 
closed. Continuity of f implies that f-' (A) is both open and closed in X. 
Connectedness of X implies that either f-I (A) = 4 or f-l(A) = X. Since f is 
onto, f-'(A) = 4 implies A = 4 and f-'(A) = X implies A = Y. Hence Y is 
connected by Remark 1. 

The above theorem states that a continuous image of a connected metric space 
is connected. 

, Corollary 1: The range of a continuous real valued function defined on a 
connected metric space is an interval. 

Proof : It is immediate from Theorem 3 and Theorem 1 

Remark 3: Theorem 3 and its corollary can be thought of as a generalisation of 
Intermediate Value Theorem (Refer Unit 10 in Block 3 of IGNOU course 
MTE-09) 



Metric Spaces In fact we have the following: 

Remark 4: Let f and g be two continuous real valued functions defined on a 
connected metric space X. Let a, b belong to the range of g, a 5 b and 
f(x) E [a, b] for all x E X. Then f(x) = g(x) for some x E [a, b]. 

The theorems, which we have discussed above, help us to find connected sets in 
more metric spaces as the following examples show. 

Example 3: The following sets are connected in R2. 

i) Any line 

ii) S := {(x, y) : x2 + y2 = 1) 

iii) L1 = {(x,y) : x 2 1 andy = 0) 

We shall first consider (i). Equation of any line has the form : 

x = a  

where m, c, a are real numbers. 

Let us consider Equation (1) and let 

L = { ( x , m x + c ) : x ~ R ) .  

We define f : R + R2 by 

f(x) = (x,mx+c), x E R 

Then f is a continuous function on R and f(R) = L. Therefore, by Theorem 3, L 
is connected. 

Let .US consider equation (2) and let 

We define f : R + R2 by f(y) = (a, y), y E R. Then f is a continuous function 
and f(R) = L'. Therefore, L' is connected. 

Hence we can conclude that any line in R2 is connected. 

We shall consider (ii) 

Consider the function f : [O,27r) + R2 by 

f(t) = (cost,sint). 

Then f is a continuous function and f([O, 2 4 )  = S. Hence S is connected. 

We shall consider (iii). Let f : [I, oo[+ R2 be given by 
w .  

f(t) = (t, 01, t E 11, ~1 , 



Then f is continuous and f([l, m[) = L1. Hence L1 is connected. 

* * *  
Example 4: R 2  is connected. 

Note that R2 can be considered as the union of lines through any given point, 
say the origin. The result then follows from Theorem 3 and the example above. 

* * *  

i Cs 
You can try some exercises now. 

El)  Let X be a discrete metric space having more than one element. Then 
1 show Bat X is not connected. 
I 
I 

I E2) Let E be a connected set in a metric space X. If {A, B) be a disconnection 
of X, show that either E 2 A or E 5 B. 

We shall consider some more theorems. 

Theorem 4: Let E be a connected subspace of a metric space X and 
E 2 F C E. Then F is also connected. In particular E is connected. 

Proof : Suppose F is disconnected. Then there exists a disconnection {F1, Fz) 
of F. Since F1 and F2 are open subsets of F, F1 = F n G and F2 = F n H for 
some open subsets G and H of X. Let El = G rl E, E2 = H n E. Then El, E2 are 
open subsetofE , E  = El UE2andEl n E 2  = 4. Now& = &, =+ E C_ Gc =+ 
B 2 Gc because Gc is a closed subset of X + F C Gc + F1 = F n G = q, a 
contradiction. Hence El # 4. Similarly E2 # 4. But then {El, E2) becomes a 
disconnection of E. It is a contradiction because E is connected. Hence F must 
be connected. 

The following theorem gives a characterisation of a connected metric space. 

Theorem 5: A metric space X is connected if and only if every continuous 
function f on X to the discrete metric space (1, - 1) is a constant function. 

Proof : Let Y be the discrete metric space (1, - 1). 

Let X be connected and f : X -+ C+1. - 1) be continuous. 

Suppose that f is not a constant. Then f is onto. Let A = fP1{l) and 
B = f-' {- 1). Then A and B are disjoint non-empty open subsets of X satisfying 
X =; A U B This is a contradiction to the fact that X is connected. Therefore f is 
constant. 

To get the reverse implication, let us assume that X is not connected. Let {A, B) 
be a disconnection of X. Now define a map f : X -+ Y as 

f(x) = 1 if x E A 
= - 1 i f x E B  

Then f is continuous because the only open subsets of Y are 4, {I), {- 1) and Y 
(Refer Theorem 7 Unit I). Also f is not a constant. Hence the result. 0 

Another way of stating the above theorem is as follows: 

Connectedness 



Metric Spaces 

82 

A metric space X is disconnected if and only if there exists a continuous 
function from X onto a two-point discrete metric space. 

Next, we shall look at the union of connected sets. 

Theorem 6: Let X be a metric space. Let A and B be two connected subsets 
of X such that A n B # 4. Then A U B is connected. 

In fact we can prove that an arbitrary union of connected sets is connected 
provided their intersection is non-empty as the following theorem shows. 

Theorem 7: Let {A,} be a nonIempty collection of connected subspaces of a 
metric space X. If nA, # $ then UA, is connected. 

Proof: Let E = UA,. We have to show that E is connected. Let if possible, E 
be disconnected. Then there exists non-empty disjoint open sets El and E2 of E 
such that E = El U E2. 

As nA, # 4, there exists an element x E nA,. Then x E El or E2. Suppose 
x E E l .  Since El and E2 are open subset. of E, El = E n G, E2 = E n H for 
some open subsets G and H of X. 

Fix a and let A: = A, n G, A: = A, n H. Then A: and A: are open subsets of 
A, and A, = A: U A: because A, E E E G U H. Also A: A; = 4. Since 
A, is connected, either Af, = $ or A: = $. 

Since x E El, x E A:. So A: = $. This is true for all a. So u A ~ . =  4. That is 
E2 = E n H = UA, n H = UA; = $. But E2 # 4. So x E E is not possible. So 
x E E2. But then similar argument shows that El = @, which is not so. Thus, it 
is not possible to have disconnection for E. Hence E is connected. 

As a corollary of the theorem we get the following result: 

Corollary 2: Let X be a metric space such that given any two points x, y E X 
there exists connected set A such that x, y E A. Then X is connected. 

The proof of this theorem is left as an exercise for you. 

The theorems which we have discussed so far can be used to illustrate many 
connected sets in R". 

Example 5: Let E be the set in R2 which is the union of the following subsets 
of R2 

s = { ( x , ~ ) E R ~ : x ~ + Y ~ = ~ )  

L1 = ((x, y) E R2 : x 2 1 and y = 1) 

L2 = {(x,y) € R 2  : X  5 -1andy=0)  
L3 = {(x, y) E R~ : y 2 1 and x = 0) 
L 4 =  ((x,y) E R *  : x i  -1andx=O) 

Let K, = LJ U S , j  = 1,2 ,3 ,4 .  Then for 1 5 j < 4,LJ n S  # ci, and, thcr~lv~e, by 
.I 4 

Theorem 7 Kj is connected. We next note that E = U K, and n Kj = S # @. 
j=l ~ = 1  

Thus, E is connected. 

* * *  



Example 6: R 2  is connected. 

Since R 2  is the union of lines through the origin by Theorem,$ we get that R 2  
is connected. 

The following definition gives a class of connected sets.in Rn. 

Definition 3: Let E be a subset of Rn. We say that E is convex if given 
x, y E E, (1 - t)x + ty E E for all real numbers t, 0 5 t 5 1. 

Examples of convex sets in Rn  include empty set, singleton sets, open balls, 
closed balls. Examples of non-convex sets include compliment of open or 
closed ball. 

for t = $ 
Convex set Non-convex set 

Fig. 1 

By using Theorem 3, we can show that any- convex set is connected. You have 
already seen many examples of connected sets which are not convex. 

Example7: LetA={(x,y) E R ~ : x = ~ , - - ~  < y <  1)and 

B = (x, y) E R2 : 0 < x 5 l / r ,  y = sin be two subsets of R2 . Let. i X 
E = A U B, then E is connected in R2 (see Fig. 2). 

Fig. 2 

Connectedness 

From Fig. 2 we note that the curve shown in there is a connected set. Since E is 
the closure of this connected set, by Theorem 4, it is connected. 



Metric Spaces Here are some exercises for you. 
, 0 

E3) Prove Corollary 2. 

E4) Let E be a non-empty proper subset of a connected metric space X. Show 
that bdry (E) # 4. 

So far we have seen that metric spaces can be connected or disconnected. We - 
have seen examples of connected sets in a metric space and also obtained a 
characterisation for connected sets. In the next section, we shall prove an 
important result which tells that any metric space can be expressed as the union 
of mutually disjoint connected sets. As the name suggests, these sets are called 
components. The next section is devoted to this. 

4.3 COMPONENTS 

We begin with a definition. 

Definition 4: A subset of a metric space is said to be a component of X if it is a 
connected subspace of X and is not properly contained in any other connected 
subspace of X. 

Thus, E is a component of X if 

1. E is a connected subspace of X and 

2. E C F, F a connected subspace of X, we have E = F. 

It is obvious that E is a component of X if it is a maximal connected subspace of 
X. If X is connected, then X is the only component of X. Note that the empty 
set cannot be a component simply because singletons are connected. 

We consider below some examples. 

Example 8: Let X be discrete a metric space. Then the components of this . 

space are singletons. 

Example 9: Let X be the metric space of all rational numbers with the usual 
metric d(x, y) = Ix y 1 and let E C X. If E has mnre than one element, we can 
choose distinct x, y E E. Further, we can choose an irrational number r between 
x and y. Let A = {z E E : z < r), B = {z E E : z > r}. Then {A, B) becomes a 
disconnection of E. Hence, E is connected if and only if E is a singleton. Thus, 
E is a component if and only if it is a singleton. We particularly notice that X is 
disjoint union of its components. 

Example 10: Let X be metric space of all non-zero real numbers with the 
usual metric d(x, y) = Ix - yl. Then (0, oc) and (-m,0) are the only 
components of X. Here also X is a disjoint union of its components. 



t From the properties of the connected sets, we have discussed in the last section, 

I we have the following results. 

Theorem 8: Let X be a metric space. Then each component of X is a closed 
subset of X. 

t 

The proof is left as an exercise for you. 

Now it is natural to ask whether components are open? The answer is that the 
components need not be open. For example, consider the metric space given in 
Example 13. The components of this space are singletons, which are closed sets 
but not open. But, we have the following result. 

I 
Theorem 9: If E be a connected subspace of X which is both open and closed 
in X, then E is a component. 

Proof : Let E be a connected subspace of X which is both open and closed in X. 
Suppose F is a connected subspace of X, E E F, E # F. Then F r l  EC # 4. As E 
is a closed subset of X, EC is an open subset of X. Consequently, FnEC is an open 
subset of F. But then {E, F r l  EC) becomes a disconnection of F, a contradiction. 
Hence, E must be a component. 

Theorem 10: Let X be a metric space. Then each (or every) non-empty 
connected subset of X is contained in a Unique component. 

Proof: We shall first show that each element of X is contained in a unique 
component. Let x E X. Let {A,) be the collection of all connected subspaces 
of X which contain x. This class is non-empty because {x) belongs to it. Since 
each member of this collection contains x, we get that nA, # 4. By Theorem 
8, UA, is connected. Then UA, is a maxima1 connected subspace of X? Hence 
it is a component containing x. By the definition of a component, it has to be 
unique. 

The following theorem illustrates how the notio,n of component is useful to 
explain the structure of a metric space. 

Theorem 11: Let (X, d) be a metric space. Then X can be written as the 
disjoint union of components of X such that each connected subsets of X 
intersects only one of them. 

Proof : Given X, we define a relation on X by setting x -- y if and only if there 
exists a connected subset of X containing both x and y. Then we claim that -- 
defines an equivalence relation on X (i.e. the relation is reflexive, symmetric and 
transitive). From the definition, it is clear that '-' is reflexive and symmetric, 

To show that '-' is transitive, let x -- y and y -- z. Since x -- y, there exists a 
connected set containing x and y say A. Since y -- z, there exists a connected set 
containing y and z, say B. Then A U B have the point y in common. Therefore 
by Theorem 6, we.get that A U B is connected. This shows that '--' is transitive. 

Thus '-' defines an equivalence relation on X. Let us consider the equivalence 
class {Aa : a E 1). Being equivalence classes, Aa9 are disjoint and X = U A,. 

a E I  

We claim that each connected subset of X intersects only one of them. Let, if 
possible, there exists a connected subset A which intersects A, and Ap in more 

Connectedness 
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than one point, say xl and XZ. Then by the definition of equivalence classes, 
XI - xz, this cannot happen unless A, = Ap. Hence the claim. Now, we have 
to show that A, is connected, for each a. For instance, let us consider A,, for 
some a0 E I. For convenience we denoted A,, by A. Let Xo E A. For each 
point x E A, we know that xo - x(since A,, is an equivalence class). So there is 
a connected set B, contains xo and x. Since we have proved that B, can intersect 
only one A, and X = U A,, we get that B, c A. This is true for each x E A. 

,€I 

Therefore A = U Bx. This together with the fact that Q E B, for each x E A, 
XEA 

shows that A is connected because of Theorem 7. Thus, we got that each A, 
is connected for each a and since they are equivalence classes, it is maximal. 
Therefore, A, is a component for each a. 

Hence the theorem. 

Here are some exercises for you. 

E5) Prove Theorem 10. 

E6) What are the components of R\{O), the set of non-zero reals with the 
usual metric? 

In the next section, we shall discuss a notion which is closely related to 
connectedness. 

4.4 PATH CONNECTEDNESS 

In Sec. 4.2, we explained the mathematical definition of connectedness. Here 
we relate this to the geometrical aspect of it. 

When we are asked to show some connection between two things what we 
normally do is to draw a line or curve or path between them. How do you 
mathematically express this fact? In an attempt to formalise this fact, the notion 
of path connectedness arose. In this section, we shall introduce you to this 
notion and show how it is related to connectedness. 

For that we shall first define a path in an arbitrary metric space. 

Definition 5: Let X be a (metric) space. A path in X is a continuous map 
y : 10, :L] -+ X. If y(0) = x and y(1) = y, then y is said to be a path joining the 
point x to y or simply a path from x to y. In this case, we also say that x is path 
connected to y. A path can also be called an arc. 

Here is an example. 

Example 11: Let E be convex set in Rn. By the definition of a convex set, we 
know that there exists a function y such that for any x, y E Rn, we have 

y(t) =. (1 - t)x + ty. 



Then y(0) = x and y(1) = y. This shows that x is path connected to y. 

* * *  
The example above shows that any convex set in Rn is path connected. But 
there are path connected sets which arc not convex. 

Now, we shall prove a simple result. 

Proposition 1: If x is path connected to y and y is path connected to z in X, 
then x is path connected to z in X. 

Proof: Since x is path connected to y and y is path connected to z in X, then 
there exists paths yl and 7 2  in X such that 

71CO) = x,y( l )  = Y,  

-Y2(0) = Y, 7 2 ( l )  = 2. 

[You might have realized that geometrically it is easy to show the required result. 
How do you show mathematically?] 

Define a function 73 : [O, 11 -+ X by 

Then y3 defines a path from x to z in X. 

Definition 6: A metric space X is said to be path connected or arcwise 
connected if for given x, y E X there exists a path joining x and y. A subset E of 
X is said to be path connected if E is path connected with respect to the metric 
induced on it as a subspace of X. 

Example I 1  shows that R is path connected. We have already shown that each 
convex set in R" is path connected. 

It is easy to observe that R\{O) is not path connected. Is Rn\{O) path 
connected? Let us for example take n = 2. Then R2\{0) is the punctured plane 
with a puncture at 0. Geometrically you can see that it is still path connected. 

Thus, we note that when you remove 0 from R ,  then it becomes two pieces 
whereas if you remove 0 from R2, then R2 does not become two pieces. For 
that we may have to remove a line instead of a single point. 

Now, we shall look at the continuous image of a path connected set. The 
following result shows that the continuous image is path connected. 

Proposition 2: Any continuous image of a path connected set is path connected. 

- The proof of this is simple and you can verify it by yourself. 

Next, we shall see the connection between path connectedness and 
connectedness. 

Theorem 12: A path connected metric space is a connected metric space. 
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1) We have defined connectedness in a metric space and checked the 
connectedness of some standard metric spaces. 

2) We obtained two characterization for connectedness 
i) using the notion of continuity 

i ii) using the topological structure of a metric space (sets which are both 
t open and closed). 

3) Explained how connectedness can be used to the following algebraic 
properties. 
i) a polynomial with real coefficients and odd degree must have a real 

root. 

I ii) the existence of nth root for any real number r. 
I 

4) Defined the notion of components as a maximal connected sets and 
i 
I explained its importance. 

5 )  Described the notion of path connectedness and explained its relationship 
I 

with connectedness. 

El)  Hint : If A be any non-empty proper subset of X, then the pair {A, AC) is 
a disconnectiorr of X. 

E2) Because {A, B) is a disconnection of X, A and B are open sets in X. Then, 
wegetthatEnAandEnBareopensetsinY.AlsoEnAandEnBare 
disjoint. Therefore the pair (E n A, E n B) becomes a disconnection of E. 
Since E is connected either E n A or E n B has to be empty which in turn 
shows that either E A or E B. 

E3) Hint : Apply Theorem 7. 

E4) Hint : Let, if possible, bdry E = 6. Then = int A. Therefore, is both - 
open and closed. Consider A = E and B = E. Then {A, B) is a 
disconnection of X. 

E5). Hint : It follows from the definition of components: 

E6) The components are (- m, 0) and (0, m). 

E7) Hint : It follows from the definition of continuity and path connectedness. 

Connectedness 
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