
UNIT 2 JORDAN FORM 

Structure Page No. 

2.1 Introduction 25 
Objectives 

2.2 Primary Decomposition 25 
2.3 Jordan Canonical Form 3 3 
2.4 Summary 40 
2.5 Solutions/Answers 40 

2.1 INTRODUCTION 

In the previous unit, you have studied similar matrices. In this unit, we lead on to a 
related concept, that of similarity transforms. A is called a similarity transform of B 
if B = P-' AP for some invertible matrix P . In this unit, we shall be working towards 

categorising linear operators (or square matrices) in terms of near diagonal operator or 
matrices that they are similar to. 

To start with, in Sec. 2.2, we will introduce you to an extremely useful theorem, which 
tells us how a vector space can be decomposed in terms of eigenspaces of an operator. 
At the same time, we shall discuss this result for matrices. This result also leads us to 
another condition for diagonalisability of a linear operator or a square matrix. 

In the next section, Sec. 2.3, we introduce you to the Jordan canonical form. This is 
made up of 'near diagonal' blocks of matrices related to the eigenvalues of a linear 
operator (or matrix). In fact, the strength of this form is that it is easy to apply, and it 
can be used to immediately determine whether two matrices are similar or not. As you 
will see in the next unit, this way of presenting a matrix also has several applications 
in mathematics and other areas. 

Objectives 

After studying this unit? you should be able to 

prove, and apply, the primary decomposition theorem; 

obtain the Jordan canonical form of a linear operator or a square matrix; 

use the Jordan form to determine whether two operatorslmatrices are similar. 

2.2 PRIMARY DECOMPOSITION 

Throughout this section, unless mentioned otherwise, we will take V to be an 
n-dimensional vector space over C. 

Let h be an eigenvalue of a linear operator TE L(V) . Let E,(h) be the eigenspace 

ofT associated withh,i.e., & ( h ) = ~ e r ( T - ~ I ) = { v E  VI(T-hI)(v)=O}. 

I Now, notice that if v E ET (A), then (T  - h1) (Tv) = T(T - hI) (v) = 0 , and so 

I Tv E ET (A) . This means that if v E E, (A) then TVE E, (A). This property of T is 

; more generally defined below. 

i Definition: For T E L(V), a subspace W of V is called T-invariant if Tw E W 



Jordsh Canonical Form Can you think of such a vector space? You can check that the zero subspace of V , 
and the full space V , are T-invariant subspaces for any T E  L(V) . Another example is 
given below. 

Example 1: Let v8={a0 +a, t+ . . .+a5t51 a, E Q,i=0,1, .... 5 )  . 

Let D be the differential operator on V . Show that 

i) W, the subspace consisting of a11 polynomials in V of degree at most 3, is 
D-invariant; 

ii) U, the subspace of V consisting of all polynomials in V with constant term 0, is 
not D-invariant. 

Solution: i) Since the derivative of a polynomial of degree at most 3 is a polynomial 
of degree at most 2, W is D-invariant. 

ii) V is not D-invariant because, for example, the polynomial t E U and Dt = 1~ U . 

We now define a concept that gives us generic examples of T-invariance. 

Definition: Let T E L(V), h be an eigenvalue of T and r be a positive integer. Let 

Ek (h) = Ker(T - hI)' . Then the subspace Ek (1) is called the generalized eigenspace 

of T associated with h . The non-zero elements of E;(h) are called generalized 

eigenvectors of T corresponding to h . An element x E Ek (h) \ E;-'(X) is called a 

generalized eigenvector of T of order r corresponding to h . 

Note: 1 )  E;. (h) is T-invariant V r > 0. 

3 )  If x is a generalized eigenvector of T of order r corresponding to h , then 
(T - hI)(x) is a generalized eigeavecror of order r - 1 (if r 1) . 

Lee us consider some examples of generalized eigenspaces. 

Example 2: For D and V as in Example 1, obtain ED ( 0 ) a n d ~ ;  (0). 

Solution: E,(Q)=KerD=(a,+cr,:+...-ta,t5 la ,  E Q, a, + a 2 t  + . - .+5a5t4  =0)  

={a, la,€ Q ) = Q .  

E ; ( O ) = K ~ ~ D '  = ( a 0 + . - . + a 5 t 5   la,^ Q, 2a2 +6a,t+12a4t2+20a,t3=0) 

={a,+a, tIa , ,  a, E Q ) .  

You can see that ED (0) c E: (0) . 

Why not try some related exercises now! 

El )  For T given in E3, Unit 1, obtain Efr(h), r = 1,2, 3,4, for all its eigenvalues 
h .  

E2) Prove ( I ) ,  (2) and (3) of the note given above. 

Now, let W be a T-invariant subspace of V . Then T(w) E W V w E ~ . . ~ e t  T' be 
the restriction of the linear operator 7' to W , that is, T'(w) = T(w)  Vw E W . 



Then T' : W -+ W , i.e. , T'E L(W) . 

Let B' ={w, ,. . ., w,) be a fixed ordered basis of W . We can extend B' to form a 

basis B of V . Let B = B'U (vmtl , . . . , v,,} . 
Since WisT-invariant, T(wJ)e  Wti ' j=l,  ..., m .  Let ~ ( w ~ ) = a ~ ~ w ,  +..a+ a,w, 

Jordan Form 

ti' j = I ,  ..a, m, and T ( v ~ ) =  h w ,  +...+P, wm + y , + , , ~ ~ + ~  +.-.+ynjvn , 

ti'j = m+l, . . , n, where a,, , p, , y, are scalars. 

a, ..- a m ,  P m m + l  ... P m n  

[TI,= 0 ... 
0 Ym+lm+i 

. . . 
rYmt~n  

. . . 
Note that the matrix is actually [TfIB, . The representation above of 

[ T ] ~  gives us important information, which we state as the following theorem. 

Theorem 1: Let T E L(V), W be a T-invariant subspace of V , and T' be the 
restriction of T to W . Then T'E L(W), and the characteristic polynomial of T' 

divides the characteristic polynomial of T . 

Proof: We have already seen why T'E L(W) . Let us now prove the second part. The 

characteristic polynomial of T is C,(t) = det(t1, -[TI,) 

t - a , ,  a * -  

[ : -.. 
-aim -Plm+l 

t -a , ,  -.. -al m m + ~ m + ~  "' -'Yrn+ln [ . ] d e t i y !  = det 

a ... t -am - Ynm+l t-y, 

. . . 

=det(tIm - [T']~,) det(tIn-, - C) , where C = 

. . . 
Ynn 

= C , ( t )  det (tin-, -C) . 

We get a better result than Theorem 1 if V is a direct sum of tw0.T-invariant 
subspaces. 



Jordan Canonical Form Theorem 2: Let T be a linear operator on V . If Wl and W2 are T-invariant 

subspaces of V such that 9 = W, OW,, and if T, is the restriction of T to W, , i = 1, 2 , 
then the characteristic polynomial of T is the product of the characteristic polynomials 
of Tl and T,. i.e., CT(t)= CTl (t)CT2 (t). 

Proof: Let B, = {x, ,. . . , x,} and B, = { y, ,. . . , y7} be ordered bases of W, and W,, 

respectively. Since V = W, O W,, B =B, u B ,  is a basis of V. As the subspaces W, 

and W, are T-invariant, we have 

T(x,)= a,,x1 +...+ a,x,, a , ~ F f o r j = l ,  ..., r, and 

T(y,)=P,,y, +...+P,y,, P,EF, for j=l, ... ,s. 

Also, by considering the definitions of T, and T, , we see that 

a,, ... a,, 0 ... 0 
. . . . . . . . . . .  . . 

a,, ... a, 0 ..- 0 
0 ... 
. . 0 PI, ... P I s  
. . . . . 

. . . . . . . 
0 ... 0 P S I  ... P,< 

where C = [T ] and D = [T,] . Hence 
Bl B2 

c, (t>=det (tI, - [TIB) 

= det (tI, - C) det (tI, - D) 

= CTl (t) CT, (t) . 

The advantage of Theorem 2 i s  that we can breakdown the study of a linear operator 
on a space of a large dimension to a study of linear operators on spaces of smaller 
dimensions. Further, if the T-invariant subspaces are easy to handle, then we have a 
better representation for linear operators. We see this in the next theorem. 

Theorem 3 (Primary decomposition): Let T be a linear operator on V , with its 

minimal polynomial given by m,(t)= ( t  -h,)"' ... ( t  -h,)'"\ where h,,. . .,h, are 

distinct and m, ,. . . , m, are positive integers. 
Then 

i) V=E,"' (A,) O ..-$EF (Ak), a direct sum of generalized eigenspaces of T. 

ii) If, for each i , TI is the restriction of T to E,"' (h, ) , then the minimal polynomial 

of TI is (t-h,)'"' . 

Proof: i) Firstly, recall that E,"' (h,)=(T - Ail)'"' , and E,"' (hI) is a T-invariant 
non-zero subspace of V fo; all i = 1, . . ., k . 

Now, writing [m, (t)]-I as partial fractions, we have 

1 - PI (t) +...+ Pk (t) , where pi(t) is a polynomial in t of degree at most 
m.,.(t) (t-hl)'nl (t -hk)mk 

mi - 1 'd i = I,. . . , k . Therefore, 

l -pL( t )  m ~ ( t )  +...+p,( t) m~ (t) 
(t -h,)'"l (t- 

m, (T) For each i =l ...., k ,  we write qi (t)=------. 
(t-I,)'", 



Then qi (t) is a polynomial for each i , and 

1=p1(t)q,(t)+. .*+p,(t)q,(t)  
SO, I=pl(T)ql(T) +...+ pk(T)q,(T). 
Thus, for every v E V , we have 

v=p1(T)qI(T)(v).+...+ pk(T)qk(T)(v). 

Jordan Fomr 

If we write w, =p,(T)q,(T)(v), then 

( T - ~ , I ) ~ '  ( w , ) = ( T - ~ , I ) ~ ~  pl (T)q, (T)(v) =P, (TI (T-h,I)", q, (T)(v) 

=p,(T)m,(T)(v)=O. 

So, w,EE? (h,)Vi = 1, ..., k. 

Therefore, V = E,"' (A,)+.-.+EfF" (A,). . . . (3) 

Next, we need to see ,whether this sum is a direct sum or not. For this, assume 
u, +..-+uk =0, u, E El;t. (A,) . Suppose some of these u's a& non-zero, say u, # C . 
Then, u, = -(u, +-- .+u,- ,  +u,+, +...+ uk) .  . . . (4) 

Next, m., (T)= (T - h,~)"' q ,(T) , where 

qJ(T)=(T-h,T)ml ... ( T - ~ , _ , I ) ~ J  ( T - ~ ~ + ~ I ) ~ J + ~  .. .(T-hkI)mk. 

So, from (2) it follows that there are polynomials r(t) and s(t) such that 

I = r(T)q,(T) + s(T) (T - h,~)"' . 
Hence, from (4) it follows that 

u, = r(T)q,(T)u, +s(T)(T - ~ , I ) ~ J U ~  =O. 

This, together with (3) above, tells us that 
V =E,"'(h,)O...OETmk(hk) 

m 
ii) Now. ( T - I , I ) ~ ' U = O  VucB; '(hi)andi=l .  ..., k .  So, (T , -~ , I )  = 0 .  

So, the minimal polynomial of Ti is (t -hi)' for somer <mi . We now show that 

r = mi . .If, for some r < mi , the minimal polynomial of Ti is (t -hi) ' ,  then 

(Ti -&I)' =O . So, for every ui E. E? (hi ),(Ti - hii)' ui = 0 .  But then the minimal 

polynomial of T will be (t-h,)"' -.. (t-hi-l)m'-' (t -hi)' (t-hi+l)q+' ...(t-hk)mk 

with r < mi , a contradiction. 

Hence, (t -hi)"' is the minimal polynomial of Ti. 

What does Theorem 3 really say? it states that if the minimal polynomial of T 

is (t - hl)"" . . .(t - hk )"', , for m, E Z+ and h,,. . . , hk distinct eigenvalues of 7' , then V 
is a direct sum of generalized eigenspaces, i.e., 
V=V,  @-.-@V,,where V, =E,"'(h,) for i = l ,  ..., k .  

We have seen that each V, is T-invariant. Let Bi be a basis of V, . The elements of 
k 

Bi are generalized eigenvectors of T , and B=UB, is a basis of V . It follows from 
1 = I  

the primary decomposition theorem that V has a basis consisting of generalised 
eigenvectors. Since each Vi is T-invariant, a repeated use of Theorem 3 gives 



[TI, = [: '. . :, 1, where each A, = [T , and is the restriction of T to V, . 
' B, 

In fact, Ai is an ni xn i  matrix, with ni =dim V, , that is, ni is the algebraic 

multiplicity of h i ,  which you studied about in Section 1.4. 

Translating Theorem 3 to matrices gives us: 

Theorem 4: If A is an n x n  matrix with characteristic polynomial 

(I-  h, )"I . . . ( t  -h,)"* and minimal polynomial (t -1, )"' .. . (t-A,)"" , then A is 

similar to a block diagonal matrix of the form [: . :I, with each Ai an 

n, x ni matrix, and A, - h, I ,  being a nilpotent matrix with nilpotency index m, . 

An important consequence of Theorem 3 is the following characterisation of 
diagonalisable operators. 

Theorem 5: Let T E L(V) and h, , . . . , h, be all the distinct eigenvalues of T . Then 
.the following are' equivalent: 

i) T is diagonalisable. 
ii) The minimal polynomial of T is (t -1,). . . (t -A,) . 

iii) V = E, (1,) O O E.,.(h,), a direct sum of eigenspaces. 

Proof ((i) 3 (ii)) : Let T be diagonalisable. Then there is a basis B such that 
- 

0 

[TI, = , where ni is the algebraic multiplicity 

= 0 ,  that is, 



(T-h,I)-.- (T-h,I)=O. 

Hence, the minimal polynomial of T is (t -A,)... (t -Ak). 

Jordan Form 

((ii) a (iii)) : This is the primary decomposition theorem. 

((iii) a (i)) : Let Bi be a basis of E, (hi) . Then the elements of Bi are eigenvectors 

of T corresponding to the eigenvalue hiV i =I,. . . , k . Thus, B =B, u ... u Bk is a basis 

of V consisting of eigenvectors of T. Hence, T is diagonalisable. 

Let us see how we can use this result. r 3 -3 0 -21 

- 3 5 0 3  
Example 3: Consider the matrix A = . Find a matrix P such that 

- 2 9 1 4  

1 4  -6 0 -31 

P-'AP is in block diagonal form, given that A has eigenvalues 1 and 2 only. 

Solution: Step I: To find the least positive integer k such that 

r a n k ( ~ - h I ) ~  = r a n k ( ~ - h I ) ~ + ' ,  for each eigenvalue h of A. 

For the eigenvalue h =  1 , we compute powers of A - I . 
I 2  -3 0 -21 1 5  -6 0 -51 

1 1 6  -18 0 -161 

Now,rank(A-I)=3,and rank (A-I)' = 2 =rank ( A - I ) ~ .  

We now repeat the same procedure for the eigenvalue 2. r 1 -3 0 -21 

So, 2 is the least power of A -I  as well as A - 21 for which 

rank (A - I ) ~  = rank (A - I )~+' ,  and rank (A -21)~ =rank (A -21)~" 



Jordan Canonical Form Step 11: Find aJl linearly independent solutions of the homogeneous system 

(A - I)' X= 0 ,  that is, 

Since rank (A - I)' =2  , nullity (A - I)' = 4 - 2 = 2 .  SO this system will have 2 
linearly independent solutions, and the algebraic multiplicity of the eigenvalue 1 is 2. 

r o l  r l i  
You should verify that [!/and[!] are linearly independent solutions of (51, 

Similarly, we need to find linearly independent solutions of (A - 21)' X = 0.  Since 

nullity (A - 21)' = 2 ,  this system will have 2 linearly independent solutions, and the 

.independent solutions of (A - 21)' x = 0 .  

Step 111: Obtaining an invertible matrix P such that P-'AP is in block diagonal form. 
The matrix P will have columns consisting of the 4 linearly independent solution 

lo 1 0  1 1  

vectors obtained above. So, P = 

' 1 2 . : o  0  
- 

0 1 0 0  

p - ' ~ p =  ... ... : ... ... 
O O I 5  3 

0  0  i -3 -1 - - 

We have seen that the primary decomposition theorem helps us to transform a given 
n x n matrix A to the block diagonal form. Before giving more examples of this, we 
write the steps which are generally needed to perform this similarity transform. 

Step I: For each eigenvalue h , find the least positive integer k such that 

E: (h)=~k,"(h)  . Equivalently, find the least positive integer k such that 

nullity (A - Wlk = nullity (A - h ~ ) ~ + ' ,  or rank (A - h ~ ) ~  =rank(A - h ~ ) ~ + '  . 
This k is the power of (t - A) in the minimal polynomial of A. 

Step 11: Solve the system (A - hllk x =O for each eigenvalue h of A. The number of 
linearly independent solutions of this equation is actually equal to the algebraic 
multiplicity of h . 

Step 111: Write a matrix P whose columns afe the linearly independent solutions of 
the linear systems obtained in Step 11, corresponding to each h . Then P will be 



invertible (why?), and P-'AP is the required block diagonal form. 

Note that the columns of P are actually a basis of F" , consisting of generalized 
eigenvectors. 

Here are some exercises now, which will give you a chance to apply the similarity 
transform as above. 

. Find an invertible matrix P so that P-'AP is in block 

diagonal form. 

(Hint: Note that the sum of the entries in each row is 5. Thus, in this case 5 is 

an eigenvalue with eigenvector 1 . Use this to find other eigenvalues. In !:I 
general, if the sum of the entries of each row of an n x n matrix is r , then r is 

rll 
an eigenvalue, and the corresponding eigenvector is l 1  1.) 

- 1 3 1 0  
E4) Let A = 

0 0 2 01 
. Find an invertible matrix P such that P-'AP is in 

1 1  -1 1 31 
block diagonal form. 

shows that e, is an eigenvector corresponding to the eigenvalue 3.) 

Let us now see how to transform a square matrix into a special kind of block diagonal 
form. 

2.3 JORDAN CANONICAL FORM 
- - 

Let T be a linear operator on V and let h be an eigenvalue of T . You have just 
seen that there is a basis B of V such that [TI, is in block diagonal form. Now we 

show you that we can, in fact, choose B in such a manner that each block in [TI, is 
nearly diagonal, which is very convenient for calculations. Let us see how we do this. 

We first start with choosing a sequence of basis vectors that help us to get the required 
form. 

Definition: A sequence of non-zero vectors x, ,. . . , x, in V is called a Jordan chain of 
length k associated with an eigenvalue h of V if 

Jardan Farm 

Camille Jordan 
(1838-1922) 



k Jordan Canonical Form 

Tx, =Ax, + x,_,, 

that is, for each i =2,. . ., k, (T -XI) xi = xi-, and (T - hI)xl =O . 

For example, for T given by A in Example 3, 

Note: (T - w)'-' xi = x, , that is, xi is a generalized eigenvector of T of order i. 

Let us now see how a Jordan chain is useful. 

Theorem 6: A Jordan chain consists of linearly independent vectors. 

Proof: Assume that x, ,. . . , x, is a Jordan chain of T E L(V) associated with the 
eigenvalue h of T. Suppose these vectors are linearly dependent, and 
alx,  +...+ a,x, =0 ,  where ai E F V i . Let r be the largest integer such that 

a, # O .  Then r>l  (Why?). 
. . 

Now, we have x, =x (-arlai)xi.  
i=l 

Operating (T - h1)'-' on both sides, we get 
r-1 

xI = (T - h1)'-' x, = x(-a; 'a , )(~-hl) ' - '  xi =0, a contradiction, since x, # 0 
i=l 

Therefore, {xi}, are linearly independent. 

You would now be in a position to appreciate the utility of a Jordan chain. If 
x, ,. . . , x, is a Jordan chain of T E L (V), associated with the eigenvalue h, then the 
subspace of V generated by XI, . . . , xk, say W, is a T-invariant subspace of V, since 

Tx, = hx, + x,-, E W . If f is the linear operator induced by T on W and 

B ={x1;~~,xk},  then 

r h 1 0  1 

1 O 
This k x k matrix is called the Jordan block of size k associated with h, and we . denote it by J, (A) . 

This leads us to the concept that the whole unit focusses on. 

Definition: If V has a basis which is a disjoint union of Jordan chains of TE L(V) , 
then the matrix representation of T with respect to this basis is a block diagonal 
matrix with Jordan blocks of various sizes along the diagonal. This basis is called a 



Jordan basis of V , and the corresponding matrix representation is called a Jordan 
canonical form of T . 

Remark: If T is a linear operator on V , where V = E:, (T) O ... O E:k (T) , then 

[TI, = A, O... O A,, where each A, is the Jordan block of size g associated with 

h, . This representation as a Jordan matrix is unique up to permutation of the 
his. 
These representations are dependent on whether V has a Jordan basis for every 
TE L(V) . And, in fact, this is true, as we see from the following result. 

Theorem 7 (Existence of Jordan canonical form): Let V be a vector space over F of 
dimension n, and let T be a linear operator on V. Let the characteristic polynomial of 

T be C,(t) = (t-A,)"' .-.(t-hk)nk , where A,,. . . ,hk are distinct elements in F and 

n,,. . . , n, are positive integers. Then V has a Jordan basis for T. 

We shall not give a proof of this result here. If you are interested in a proof, it is given 
in "Linear Algebra and its Applications" by G. Strang, available at your programme 
study centre, or in any other book on Linear Algebra. Over here we shall first give an 
analogue of this result for matrices, and then an algorithm for finding the Jordan 
canonical form of a matrix. 

For matrices we have the following analogue of Theorem 7. 

Theorem 8: Let A E  M, (F) have characteristic polynomial (1 - h,)"' .- .(t  -hk)Ok . The n~atrix J i s  called the 

Then there is an invertible matrix P such that dnrdan form of A. a:ld 
the ;\A are  the Jordan 

A, 0 blocks of A. 

F 1  = .T = [ . , where _*i is of the form 

p, 2 . . . 2 p ,  . 

In paaicular, A is similar to its Jordan form. 

Note: We have seen in Unit 1 that not all linear operators (square matrices) are 
diagonalisable. Theorems 7 and 8 say that all of them are near diagonalisable, i.e., 
represented by a Jordan form. 

i Let us now write an algorithm, i.e., a step-by-step procedure, for finding the Jordan 
canonical form for a matrix A. 

Step 1: For each eigenvalue h of A, we determine the geometric and algebraic 
multiplicities of h. 

Step 2: The total number of Jordan blocks associated with h equals the geometric 

i multiplicity of h. The sum of the sizes of the Jordan blocks associated with h is the 
algebraic multiplicity of A. 

! 
Step 3: The number of Jordan blocks of size exactly s associated with h is 

n, = 2rank (A - hI)" rank(A -XI)"+' - rank (A - XI)"' . 

However, for matrices of smaller sizes, we usually do not need to use Step 3. We 
shall see this in the following examples. 

Example 4: Let A be a 5x5 matrix with characteristic polynomial (t -1)"t - 213, the 
geometric multiplicity of 1 being 1 and the geometric multiplicity of 2 being 2. Find 
the Jordan form of A. 



Jordan Canon.ical Form Solution: There will be one Jordan block associated with the eigenvalue 1, as the 
geometric multiplicity of 1 is one. Similarly, as the geometric multiplicity of the 
eigenvalue 2 is 2, there are two Jordan blocks associated with 2. 

Since the algebraic multiplicity of 1 is 2 and the algebraic multiplicity of 2 is 3, the 
Jordan form of A will be 

Remark: This way of writing a mathx, only showing the elements we are interested 
in, is a convention. The rest of the elements in the matrix are zero. 

Before doing any more examples, let us see why the algorithm given above works. For 
this we look into the structure of the Jordan basis B of V corresponding to the linear 
operator T. 

Let h be an eigenvalue of T. Since ET, (A.)GET,+' (h) (see E2) and V is finite- 
dimensional, there exists a positive integer p such that 

(0) G ~ h ( h )  c E;(h)c.-. c E!(h) = ~;+ ' (h )=  .... 
Thus, the maximal length of a Jordan chain associated with h will be p. 

Next, recall that if (x, , . . . . x,} is a Jordan chain of length r associated with h, then each 

x, is a generalised eigenvector of order i, i = 1,. . . , r . Therefore, in particular, the 

number of Jordan chains of T associated with h is dim Ker(T - hI), which is the 

geometric multiplicity of h. If qs denotes the number of Jordan chains of length at 
least s, then it is equal to the number of generalised eigenvectors of T of order s 
associated with h, and so 

q, =dim Ker(T - hI)' -dim Ker(T - LI)'-' 
Hence the number n, , of Jordan chains of length exactly s which are associated with 

h, is given by 

"s = %+1-9\ 
= dim Ker ('T - 11)' '' + dim Kcr(T - hI)' " - 2 dim Ker(T - hI)" 

=Ln -rank (T -)rl)"l] +[n -rank (T - hl)'-'1- 2[n -rank (T -h1)" , using Sylvester's 

Rank-Nullity theorem. 
This gives us the fonnula in Step 3 of the algorithm. 

Let us jo a few more examples.now. 

Example 5: Let A be a matrix whose characteristic polynomial is 

(: -1)'!'t -- 2)'jt + I ) ~ ,  and the minimal po9ynomial is (t -1)'(t -2)'(t +I) .  Write the 
Jordan form of A. 

Solntion: Here we will use the fact that if for an eigenvalue h, r is the power of t - h 
'appearing in the minimal polynomial, then the size of the largest Jordan block 
:~ssociated with the eigenvalire h is r. 



Now, as the size of the largest Jordan block of A associated with the eigenvalue 1 is 2, 
the size of the largest Jordan block associated with the eigenvalue 2 is 2 and the size of 
the largest Jordan block associated with the eigenvalue - I  is 1, we have the following: 

The Jordan block corre'sponding to 1 is 

The Jordan blocks corresponding to -1 are 

The Jordan blocks corresponding to 2 are 

Therefore, the Jordan form for A is 

0 2 1  1 
, . . . . . . . . .  . . . I  

- 3 3 1 0  
Example 6: Find the Jordan form of the matrix A = 

- 2  2 2 0 '  

Solution: The characteristic polynomial of A is (t - 2)"t - 3) . (Verify this!) 

Next, rank (A - 21) = 3 . and so dim Ker(A -- 21) is 1, that is, the geometric 

multiplicity of 2 is 1. Since the blocks corresponding to h = 2 are together 3x3, the 
block corresponding to A = 3 has to be 1 xl. Therefore, the Jordan form of A i s  

3 . 1 0 0  

Jordan Form 



Jordan Canonical Form 1-2 5 1 01 
- 2 4 1 0  

Example 7: Compute the Jordan form of A = 

such that Q-' AQ is the Jordan Iorm of A .  

Solution: The characteristic polynomial of A is (x - . (Check this!) 

As rank(A - I) = 2 , the geometric multiplicity of the eigenvalue I is 4 - 2 = 2 .  

Therefore, there are two Jdrdan blocks in the Jordan form of A, namely, either 
diag (J2 (I), 52 (1)) or diag (J3 (I), JI (1)). Further, 

- 1 1 1 0  
(A - 1)' = 1 1, which is non-zero, and m the minimal polynomial of A 

- 1 1 1 0  

cannot be (x -1)'. SO, diag (J2 (I), J2 (1)) cannot be the Jordan form of A. Thus, the 

1 1  

Jordan form of A is J = diag(J3 (I), Jl (I)) = , and Q-'AQ = J for 

some invertible matrix Q. We now explicitly find this Q. 

Since AQ = QJ , on equating the corresponding columns we have 

Aql =(AQ)el =(QJ)e, =Qe, =q17 

4 2  =(AQ)e2 =(QJ)e2 =Q(e, +ez) =q1 +q2, 

Aq3 =(AQ)e, =(QJ)e3 =Q(e2 +e,) =q2 +q3, 

Aq, =(AQ)e, =(QJ)e, =Qe, = q,, 

So, the vectors q, and q, are eigenvectors of A, and q2 and q3 are generalised 
eigenvectors of orders 2 and 3, respectively. Let us pick them accordingly now. 
q, can be any eigenvector of A, so we take q, = e, . 
Next, q, is a generalised eigenvector of order 3, that is, q3 E R, \ Ker(A - 1)' . To 

find q, , we will first find a basis of Ker(A -1)'. For this we solve the equation 

(A - 1)'x = 0 ,  that is, 

Thus, Ker(A - 1)'has a basis {u, =[I 1 0 OIt,u2 =[1 0 1 O]',u, =e,}. 

Now, q3 E It4 \ Ker(A - o2i f  and only if q3, ul, UZ, u3 are linearly independent. Thus, 

we may take q, = el .  (Note that there are many choices for q, . However, we take 

q, = e, , as the computations are easy with such vectors.) 



This gives . 

q, =(A-I)q:,=(A-I)e,=[-3 - 2  -1 -I]', 

4, = ( A - I ) ~ , = ( A - I ) ' ~ ,  =[-2 -1 -1 -11'. 

1-2 -3 1 01 

Hence, Q = 1 ;  : : ;I 
1-1 -1 0 11 

You should check that Q-'AQ=J. 

Here are some related exercises now. 

E5) Find all possible Jordan canonical forms for a matrix whose characteristic 
polynomial is (t - 113(t + I)', and the minimal polynomial is (t2 - 1)'. 

E6) Write all possible Jordan canonical forms for a 5 x 5 matrix having 

characteristic polynomial (t - 113 (t - 212, with the geometric multiplicity of 1 

being 2 and the geometric multiplicity of 2 being 1. 

E7) Write all possible Jordan canonical forms of a 5 x 5 matrix whose minimal 
polynomial is (t - l)(t - 2)(t - 3). 

E8) Compute the Jordan canonical form of the matrix E3. Also find the matrix P 

such that P-'AP is in Jordan form. 

E9) Show that the Jordan block of size k for the eigenvalue h of T, J, (A), is such 

that (J, (h) - XI, ) is nilpotent with nilpotency ~ndex k. 

E10) What is the Jordan form of a diagonalisable matrix, and why? 

Now let us see what a major reason is for the importance of the Jordan form. 

Theorem 9: Two matrices are similar if and only if they have the same Jordan form, 
up to permutation of the eigenvalues. 

Proof: Suppose A and B are similar, i.e., B = P-'AP, for some P. Also, let Q-'AQ = J, 
the Jordan form of A. Then Q-' PBP-' Q = J, so that J is the Jordan form of B also. 

Conversely, suppose A and B are two matrices such that R--' AR = J = S-' BS, for 
some nonsingular matrices R and S. Then SR-' ARS-' = B, so that A and B are 
similar. 

Note: What Theorem 10 says is that the set of all matrices over F splits into several 
'families', such that all the matrices in a 'family' can be represented by one Jordan 
matrix to which each of them is similar. Further, matrices from different 'families' are 
not similar. 

Here's a related exercise. 

El 1) Check whether 

(i) J~ is similar to J, where J is a Jordan matrix; 

(ii) A' is similar to A, for any square tn,~irix A. 

Jordan Form 



Jordan Canonical Form We have now finished our discussion on the Jordan canonical form. Let us briefly go 
over what we covered in it. 

2.4 SUMMARY 

Let V be an n-dimensional vector space over F and let T E L(V) . Let the 

characteristic polynomial of T be C, (t) = (t - 1,)"' -. .(I - hk)"k , where h, , . . . , h, are 

distinct elements of F and n, , . . . , n, are positive integers. 

Let the minimal polynomial of T be m, (t) = (t - h,)"' .. - (t - h,)"" where 

1 I m ,  I n , ,  i =l,. . . , k . Then, in this unit you have studied the following points. 

1) By the primary decomposition theorem, V = V, @... 8 V, , a direct sum of 

T-invariant subspaces of V, where Vi = E? (hi) . If Ti is the linear operator 

induced by T on Vi , then mTi (t) = (t - hi)"i . Also cT(t) = cT (t).. .cTk (t) . 

Thus, cT (t) = ( t  - hi)"' . In particular, dim Vi = ni . 

2) Each Ti has the Jordan basis Bi associated with the eigenvalue &. Let 
Bi = C, u . -. u C, be a disjoint union of Jordan chains of length p, ,. . . , p, such that 

p, 2 - . . 2 p s  21 .  Then 

3) If B=B, u ... u B, , then B is a Jordan basis of V, and 

This is the matrix representation of T with respec.t to a Jordan basis. 

2.5 SOLUTIONS / ANSWERS 

So, the eigenvalues of T are +2 - 1 . 
ET(2)=Ker(T-21)={(x, y, z ) e R 3  I-x+y+z=O, X-3y+z=O, x + y - 3 z = 0 }  

= {(2t, t, t) I t~ R )  

E; (2) = Ker(T - 21)~ 

You can check that ~ + ( 2 )  = E; (2) = . . . . 



Now, you should similarly obtain Ek(1) and Ei(-1) for r = 1, 2 ,3 ,4 .  YOU 

I will findthat E , ( ~ ) = { ( o . o , o ) ) , E ~ ( ~ ) = { ( ~ ,  t, t ) l t ~ ~ } = ~ ; ( l ) =  ... 
2 E,(-I)={(-t, t, t)l t~ R)=ET(-1)= ... . 

E2) (i) Let x E E i  (A) = Ker(T - AI)' 

a (T - AI)' (x) = 0 

a T(T - W)' (x) = 0 

a (T-W)'(Tx)=O 

I s TX E Ei(A) 

This proves that Ei  (A) is T-invariant. 

(ii) Let x E Eh(A) 

Then (T -XI)' (x) = 0 

a (T - AI)'+' (x) = o 
3 x E E~+'(A) 
Hence the statement. 

(iii) ~ E E ~ ( A ) ~ ( T - ~ I ) ' ( ~ ) = O ~ ( T - ~ I ) ' - ' [ ( T - ~ I ) ( ~ ) ] = O  

3 (T - AI) (x) E;'(A). 

E3) The eigenvalues of A are 5 ,2 ,2 .  

rank (A - 51) = 2 = rank (A - 51)~ 

rank (A - 21) = 2, rank(A - 21)~ = 1 = rank(A - 21)~ 

I Next, the linearly independen; solutions if (A - 5I)x = 0 and (A - 2112x = 0 are 

1:lI and [[-i] , [I}, respectively. 

IllJJ 

gives us P-'AP = r o o ]  0 3 1 , which is in block diagod 

C form. 

E4) The eigenvalues of A are 3 and 2. 
rank (A - 31) = 3 = rank(A - 31)~ 

rank (A - 21) = 3, rank(A - 21)~ = 2, &(A - 21)~ = 1 = &(A - 21)~. 

Next, the linearly independent solutions of (A - 31)x = 0 and (A - 21)~x = 0 are 

block diagonal fonn. 

0 0 0  1 

0 0 1  0 . P =I ] givens us P-~AP = 
0 1 0 0  

1 0 1 - 1  

- 3  i 
- 

... . ... ... ... 
1 o 0 

i 1 3 - 1  

i o  1 1  - - 

, which is in 



Jordan Canonical Form E5) The size of the largest Jordan block associated with A = 1 or A = -1 is 2. 
Algebraic multiplicity of 1 and -1 are 3 and 2, respectively. 
Now dim ker(A - I) can be 1, 2 or 3 (by Theorem 4, Unit 1). 
So the Jordan blocks corresponding to A = 1 can be 

The Jordan blocks corresponding to A = -1 can be 

So the possible Jordan forms for the matrix are 1" . i .  ..l, where i = l ,  2 

and j=3 ,4 .  

E6) The largest Jordan block associated with 1 (or 2) is of size 2 (or 1, respectively). 
The sum of the sizes of the Jordan blocks corresponding to 1 and 2 is 3 and 2, 
respectively. 
So, the Jordan blocks corresponding to A = 1 can be 

The Jordan blocks corresponding to A = 2 can be 

So, the Jordan canonical form of the mamx can be J j ] , i=l ,  2, j=3,4  

E7) Suppose the characteristic polynomial is (t - 113 (t - 2) (t - 3) . 
The geometric multiplicities of 1, 2,3 are 1, 1, 1, respectively. 
The algebraic multiplicities of 1,2, 3 are 3, 1, 1, respectively. 
So, the Jordan blocks corresponding to A = 1 can only be 

J, - 1  i l i  
. . . . . . . . . . . . . . .  I -  1 i i 1 J  

The Jordan block corresponding to h = 2 can only be J2 = [2]. 

The Jordan block corresponding to h = 3 can only be J, = [3] . 



So, the Jordan form would be [I J2  1. 
J3 

Similarly, you can find the Jordan forms for all the other possible characteristic 
polynomials. 
Note that in all the cases, the Jordan matrices will be diagonal. 

E8) The characteristic polynomial of A is (t - 212(t -5). 

Jordan Form 

. dim ker(A - 51) = 1, with basis 1 . [:I 
So the geometric multiplicities of both eigenvalues are 1. 
Therefore, there is only one Jordan block associated with each of them. 

Y5 O O 1  
Thus, the Jordan form of A is J = 

We now find P, such that P-'AP = J . 
Let P = [P, P2 p3 I . 
All = PJ 3 Apl = (-)el = (PJ)el = 5pl 

So, we can take p, to be an eigenvector of A corresponding to 5, say 1 . [:I 
Similarly, we take p2 = El. Now p3 E -(A - 21, and 

is such that P-'AP = J . 

i o 1  

i E9) J=Jk(X)-hIk= i i 0 o = [: :I, where Jr is the (k - 1) x (k - 1) 
k . . . .  

: :  . . 1  
i 
I 

10 0 0 o j  
matrix of the same form as J . Now, if k = 1,  we know that J = 0 ,  so that J,(h) 
is nilpotent with nilpotency under 1. 

I 
t 

1 Assume that the property holds for Jk-,(A) . Then J'(~-" = 0 .  



Jordan Canonical Fom 

Also, by the induction assumption J ' ~  = 0 and ~'(~-"e, = 0 .  

Therefore, Jk = 0 .  
Also k is the least such power, since (k - 1) is the least such power for J' . 
Hence, by the principle of induction, we have proved the result. 

E10) For a diagonalisable matrix, with eigenvalues I,, . . ., 1, , the Jordan form is 

[: :1 . This is because the geometric multiplicity of each eigenvalue is 

the same as its algebraic multiplicity. And hence, the size of each Jordan block 
must be 1. 

El 1) i) J t  can be obtained from J by applying a series of row transformation 

E,, . .., E, and the corresponding column transformation E;', . . ., E;' . 
So, P-'J P = Jt , where P = E, ... E, . 

ii) sppose A = I' . , I ,  where each Ji is a Jordan block. 

, Then At = . ~ , a n d J ~ = ~ - l J i P , f o r s o m r i n v e r t i b l e ~ .  Then 

P-'AP = At , where P = I . 1. Hence A and At are similar. 




