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2.1 INTRODUCTION

In the previous unit, you have studied similar matrices. In this unit, we lead on to a
" related concept, that of similarity transforms. A is called a similarity transform-of B

if B=P~! AP for some invertible matrix P. In this unit, we shall be working towards )

categorising linear operators (or square matrices) in terms of near diagonal operator or
matrices that they are similar to. '

To start with, in Sec. 2.2, we will introduce you to an extremely useful theorem, which
tells us how a vector space can be decomposed in terms of eigenspaces of an operator.
At the same time, we shall discuss this result for matrices. This result also leads us to

another condition for diagonalisability of a linear operator or a square matrix.

In the next section, Sec, 2.3, we introduce you to the Jordan canonical form. This is
made up of ‘near diagonal’ blocks of matrices related to the eigenvalues of a linear
operator (or matrix). In fact, the strength of this form is that it is easy to apply, and it
can be used to immediately determine whether two matrices are similar or not. As you
will see in the next unit, this way of presenting a matrix also has several applications
in mathematics and other areas.

Objectives

After studying this unit, you should be able to

e prove, and apply, the primary decomposition theorem;

e obiain the Jordan canonical form of a linear operator or a sguare matrix;

e use the Jordan form to determine whether two operators/matrices are similar,

2.2 PRIMARY DECOMPOSITION

Throughout this section, unless mentioned otherwise, we will take V tobe a
n-dimensional vector space over C. '

Let A be an eigenvalue of a linear operator Te L(V). Let Er(A) be the eigenspace
of T associated with A , i.e., E{(A) = Ker (T ~Al)={ve VI(T - Al)(v)=0} .

Now, notice that if ve Ep (), then(T —AI) (Tv)=T(T~Al)(v) =0, and so
Tve E;(A). This means that if veE_ () then TveE,()). This property of T is
more generally defined below.

Definition: For T € L(V), a subspace W of V is called T-invariant if Twe W
Ywe W  ihatis, TW)cC W.
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Can you think of such a vector space? You can check that the zero subspace of V,
and the full space V, are T-invariant subspaces for any Te L(V). Another example is
given below.

Example 1: Let V‘:{do +a1t+-~-+a5t5l o, € Q,i:O,l,...,S} .

Let D be the differential operator on V. Show that

1) W, the subspace consisting of all polynomials in V of degree at most 3, is
D-invariant; ' )

ii) U, the subspace of V consisting of all polynomials in V with constant term 0, is

not D-invariant.

Solution: i) Since the derivative of a polynomial of degrece at most 3 is a polynomial
of degree at most 2, W is D-invariant.

ii) V is not D-invariant because, for example, the polynomial te U and Dt=1¢ U.
We now define a concept that gives us generic examples of T-invariance.

Definition: Let T € L(V), A be an eigenvalue of T and r be a positive integer. Let
EL(A)=Ker(T —AI)" . Then the subspace E%(A) is called the generalized eigenspace
of T associated with A . The non-zero elements of E1(A) are called generalized

eigenvectors of T corresponding tod. An elementxe E7(A)\ El' (L) is calleda
generalized eigenvector of T of order r corresponding to A .

Note: 1) E;(M)is T-invariant V r > 0.
2) Er(M) c EY'(L) V>0

3) If x is a generalized eigenvector of T of order r corresponding to A, then
(T-AI)(x) is a generalized eigenvector of order r—1 (if r>1).

Let us consider some examples of generalized eigenspaces.

Example 2: For D and V as in Example 1, obtain E;, (0)andEf, (0).
Solution: E_ (0)=KerD={a g+ t+---+0t 1o € Q, 0 + 0t +---+50,t* =0}
={o,lo, e Q}=Q.
E2(0)=KerD? ={o g+ + 0t | o € Q, 201, + 60t +120,,t% + 200t = 0}
={oy +oytla,, o, € Q). '
You can see that E,(0)c Ef, ©0).

Why not try some related exercises now!

El) For T given in E3, Unit 1, obtain E; (L), r=1, 2, 3, 4, for all its eigenvalues
A. ‘

E2) Prove (1), (2) and (3) of the note given above.

Now, let W be a T-invariant subspace of V. Then T(w)e WV w e W-:Lef T be
the restriction of the linear operator T to W, thatis, T'(w)=T(w) Vwe W.




Then T':W - W, ie.,T'e L(W). ' Jordan Form
Let B’ ={w,,...,w_} be afixed ordered basis of W . We can extend B’ to form a

basis B of V. Let B=B'U{v_,.,....,v,}.
Since W is T- invariant, T(w;)e WV j=1,...,m. Let T(wj)z(xljw, Fo O W,
Vj=1, ---, m,and T(Vj)= Byw, + -+ By Wen + Yo Vit e YV,

Vj=m+l, ---, n, where o,pB,,7, are scalars.

So,
Oy oo Oy Blm+l Bln W
[T] _ a’ml (x’mm Bmm+l an (1)
i 0 o O Ym+1m+i U Ym+1n
L 0 0 Ynm+l Ynn B
oy o Uy )
Note that the matrix | : "-. i | isactually[T"] . The representation above of
- O o .

ml ™m

[T]B gives us important information, which we state as the following theorem.

Theorem 1: Let T € L(V), W be a T-invariant subspace of V , and T' be the
restriction of T to W . Then T e L(W), and the characteristic polynomial of T '

divides the characteristic polynomial of T .

Proof: We have already seen why T e L(W). Let us now prove the second part. The
characteristic polynomial of Tis Co(t) =det(t], —[T] )

F[ =0, - =0, _B1m+l . _Bln .
=det T et o _Bmm+1 o _an
0 0 t— ’Ym+lm+l o —:Ym+1n
0 0 At
t—oy, - ~0y, "Ymsims1 °" Ymiln
=det] @ - P (det : ' :
_aml cae t—(xmm —'Ynm+1 .. t—Ym

Ymetma " Ymeln
=det(tl,, —[T']B,) det(tI,__ —C), where C = , :
‘ . Yoma o Yon
=Cp(t) det (tI,__, —C).

We get a better result than Theorem 1 if V is a direct sum of two. T-invariant

subspaces. 27



Jordan Canonical Form Theorem 2: Let T be a linear operator on V. If W, and W, are T-invariant
subspaces of V such that V=W, ®W,, and if T, is the restriciion of T to W,i=1,2,

~ then the characteristic polynomial of T is the product of the characteristic polynomials
- of Ty and T, i.e., Cr(0)=Cy (1) Cy (1)

Proof: Let B, ={x,,...,x,}and B, ={y,,....y,} be ordered bases of W, and W,,
respectively. Since V=W, @ W,, B=B, UB, is a basis of V. As the subspaces W,
and W, are T-invariant, we have '

T(x;)=ay X, +- + 0%,

T(y) =By, + - +Byy,. B;eF, for j=I,....s.
Also, by considering the definitions of T, and T,, we see that

o€ Fforj=1,...,r, and

ra“ ah_ 0 0—
[T] _ arl R o 0 . 0 _ CcC 0
- ) S )| By, - B,| |0 D
\_0 T 0 le Bgs_

where C=[T,], and D=[T,], . Hence
Cr(t)=det(t, =[T],)

=det (1L ~C)det (tI, - D)
=C () Cr (V).

The advantage of Theorem 2.is that we can breakdown the study of a linear operator
on a space of a large dimension to a study of linear operators on spaces of smaller
dimensions. Further, if the T-invariant subspaces are easy to handle, then we have a
better representation for linear operators. We see this in the next theorem.

Theorem 3 (Primary decomposition): Let T be a linear operator onV , with its
‘minimal polynomial givren by mp(=(t=A,)™ - (t=2, )™, where A,,..., A, are
distinct and m,,...,m, are positive integers.

Then

iy V=E{ X)®---®Ey* (L,), adirect sum of generalized eigenspaces of T.
i) If, foreach i, T istherestrictionof T tou ET (A,), then the minimal polynomial

of T, is (t—A,)™.

Proof: i) Firstly, recall that ET*(A,)=(T-A,)™ , and ET" (},) is a T-invariant
non-zero subspace of V foralli=1,... k.

E Now, writing [ m; (t)]_l as partial fractions, we have -
E I m® L

, —= , where p,(t) is a polynomial in t of degree at most
. mq(t) (t—A )™ (t=A )™
m; -1 Vi=I,... k. Therefore,
_pl(t)—ﬁi):‘ +...+pk(t)_rnl_(t)T.
(t-AD™ (t=A )™
my (T)_

For each i=l....k, we write q; (t)=

(t_?"i)mi ‘
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Then q;(t) is a polynomial for each 1, and
1=p () g (1) +---+p, () g, (V)

So, [=p,(T)q,(T) +---+ p, (T)q, (T). -(2)
Thus, for every ve V, we have

v=pi (Mg (M) + -+ P (T)q (THV).

If we write w, =p,(T)q;(T)(v), then

(T=AD)™ (w)=(T-AD™ p; (T)g, (T)(v) =p,(T)(T-AD™ g, (T)(v)
=p,(T)ymy(T)(v)=0. \

So, w,eET"(A,) Vi =1, -, k.

Therefore, V =E™ (A )+ +E2 (A,). _ ¢

Next, we need to see whether this sum is a direct sum or not. For this, assume
u,+--+u, =0, u,e EX (A;) . Suppose some of these u’s ark non-zero, say u; 0.

Then, uj=—(ul+--~+uj_[+u +otu ). D

#l
Next, mp(T)= (T—1,)™ q;(T) , where

q;(T)=(T=AD™ - (T-A; D™ (T-A, D™ (T = A D™,

So, from (2) it follows that there are polynomials r(t) and s(t) such that
[=r(T)g;(T) +s(T) (T-A,H™ .

Hence, from (4) it follows that

u; =r(T)g;(T)u; +s(T)(T-A, D™ u;=0.

This, together with (3) above, tells us that
V=Er"A)®--®ET-(A))

i) Now, (T-AD)™u=0 Vue EF ) andi=L....k. So, (T,-A])" =0.
So, the minimal polynomial of T;is (t—A,)" for somer <m, . We now show that
r=m,. If, for some r <m,, the minimal polynomial of T, is (t— Xi)’ , then
(T, ;Xil)' =0. So, for every u; € E™(&,),(T, =AD" u, =0. But then the minimal
polynomial of T will be (t—A)™ - (t=A, )™ " (1=, (t=Ay, )" o (t=A, )™
with r<m,,a contradiction.

Hence, (t—A,)™ is the minimal polynomial of T;.

What does Theorem 3 really say? It states that if the minimal polynomial of T
is(t=A)™...(t=A )™, for m;€ Z" and A,,...,A, distinct eigenvalues of T, then V
is a direct sum of generalized eigenspaces, i.e.,

V=V, ®---®V,,where V. =E"(},) for i=1....k.

We have seen that each V, is T-invariant. Let B; be a basis of V,. The elements of

k
B, are generalized eigenvectors of T, and B=LJBi is.a basis of V. It follows from
i=]
the primary decomposition theorem that V has a basis consisting of generalised
eigenvectors. Since each V; is T-invariant, a repeated use of Theorem 3 gives

Jordan Fovn
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[T]B = , where each A, =|T, ]B-. ,and T; is the restriction of T to'V;.
0 A, '

In fact, A, is an n; Xn, matrix, with n, =dim V,, that is, n, is the algebraic

multiplicity of A,, which you studied about in Section 1.4.

Translating Theorem 3 to matrices gives us:

Theorem 4: If A is an nxn matrix with characteristic polynomial
(t—=2,)™ ... (t=A, )™ and minimal polynomial (t-A,)™ ... (t=A, )™, then A is
) A, 0
similar to a block diagonal matrix of the form “. |, with each Ai an
0 A

n; xn; matrix, and A; —A1 being a nilpotent matrix with nilpotency index m;.

An important consequence of Theorem 3 is the following characterisation of
diagonalisable operators.

Theorem 5: Let Te L(V) and A,,...,A, be all the distinct eigenvalues of T . Then

the following are equivalent:

1) Tis diagonalisable. _
i1} The minimal polynomial of T is (t—X))...(t—A,).
iiiy V=E (4)®--®E,(),), adirect sum of eigenspaces.

Proof ((i) = (ii)) : Let T be diagonalisable. Then the;e is a basts B such that

—7\.1 n, times 1
A
(T],= , where 1, is the algebraic multiplicity
Kk n, times
L A
of A,.
Then ([T], -4 1, }-([T], -4, 1,)
K T TN
0 0 A, 0
X,
_ i8 Ao
A,
A
0 X 0 0
L }‘k ] L
=0, that is,




(T-AD-- (T-AD=0. Jordan Form
Hence, the minimal polynomial of T is (t—A,)--- (t—A,).

( (i) = (iii)) : This is the primary decomposition theorem.

((iii)=> (i)) : Let B, be a basis of E;(}A;). Then the elements of B, are eigenvectors
of T corresponding to the eigenvalueA.V i=L,...,k. Thus, B=B, U---\UB, is a basis
of V consisting of eigenvectors of T. Hence, T is diagonalisable. ]

Let us see how we can use this result.

3 3 0 =2
. : . -3 5 0 . .
Example 3: Consider the matrix A= 2 9 1 . Find a matrix P such that
4 =6 0 -3 |

P~'AP is in block diagonal form, given that A has eigenvalues 1 and 2 only.

Solution: Step 1: To find the least positive integer k such that
rank (A—AI)* =rank (A-AD**! for each eigenvalue A of A.

For the eigenvalue A=1, we compute powers of A—1.

2 -3 0 -2 5 -6 0 -5
-3 4 0 ) 7 0 6
A“Iz ’(A—I)= ’
-2 9 0 4 -15 18 0 15
4 -6 0 —4 10 -12 0 -10
8 -9 0 -8
-9 10 0 9
(A-D'=

16 -18 0 -16
Now, rank (A —I)=3, and rank (A -I)* =2 =rank (A ~T)°.

[—24 27 0 24

We now repeat the same procedure for the eigenvalue 2.

1 3 0 =2
-3 3 0 3
A-2]= y g {4 , rank (A-2I)=3
4 6 0 -5
2 0 0 -1
e | 0 00 0 -
(A-2D)% = , rank(A-20)?=2
-1 0 1
2 0 0 -1
-2 0 0 1
0O 0 0 O
(A=2I) = 5 0 -1 ol rank (A—21)*=2.
2 0 0 1

So, 2 is the least power of A —I as well as A — 21 for which
rank (A —D)* = rank (A —D**', and rank (A —2I)* =rank (A —21)*"'.
31
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Step II: Find all linearly independent solutions of the homogeneous system
(A-1)* X=0, that is,
5 -6 0 -5 X,
6 7 0 6 X,
-15 18 0 15 X,
10 -12 0 -10| |x,
Since rank (A—-1)> =2, nullity (A-D* =4-2=2. So this system will have 2
linearly independent solutions, and the algebraic multiplicity of the eigenvalue 1 is 2.

il
=

(3

0 1
. 0 0 : . .
You should verify that ) and 0 are linearly independent solutions of (5).
0 1

Similarly, we need to find linearly independent solutions of (A-21*X= 0. Since

nullity (A —-2I)* =2, this system will have 2 linearly independent solutions, and the

0 1
. o . 1 0 .
algebraic multiplicity of 2 is 2. You can check that 0 and 3 are linearly
0 2

_independent solutions of (A—20)*X =0.

Step IIL: Obtaining an invertible matrix P such that P AP is in block diagonal form.
The matrix P will have columns consisting of the 4 linearly independent solution

010 1
vectors obtained above. So, P= 01 . Hence
1 0 0 =3
010 2
L 2 07
0 1 0 0
PlAP=|...
0 0 : 5 3
0 0 : -3 —I]
We have seen that the primary decomposition theorem helps us to transform a given -

nxn matrix A to the block diagonal form. Before giving more examples of this, we !
write the steps which are generally needed to perform this similarity transform.

Step I: For each eigenvalue A, find the least positive integer k such that
EX (A)=E%"(X). Equivalently, find the least positive integer k such that
nullity (A —AD* = nullity (A -=AD*", or rank (A—AD* =rank(A - AD*".
This k is the power of (t—A) in the minimal polynomial of A.

Step II: Solve the system (A —AI)* X =0for each eigenvalue & of A. The number of

linearly independent solutions of this equation is actually equal to the algebraic
multiplicity of A .

Step ITk: Write a matrix P whose columns ate the linearly independent solutions of
the linear systems obtained in Step II, corresponding to each A. Then P will be




invertible (why?), and P™'AP is the required block diagonal form. : Jordan Form

Note that the columns of P are actually a basis of F', consisting of generalized
eigenvectors.

Here are some exercises now, which will give you a chance to apply the similarity
transform as above.

3
E3) Let A=|1
1

diagonal form.

Y =]

2
1 |. Find an invertible matrix P so that P AP is in block
3

(Hint: Note that the sum of the entries in each row is 5. Thus, in this case 5 is

1
an eigenvalue with eigenvector |1|. Use this to find other eigenvalues. In
1
general, if the sum of the entries of each row of an nxXn matrix is r, then r is
1
an eigenvalue, and the corresponding eigenvector is |1 |.)
1
1 1 00
-1 3 10 . . : . ap s
E4) Let A= 0 2 ol Find an invertible matrix P such that P"AP i1s1n
1 -1 1 3

block diagonal form.

. This

S O O

(Hint: The fourth column of Ais| |, thatis, Ae, =3e,, where e, =

-0 o ©

3

shows that e, is an eigenvector corresponding to the eigenvalue 3.)

Let us now see how to transform a square matrix into a special kind of block diagonal
form.

2.3 JORDAN CANONICAL FORM

Let T be a linear operator on V and let A be an eigenvalue of T. You have just
seen that there is a basis B of V such that [T]; is in block diagonal form. Now we

show you that we can, in fact, choose B in such a manner that each block in [T]; is Camille Jordan

nearly diagonal, which is very convenient for calculations. Let us see how we do this. , (1838-1922)

We first start with choosing a sequence of basis vectors that help us to get the required
form.

Definition: A sequence of non-zero vectors x,,..., X, in V is called a Jordan chain of

length k associated with an eigenvalue A of V if 33 ‘




Jordan Canonical Form Tx, =Ax,

Tx, =Ax, +X,

Tx, =Ax, +x,,
that is, for each i=2,....k,(T —AI)x;=x,_; and (T —Al)x, =0.

For example, for T given by A in Example 3,

o] Jo -1} —11 0
ol |o 1 1] (0
A = [,A = + , and so on.
1] |1 2 2101
0| {0 [2 2110

Note: (T - H)H X; =x1 , that is, x; is a generalized eigenvector of T of order i.

Let us now see how a Jordan chain is useful.

Y

Theorem 6: A Jordan chain consists of linearly independent vectors.

Proof: Assume that x,;...,x, is a Jordan chain of Te L(V) associated with the
eigenvalue A of T. Suppose these vectors are linearly dependent, and

ox, +---+o,x, =0, where o, € F V i. Let r be the largest integer such that
o, #0. Then r>1 (Why?).

-1
Now, we have x, =Z (—o; ') x; .

i=1

Operating (T ~AI)"™" on both sides, we get
,, 7 r—1
X, =(T-AD"' x, = Z(—a:lai)(T—)\.l)r_l x; =0, a contradiction, since x, #0.

i=1

Therefore, {xi}i are linearly independent. ]

You would now be in a position to appreciate the utility of a Jordan chain. If
X;,..., X, is a Jordan chain of T € L (V), associated with the eigenvalue A, then the

subspace of V generated by xy, ..., Xi, say W, is a T-invariant subspace of V, since
Tx;=Ax; +x,, €W If T is the linear operator induced by T on W and
B={x,---,x,}, then

A1 0
I:T:‘B = T 1>
0 A
This kxk matrix is called the Jordan block of size k associated with A, and we
N denote it by J, () .

This leads us to the concept that the whole unit focusses on.

Definition: If V has a basis which is a disjoint union of Jordan chains of Te L(V),

then the matrix representation of T with respect to this basis is a block diagonai
matrix with Jordan blocks of various sizes along the diagonal. This basis is called a

34




Jordan basis of V, and the corresponding matrix representation is called a Jordan : Jordan Fory
canonical form of T. :

Remark: If T is a linear operator on V, where V = E;‘Ll me--- @E;:k (T), then
[T]B =A ® - ®A,, where each A, is the Jordan block of size 1, associated with

A, . This representation as a Jordan matrix is unique up to permutation of the
A;s. .

These representations are dependent on whether V has a Jordan basis for every
Te L(V). And, in fact, this is true, as we see from the following resuit.

Theorem 7 (Existence of Jordan canonical form): Let V be a vector space over F of
dimension n, and let T be a linear operator on V. Let the characteristic polynomial of

Thbe Cp(t) =(t—A)"---(t—A, )™, where ..., A, are distinct elements in F and
n,....,n, are positive integers. Then V has a Jordan basis for T.

We shall not give a proof of this result here. If you are interested in a proof, it is given
in “Linear Algebra and its Applications” by G. Strang, available at your programme
study centre, or in any other book on Linear Algebra. Over here we shall first give an
analogue of this result for matrices, and then an algorithm for finding the Jordan
canonical form of a matrix.

For matrices we have the following analogue of Theorem 7.

Theorem 8: Let AcM, (F)have characteristic polynomial (t — &)™ ---(t =R, )™ . The matrix J is called the

Then there is an invertible matrix P such that Jordan form of A. und
. the A,s are the Jordan
A 0 : : i Jp, *) 0 blocks of A.
P'AP=]= , where each A, is of the form L ,
0 A, 0 1, )
P22

In particular, A is similar to its Jordan form.

Note: We have seen in Unit 1 that not all linear operators (square matrices) are
diagonalisable. Theorems 7 and 8 say that all of them are near diagonalisable, i.e., :
represented by a Jordan form. ‘J

Let us now write an algorithm, i.e., a step-by-step procedure, for finding the Jordan
canonical form for a matrix A.

Step 1: For each eigenvalue A of A, we determine the geometric and algebraic
multiplicities of A.

Step 2: The total number of Jordan blocks associated with A equals the geometric
multiplicity- of A. The sum of the sizes of the Jordan blocks associated with A is the
algebraic multiplicity of A.

Step 3: The number of Jordan blocks of size exactly s associated with A is
n, =2rank (A —AI)® —rank (A =AD" —rank (A - AD*.

However, for matrices of smaller sizes, we usually do not need to use Step 3. We
shall see this in the following examples. '
Example 4: Let A be a 5x5 matrix with characteristic polynomial (t— 1)’ (t—2)°, the

geometric multiplicity of 1 being 1 and the geometric multiplicity of 2 being 2. Find

the Jordan form of A. 35




Jordan Canonical Form Solution: There will be one Jordan block associated with the eigenvalue 1, as the
-geometric multiplicity of 1 is one. Similarly, as the geometric multiplicity of the
eigenvalue 2 is 2, there are two Jordan blocks associated with 2.

Since the algebralc multiplicity of 1 is 2 and the algebraic mult1p11c1ty of 2 is 3, the
Jordan form of A will be

REORE : 0 1

NG = C 21

5L

L N * -

Remark: This way of writing a matrix, only showing the elements we are interested
in, is a convention. The rest of the elements in the matrix are zero.

Before doing any more examples, let us see why the algorithm given above works. For
this we look into the structure of the Jordan basis B of V corresponding to the linear
operator T.

Let A be an eigenvaiue of T. Since Ef (A< ErT“ (A) (see E2) and V is finite-
dimensional, there exists a positive integer p such that

{0} c Ex(M) c Ex(M < c B W) =EBF (M)=....

Thus, the maximal length of a Jordan chain associated with A will be p.

Next, recall that if {x,,...,x,} is a Jordan chain of length r associated with A, then each
X; is a generalised eigenvector of orderi, i=1,...,r. Therefore, in particular, the
number of Jordan chains of T associated with A is dim Ker(T —AI), which is the
geometric multiplicity of A. If q; denotes the number of Jordan chains of length at

least s, then it is equal to the number of generallsed eigenvectors of T of order s
associated with A, and so

q, =dimKer(T — AI)* —dim Ker(T - A
Hence the number n_, of Jordan chains of length exactly s which are associated with

: , ' 7\, is given by

) qs+1 qs :

= dlm Ker (T — AD** + dim Ker(T - A - 2d1m Ker(T - AI)®

=Ln—rank (T—M)S“J [n —rank (T-Al)" '] I:n —rank (T ~AD)° ] , using Sylvester’s

Rank-Nullity theorem.
This gives us the formula in Step 3 of the algorithm.

Let us do a few more examples.now.

Example 5: Let A be a matrix whose characteristic polynomial is
(t—D?*(t-2)*(t+1)*, and the minimal polynomial is (t —1)2(t—2)?(t+1). Write the
Jordan form of A.

: Solution: Here we will use the fact that if for an eigenvalue A, ris the power of t — X
5{ ' "appearing in the minimal polynomial, then the size of the largest Jordan block
associated with the eigenvalne A is r.




Now, as the size of the largest Jordan block of A associated with the eigenivalue 1 is 2,
the size of the largest Jordan block associated with the eigenvalue 2 is 2 and the size of
the largest Jordan block associated with the eigenvalue —1 is 1, we have the following:

11
e The Jordan block corresponding to | is LO Ll

2 1
, . 0o 2 :
¢ The Jordan blocks corresponding to 2 are ‘ .

" _
7 -1
e The Jordan blocks corresponding to —1 are
' -1
-1
Therefore, the Jordan form for A is
R i
0 1
2 1 0
0 2 0
O 0 2
-1
-1
-1
-1
1 1 00
. . -3 3 10
Example 6: Find the Jordan form of the matrix A = .
-2 2 20
0 -3 2 3

Solution: The characteristic polynoniial of A is (t—2)*(t—3). (Verify this!)
Next, rank (A —2I) =3, and so dimKer(A - 2I) is 1, that is, the geometric
multiplicity of 2 is 1. Since the blocks corresponding to A = 2 are together 3x3, the
block corresponding to A = 3 has to be 1x1. Therefore, the Jordan form of A is

2100
0210
00 2 0
0003

Jordan Form
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-2 410

Example 7: Compute the Jordan form of A= L 21 ol and find a matrix Q
-1 2 01

such that Q™' AQ is the Jordan form of A .

Solution: The characteristic polynomial of A is (x — 1)4 . (Check this!)
As rank(A —I) =2, the geometric multiplicity of the eigenvalue 1is 4—-2=2.

Therefore, there are two Jordan blocks in the Jordan form of A, namely, either
diag (J; (1), J; (1)) or diag (J5 (1), J; (1)). Further,

-2
: -1

A-D?=
(A-D7=| |
-1

— s ND
o o O

, which is non-zero, and so the minimal polynomial of A

[ = Y

1 0

cannot be (x —1)%. So, diag (J; (1), J, (1)) cannot be the Jordan form of A. Thus, the
11 i
1 1
Jordan form of A is J =diag(J,(1), J,(1)) = 1 ,and Q'AQ=]J for

some invertible matrix Q. We now explicitly find this Q.

Let Q=[Q1 qd; 93 Q4]'

Since AQ = QJ, on equating the corresponding columns we have
Aq, =(AQ)e, =(Ql)e, =Qe, =q,

- Aq, =(AQ)e,=(Qd)e, =Q(e, +e,) =q, +q,,

b Ag; =(AQ)e, =(Ql)e, =Qle, +¢;) =4, +q;.

A, =(AQ)e, =(Q)e, =Qe,=q,,

s So, the vectors q, and q, are eigenvectors-of A, and g, and g; are generalised

eigenvectors of orders 2 and 3, respectively. Let us pick them accordingly now.
q, can be any eigenvector of A, so we take q, =e,.

Next, q5 is a generalised eigenvector of order 3, that is, q; € R*\ Ker(A —-1)*. To

find q,, we will first find a basis of Ker(A - D2. For.this we solve the equation
(A- )*x =0, that is,

-2 2 2 0][x] [o
-1 1 1 0|x,| |0
-1 11 0(x,|]0
-1 1 1 0)ix,]| [0 ’

Thus, Ker(A —I)*has a basis {u;=[1 1 0 01',u,=[1 0 1 0]',u,=e,}.
: Now, q; € R*\Ker(A —1)?if and only if gs, U3, Wy, U3 are linearly independent. Thus,
, we may take q, = ¢, . (Note that there are many choices for q;. However, we take
g, =¢,, as the computations are easy with such vectors.)




This gives
q,=(A-Dq,=(A-De,=[-3 -2 -1 1],
q,=(A-Dg,=(A-T)’ e, =[-2 -1 -1 —1]".

-2 -3 10
-1 =2 0 0
Hence, Q= 1 L 0 0
-1 -1 0 1

You should check that Q"'AQ=1J.

Here are some related exercises now.

E5) Find all possible Jordan canonical forms for a matrix whose characteristic
polynomial is (t—1)*(t+1)*, and the minimal polynomial is (t> —1)~.

E6) Write all possible Jordan canonical forms for a 5 X 5 matrix having
characteristic polynomial (t—1)° (t—2)*, with the geometric multiplicity of 1
being 2 and the geometric multiplicity of 2 being 1.

E7) Write all possible Jordan canonical forms of a 5 X 5 matrix whose minimal
polynomial is (t—1)(t—2)(t-3).

E8) Compute the Jordan canonical form of the matrix E3. Also find the matrix P
such that P AP is in Jordan form:

E9) Show that the Jordan block of size k for the eigenvalue A of T, J,_(A}, is such
that (J,.(A)—Al, ) is nilpotent with nilpotency index k.

E10) What is the Jordan form of a diagonalisable matrix, and why?

Now let us see what a major reason is for the importance of the Jordan form.

Theorem 9: Two matrices are similar if and only if they have the same Jordan form,
up to permutation of the eigenvalues.

Proof: Suppose A and B are similar, i.e., B = P'AP, for some P. Also, let Q"AQ =],
the Jordan form of A. Then Q' PBP™ Q = J, so that J is the Jordan form of B also.

Conversely, suppose A and B are two matrices such that R”' AR =J = S™' BS, for
some nonsingular matrices R and S. Then SR ARS™ =B, so that A and B are
similar.

Note: What Theorem 10 says is that the set of all matrices over F splits into several
‘families’, such that all the matrices in a ‘family’ can be represented by one Jordan
matrix to which each of them is similar. Further, matrices from different ‘families’ are
not similar.

Here’s a related exercise.

E1l1l) Check whether
(i) J' is similar to J, where J is a Jordan matrix;

(ii) A' is similar to A, for any square mirix A.
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Jordan Canonical Form We have now finished our discussion on the Jordan canonical form. Let us briefly go
over what we covered in it.

24 SUMMARY

Let V be an n-dimensional vector space over F and let Te L(V). Let the
characteristic polynomial of T be C(t)=(t—A)" ---(t—-A, )™ , whereA,,...,A, are
distinct elements of F andn,,...,n, are positive integers.

Let the minimal polynomial of T be m,(t)=(t—A,)™---(t—A, )™ , where

1<m; <£n,,i=1....,k. Then, in this unit you have studied the following points.

1) By the primary decomposition theorem, V=V, ®-.-@ V,, a direct sum of
T-invariant subspaces of V, where V, =ET'(A;). If T, is the linear operator
induced by T on V;, then my (1) =(t— A" Also cp(t) = cp () ().
Thus, ¢ (t) =(t—~A;)" . In particular, dim V, =n;.

2) Ea‘ch T, has the Jordan basis B; associated with the eigenvalue A;. Let
B, =C, u---uC, be a disjoint union of Jordan chains of length p,,...,p, such that
p, 2---2p, z1. Then

1) . A, 10

[T], = - cwhere I (A)=| . [.r=Lees.
T, ) | 0 S
3) If 1:3=B1U-~UBk,thenB is a Jordan basis of V, and

[T]s, 0
M= -
0 [Ty

k

This is the matrix representation of T with respect to a Jordan basis.

2.5 SOLUTIONS / ANSWERS

-1 00
El) [Tlb=|1 0 2
1 20

So, the eigenvalues of T are £2—1.

E;(2)=Ker(T-2D={(x, y, Z)ER3I—x+y+z=0,x—3y+z=0,x+y—3z=0}
={(2t, t, t)Ite R} :

E1(2) = Ker(T - 2I)°
={(x,y,2)e R*13x -3y -32=0,-3x +11y=52=0,-3x -5y + 112 = 0}
={2t, t,t)Ite R}.

You can check that EZ(2)=E2(2)=....
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E2)

-E3)

E4)

Now, you should similarly obtain E5(I) and Ef(~1) for r=1,2,3,4. You Jordan Fors:
will find that E; (1) ={(0, 0, 00}, E; () ={(t, t, ) Ite R}=E3(D=...
E.(-D={(-t,t,)Ite R}=E3(-D=....

(i) Let xe Ex(A)=Ker(T-AD)'
= (T-AD"(x)=0 -
= T(T-A)'(x)=0
= (T-AD(Tx)=0
| o> TxeELQY
This proves that E7.(A) is T-invariant.
(i) Let xe Ex(A)
Then (T~-AD'(x)=0
= (T-AD™(x)=0
= xeE'Q)
Hence the statement. .
(i) xeEf(M)=>T-AD)'X)=0=>(T- AD(T ~AD(x)]=0
= (T-ADXEF'W). ‘

The eigenvalues of A are 5,2, 2.

rank (A — 5I) = 2 = rank (A —5I)

rank (A — 2I) = 2, rank(A —2I)* =1= rmk(A -2I)°.

Next, the linearly indep_endeni solutions if (A ~5D)x=0 and (A—20)’x=0 are

1 2 0
1|>and 4] -3 ],} ~2|}, respectively.
1| 0 1 ‘
1 2 0 5 00
- P=|1 -3 -2 givesus P'AP=(0 3 1|, whichis in block diagoms
1 0 1 0 -1 1
form.

The eigenvalues of A are 3 and 2.

rank (A — 3I) =3 = rank (A ~ 31)*

rank (A — 21) =3, rank(A — 2I)* = 2, rank(A —2I)* =1= rank(A - 2D)*.

Next, the linearly independent solutions of (A —3D)x=0 and ' (A-2I*x=0 are

0 o] [o][ 1
0 d ! 0 tivel
an s , , Ies vely.
0 1ol off TPV
1 o] [1]]=1
- -
000 1] 3
001 O
. P= givens us P'AP= 2 0 O |,whichisin
010 0 1 3 -1
101 -1 L o 1 1
' i
block diagonal form.
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ES5)

E6)

E7)

The size of the largest Jordan block associated with A =1 or A=—1 is 2.
Algebraic multiplicity of 1 and —1 are 3 and 2, respectively.
Now dimker(A —1I) can be 1, 2 or 3 (by Theorem 4, Unit 1).

So the Jordan blocks corresponding to A =1 can be

- . 1
|1 ~
T e DU -
1 P oo
i 0 1 . .
| : o1
The Jordan blocks corresponding to A =~1 can be
1
| . I -1 1
=] s Tea .o or - .
’ A R

So the possible Jordan forms for the matrix are - |, where i=1,2

and j=3,4.

The largest Jordan block associated with 1 (or 2) is of siic 2 (or 1, respectively).
The sum of the sizes of the Jordan blocks corresponding to 1 and 2 is 3 and 2,

respectively.
So, the Jordan blocks corresponding to A =1 can be
"' 1 . - ha |
1
I, = ,orl 1
1 11 2
0 1
b ‘ ‘ 1 =
The Jordan blocks corresponding to A =2 can be
2
J J 21
=|--- .. .| 0T = .
3 : +7lg 2
_ 2
. J; . .
So, the Jordan canonical form of the matrix can be [ ] ] i=12 j=3,4.
J

Suppose the characteristic polynomial is (t —1)* (¢ —2)(t—3) .
The geometric multiplicities of 1, 2, 3 are 1, 1, 1, respectively.
The algebraic multiplicities of 1, 2, 3 are 3, 1, 1, respectively.
So, the Jordan blocks corresponding to A =1 can only be
1 ]

1
The Jordan block corresponding to A =2 can only be J, =[2].
The Jordan block corresponding to A =3 can only be J, =[3].



E8)

E9)

], . Jordan Form

So, the Jordan fbrm would be I,

J3
Similarly, you can find the Jordan forms for all the other possible characteristic
polynomials.

Note that in all the cases, the Jordan ‘matrices will be diagonal.
The characteristic polynomial of A is (t— 2% (t-5).

-2
dimker(A —2I) =1. with basis 1

1
dimker(A —5I) =1, with basis {1 {.
1

So the geometric multiplicities of both eigenvalues are 1.
Therefore, there is only one Jordan block associated with each of them.
500

Thus, the Jordan formof Ais J={0 2 1.
00 2

We now find P, such that P'AP=]J.

Let P=[p, p, p;1- ‘

AP=PJ = Ap, =(AP)e, =(PJ)e, =5p,
=(Pl)e, =2p,

Ap3 =(P))e; =P(e, +2e;)=p, +2p;.

1
So, we can take p, to be an eigenvector of A corresponding to S, say |1).
' 1
-2
Similarly, we take p, =| 1|. Now p, € ker(A - 2I)* and
3 2 4 0
(A-2D%=|3 2 4]|. So, wetake p,=|-2|.
32 4 1
1 -2 0
Then P=|1 1 2 |issuchthat P'AP=].
1 1 -1
[0 1 0]
201 : ,
. J e .
J=J, M-AL, =} i 0 0 =[0 6‘}where V is the (k-1)x(k—1)
A |
10 0 0 0]

matrix of the same form as J. Now, if k=1, we know that J =0, so that J,(A)
is nilpotent with nilpotency under 1.
Assume that the property holds for J,_,(A). Then J'*™ =0.
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Then J* = W 1.,
0
Also, by the induction assumption J* =0 and J'*e_=0.

Therefore, J k=o.
Also k is the least such power, since (k—1) is the least such power for J’.
Hence, by the principle of induction, we have proved the result.

E10) For a diagonalisable matrix, with eigenvalues ‘A,l » +++» A, , the Jordan form is

A 0 ,
R . This is because the geometric multiplicity of each eigenvalue is
0 A,
the same as its algebraic multiplicity. And hence, the size of each Jordan block
must be 1.

Ell) i) J' can be obtained from J by applying a series of row transformation
E,,.... E and the corresponding column transformation El‘l, cees E;l .
So, P'JP=I', where P=E,...E,.
3 ) .
il) Suppose A=| . , where each J; is a Jordan block.

AN

!Then A'=| . | and J'=PF" I,P, for some invertible P,. Then
h§ '
. P )
P'AP=A", where P= . Hence A and A' are similar. -
. . b )

r






