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Analytic Functions where ),( yxux  and ),( yxvx  denote the first order partial derivatives with respect 

to x  of the functions u  and v , respectively at ),( yx . 
 

Approach 2: Now consider h  as purely imaginary. Put R∈= kikh ,  ( h  

approaches 0 along imaginary axis). In this case we have  
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∂

∂
+

∂

∂
−=  

            ),(),( yxvyxui
yy

+−=    (13) 

where yu  and yv  are the partial derivatives of u  and v , respectively with respect 

to y . If )(zf ′  exists, then we must have from Eqns. (12) and (13) 

 ),(),(),(),( yxvyxuiyxivyxu yyxx +−=+ .    (14) 

 

Comparing the real and the imaginary parts of Eqn. (14) we conclude that if the 

function ),(),()( yxivyxuzf +=  is complex differentiable at a point ),( yxz =  

then its real and imaginary parts necessarily satisfy, at that point, the pair of 
partial differential equations 

 ),(),( yxvyxu yx =  and ),(),( yxvyxu xy −= .    (15) 

 

Partial differential Eqns. (15) are known as Cauchy-Riemann equations. In 
short, they are written as C-R equations. For instance, in Example 1, we showed 

that the function )42(44)(
222

yxyixyxzzzf +++−=+=  is differentiable 

everywhere. To verify that the Cauchy-Riemann equations are satisfied by the 

function everywhere, we see here that yxyyxvxyxyxu 42),(,4),(
22 +=+−=  

satisfy Eqn. (15) since yx vxu =+= 42  and xy vyu −=−= 2 . 

 

Let us now summarise the result proved above in the form of the following 

theorem. 
 

Theorem 4: Let U  be an open subset of complex numbers and C→Uf :  be a 

complex function. If f  is differentiable at Uyxz ∈= ),( 000  then the first order 

partial derivatives of the real and imaginary parts of f (i.e., ),( yxu  and ),( yxv , 

respectively) satisfy the C-R equations 

 ),(),( 0000 yxvyxu yx =  and ),(),( 0000 yxvyxu xy −= .       (16) 

Also )( 0zf ′  can be written as 

 xx ivuzf +=′ )( 0        (17) 

–      – 
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Analytic Functions 
Remark 5: You may note that the C-R equations are merely necessary 

condition for the complex differentiability of a function at a point and not the 
sufficient one. That is, if a complex function does not satisfy the C-R equations at 

a point then it is not complex differentiable at that point but if the C-R equations 
are satisfied at a point it may not guarantee its differentiability thereat. 

The function may or may not be differentiable at that point. 
 

We now consider some examples to illustrate Remark 5. 
 

Example 6: Show that the function CC→:f  given by  

 








=

=

=+=

otherwise1

0if0

0if0

)()( y

x

iyxfzf  

satisfies the C-R equations at 0=z  but is not differentiable there.  

Solution: If we put )(zf in the form ),(),( yxivyxu +  then it can be seen easily 

(since )(zf  is real valued) that 

 0),(,

otherwise.1

0if0

,0if0

),( =








=

=

= yxvy

x

yxu   (everywhere). 

Clearly, all partial derivatives xyx vuu ,,  and yv  vanish everywhere. Therefore the 

C-R equations are satisfied everywhere. Also for complex number 0≠h  

 








+=

=
−+

− number. real purely zeronon isk if1

,imaginarypurelyisif0

,realpurelyisif0
)0()0(

ik,kh

h

h

h

fhf
 

It clearly shows that 
h

fhf

h

)0()0(
lim

0

−+
→

 does not exist. Hence the function is not 

complex differentiable at the origin even if the C-R equations are satisfied 

thereat. 
*** 

 

Example 7: Prove that f  defined by 

 







=

≠
=

0 if0

0 if
||)( 4

5

z

z
z

z

zf  

satisfies the C-R equations at 0=z  but is not differentiable there. 

Solution: Put R∈+= yxiyxz ,,  then 

 )105()510()(
5324423555

yyxyxixyyxxiyxz +−++−=+=  

Let ),(),()( yxivyxuzf +=  then for 0≠z  we have  

 
222

5324

222

4235

)(

)105(
),(,

)(

)510(
),(

yx

yyxyx
yxv

yx

xyyxx
yxu

+

+−
=

+

+−
= .  

 

Now we compute the partial derivatives at )0,0( :  

 1lim
)0,0()0,(

lim)0,0(
5

5

00
==

−
=

∂

∂

→→ x

x

x

uxu
u

x xx
, 
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 0

)0,0(),0(
lim)0,0(

0
=

−
=

∂

∂

→ y

uyu
u

y y
, 

 0
)0,0()0,(

lim)0,0(
0

=
−

=
∂

∂

→ x

vxv
v

y x
, and 

 1lim
)0,0(),0(

lim)0,0(
5

5

00
==

−

−
=

∂

∂

→→ y

y

yx

vyv
v

y yy
. 

This implies that )0,0()0,0(),0,0()0,0( xyyx vuvu −== . Therefore the C-R 

equations are satisfied at 0=z . 

 

Now we show that f  is not differentiable at 0=z . We compute the following 

limits taking two different paths, one along the line xy =  and the other along the 

line xy −=  as shown in Fig. 2. 

 
 

Fig. 2 
 

Along xy =  (let ikkh += ) 
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Along xy −=  (let ikkh −= ) 
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Thus, we observe that the two different paths result in two different limiting 

values of the quotient and hence the function is not differentiable at 0=z . 

*** 

 

As you have seen that the Cauchy-Riemann equations are necessary conditions 

for the existence of the derivative of a function f  at a point 0z , they can be used 
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Analytic Functions 
to locate points where f  is not differentiable. For instance, for the function 

2
||)( zzf = , we have 

22
),( yxyxu +=  and 0),( =yxv . Now if the C-R 

equations are to be satisfied at a point ),( yx , then we must have 0== yx . 

However, you already know that function 
2
||)( zzf =  is not differentiable at any 

non-zero point (ref. E6)). It is differentiable only at the origin. 

 

You may now check your understanding of the Cauchy-Riemann equations while 

doing the following exercises.  

 

 

E7) Prove that the Cauchy-Riemann equations are satisfied for the function 

)||()( xyzf =  at the point 0=z  but the function is not differentiable at 

that point. 

 

E8) Use the Cauchy-Riemann equations to show that the following functions are 

nowhere differentiable: 

 (i) zzzf +=)(  (ii)    xiexezf
yy

sincos)( +=  

 (iii) iyxyzf +=)(  (iv)   )(2)(
22

yxixyzf −+= . 

 

E9) Show that when 
33

)1()( yixzf −+= , then we can write  

  
2

3)( xviuzf xx =+=′  only when iz = . 

  

E10) Let u  and v  denote the real and imaginary components of the function f  

defined by the equations 

  








=

≠=

.0when0

0,zwhen)(

2

z
z

z
zf  

 Verify that the Cauchy-Riemann equations yx vu =  and xy vu −=  are 

satisfied at the origin. 

 

E11) i) Recall that if iyxz +=  then 
2

zz
x

+
=  and 

i

zz
y

2

−
= . 

 By applying the chain rule in calculus to a function ),( yxF  of two                    

real variables, derive the expression 
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. 

 ii) Using the expression derived in part i), show that if the real and 

imaginary parts of the function ),(),()( yxivyxuzf +=  satisfy the  

  C-R equations, then 

  0)]()[(
2

1
=++−=

∂

∂
yxyx uvivu

z

f
. 

 

 

Using the polar coordinate system we can also derive the polar form of the 

Cauchy-Riemann equations. You know from Unit 1 that using the coordinate 

transformation θcosrx = , θsinry = , a function )(zfw =  of the complex 

variable θirez =  can be written in terms of polar coordinates in the form  
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 ),(),()( θθ rivruzfw +==       (18) 

where u  and v  are real valued functions of the real variables r  and θ . Using the 

chain rule for differentiating u  and v  with respect to r  and θ  and simplifying, 

the Cauchy-Riemann equations in polar form become 

    rr vruvru −== θθ , .       (19) 

The derivative )(zf ′  at a point z  is then  

  )()( rr

i
ivuezf +=′ − θ

.       (20) 

We are not going into the details of the derivation of Eqns. (19) here. 

We are leaving it as an exercise for you to do it yourself. 

 
 

E12) Derive the Cauchy-Riemann Eqns. (19) in polar form.  
 

 

We shall now illustrate how this change of coordinates to polar form sometimes 

make the computations easier. 

 

Example 8: Show that 
4

/1)( zzf = is differentiable at 0≠z . Also obtain )(zf ′ . 

Solution: Consider iyxz +=  where )0(sin,cos >== rryrx θθ . 

Now 
θi

erz =  and )(zf  can be written as ),(),(
1

)( 4

4
θθθ rivrue

r
zf i +== − . 

Clearly, θθ 4cos
1

),(
4r

ru =  and θθ 4sin
1

),(
4

r
rv

−
= . 

( ),( θru  and ),( θrv  are continuous and differentiable at every non-zero point 
θirez = ). 

 

Now we compute the partial derivatives: 
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54

4sin44sin4 θθ
θ . 

Therefore, the C-R equations are satisfied at every non-zero point θirez =  and all 

the partial derivatives with respect to r  and θ  are continuous. Hence f  is 

differentiable everywhere when 0≠z . The derivative )(zf ′  is given by 

 )()(
rr

i
viuezf +=′ − θ
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*** 
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Analytic Functions 
It follows from the discussion so far that for a given complex valued function f  

satisfaction of the Cauchy-Riemann equations at a point is not sufficient to ensure 

the existence of the derivative of the function f  at that point. It is thus clear that 

we need some additional hypothesis for the function .f  Surprisingly, what we 

require is nothing more than certain continuity conditions as given by the 

following theorem. 

  

Theorem 5: The function ),(),()( yxivyxuzf +=  is differentiable at a point 

iyxz +=  if the partial derivatives yxyx vvuu ,,,  are continuous and satisfy the 

Cauchy-Riemann equations 
xyyx

vuvu −== ,  there. The derivative is then given 

by xx ivuzf +=′ )( . 

 

Proof: Consider the point iyxz +=  and define yixz ∆+∆=∆ . Then  

),(),(),,(),( yxvyyxxvvyxuyyxxuu −∆+∆+=∆−∆+∆+=∆ . 

You may now recall from your knowledge of two variable calculus (the mean 

value theorem) that because of the continuity of yxyx vvuu ,,,  at a point ),( yx , we 

may write 

 0lim|,| 1
0

1 =∆+∆+∆=∆
→∆

εε
z

yx zyuxuu         (21) 

and 

 0lim|,| 2
0

2 =∆+∆+∆=∆
→∆

εε
z

yx zyvxvv         (22) 

Now let )(zfw = , then 

  )()( zfzzfw −∆+=∆  

      viu ∆+∆=                                                                                      (23) 

Now substituting the expressions from Eqns. (21) and (22) into Eqn. (23), we get  

 .||)()( 21 ziyvxviyuxuw yxyx ∆++∆+∆+∆+∆=∆ εε  

Further, using the Cauchy-Riemann Equations in the above equation, we get 

 ||)()()( 21 ziyixivuw xx ∆++∆+∆+=∆ εε  

.
||

)()( 21
z

z
iivu

z

w
xx

∆

∆
+++=

∆

∆
∴ εε  

Putting )( 21 εεε i+=  and noting that ,1
||

,0lim
0

=
∆

∆
=

→∆ z

z

z
ε  we get that )(zfw =  

is differentiable with derivative xx ivuzf +=′ )( . 

–     – 

 

Theorem 5 gives the sufficient condition for the differentiability of a complex 

valued function at a point. 
 

As an illustration to Theorem 5, consider the following example. 

 

Example 9: Show that )(zf ′  exists everywhere when 
z

ezf =)(  and find its 

value. 

Solution: The given function is  

 
iyxz

eeezf
−−− ==)(  , )( iyxz += . 

We can write it in the form 

 )sin(cos)( yiyezf
x −= −

. 
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Analytic Functions Here yeyxu x cos),( −=  and yeyxv x sin),( −−= . 

 

Since we have yevu
x

yx cos−−==  and yevu
x

xy sin−−=−=  everywhere and 

these derivatives are everywhere continuous, the conditions in Theorem 5 are  

satisfied at all points in the complex plane. Thus, )(zf ′  exists everywhere and  

 yeiyezf
xx
sincos)(

−− +−=′  

         )sin(cos yiye
x −−= −

 

         )(zfe
z −=−= −

. 

*** 
 

You may now try the following exercises. 
 

 

E13) Determine where )(zf ′  exists when zzzf Im)( =  and find its value. 

 

E14) Show that the function )3(3)(
2323
yxyixyxzf +++=  is differentiable 

only at points that lie on the coordinate axes. 

 

E15) Let )(ln2)(ln)(
22

rirzf θθ +−=  where 0>r  and πθπ ≤<− . Show that 

f  is differentiable for πθπ <<−> ,0r  and find )(zf ′ . 
 

 

In the next section we shall study about a class of functions, called analytic 
functions, which are differentiable not only at a single point but have derivatives 

at all the points in a neighbourhood of that point. 
 

2.4 ANALYTICITY 

 
Let us now discuss the concept of analyticity of the complex valued functions. 

We start with the following definitions: 

 

Definition 2: A complex valued function f is said to be analytic (or 

holomorphic) at a point 0z  if f  is differentiable at 0z  and at every point in some 

neighbourhood of 0z . 

 

Definition 3: A complex valued function f  is said to be analytic in an open set 

U  if it is differentiable at every point of U . 

 

From the above definitions, it is clear that a function f  is analytic at a point 0z  

if it is analytic on some open set containing the point 0z  or you can say, there 

exists a positive real number r  such that f  is analytic on the open disc ),( 0 rzD . 

Accordingly, f  is analytic on a set of complex numbers if it is analytic on an 

open set containing that set. 

 
You may notice here that analyticity at a point is not the same as differentiability 

at that point. It is the differentiability at all points in some ε -nbd of that point. 
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Analytic Functions 
We may thus say that being analytic is stronger than being differentiable as 

illustrated in the example given below. 
 

Example 10: Show that the function 
2
||)( zzf =  is differentiable at 0=z  but it 

is nowhere analytic. 

Solution: We see that  

)00()0(0limlim
||

lim
)0()0(

lim
00

2

00
→⇒→′=====

−+

→→→→
hhfh

h

hh

h

h

h

fhf

hhhh
Q

 
  

Thus, f  is differentiable at 0=z . 
 

Now putting iyxz +=  and ),(),()( yxivyxuzf +=  where 

0),(,),(
22 =+= yxvyxyxu , we find that 

 0),(,2),(,2),( =
∂

∂
=

∂

∂
=

∂

∂
yxv

x
yyxu

y
xyxu

x
 and 0),( =

∂

∂
yxv

y
. 

Clearly, the Cauchy-Riemann equations are satisfied only at 0=z . That means 

function is nowhere differentiable excepts at 0=z . It cannot therefore be analytic 

at any point. 
*** 

 

We now take up some more examples. 

 

Example 11: Show that the function ixyyxzf 2)(
22 ++=  is nowhere analytic. 

Solution: We identify the functions 
22

),( yxyxu +=  and xyyxv 2),( = . The 

equation yx vu =  becomes xx 22 = , which holds everywhere. But the equation 

xy vu −=  becomes yy 22 −= , which holds only when 0=y . Thus f  is 

differentiable only at points that lie on the real axis. However, for any point 

000 ixz +=  on the real axis and any δ -neighbourhood of 0z , the point 

2/01 δ+= ixz  is a point at which f  is not differentiable (see Fig. 3). Therefore, 

f  is not differentiable in any neighbourhood of 0z  and consequently, it is not 

analytic at 0z . 

*** 
 

Example 12: Let )(zf  be analytic in a domain D , and let D  be the image of D  

with respect to x-axis, }):{( DzzD ∈=  see Fig. 4. Show that )()( zfzF =  is 

analytic in D . 

Solution: Let a  be an arbitrary point of D . We have to show that )(aF ′  exists. 

If ω== zba ,  then 
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az

aFzF

−

−
=

−

− )()()()(
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

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                       
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

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−
=

b

bff

ω

ω )()(
. 

Fig. 3 

Fig. 4 
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Analytic Functions Now if Daz ∈,  then DbaDz ∈=∈= ,ω . Keeping in view the analyticity of 

)(zf  and the fact that if az →  in D  we have )()( abz =→=ω  in D  (as 

conjugation is a continuous function). 

Therefore, 

 








−

−
=

−

−

→→ b

bff

az

aFzF

baz ω

ω
ω

)()(
lim

)()(
lim  

      )()( afbf ′=′=   

             )()( afaF ′=′⇒ . 

It shows that )(zF  is analytic in D . 

*** 
 

Before we proceed further, you may try the following exercises. 
 
 

E16) Find the points of the complex plane at which the following functions are 
analytic 

 i) )(2)( 22 yxixyzf −+=  ii)     
z

zf
1

)( = . 

 
E17) Verify that the function  
  θirzg += ln)(   )20,0( πθ <<>r  

 is analytic in the indicated domain of definition, with derivative 
z

zg
1

)( =′ . 

Then show that the composite function )1()(
2 += zgzG  is analytic in the 

quadrant 0,0 >> yx , with derivative 
1

2
)(

2 +
=′

z

z
zG . 

 

 

There is a class of functions which are analytic at every point in the finite 
complex plane and are defined as follows: 

 
Definition 4: A function differentiable/analytic everywhere in the finite complex 

plane is called an entire function. 
 

For instance, every complex polynomial is an entire function as the derivative 
of a polynomial exists everywhere. Also, you can see that elementary 

trigonometric functions zz cos,sin , exponential function z

e  are 

differentiable at every point of the complex plane and hence are entire 

functions. Following are examples of some more entire functions. 

 
Example 13: Verify that each of these functions is entire 

i) )3(3)( xyiyxzf −++=  

ii) xeixezf
yy
cossin)(

−− −= . 

Solution: Here we will use Theorem 5, the sufficient condition of 

differentiability, to show that the given functions are entire. If we put function 

)(zf  in the form ),(),( yxivyxu +  then we have 

i) yxyxu += 3),(  and xyyxv −= 3),( . Now the partial derivatives are given 

by 
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 1),(,1),(,3),( −=== yxvyxuyxu

xyx
 and 3),( =yxvy . 

 It can be seen that all the partial derivatives exist and are continuous (in fact 
they are constant) at every point of the complex plane and they satisfy the 

C-R equations yx vu =  and xy vu −= . Therefore by Theorem 5, f  is 

differentiable at every point of the complex plane with derivative 

iivuzf xx −=+=′ 3)( . 

 

ii) xeyxu
y

sin),(
−=  and xeyxv

y
cos),(

−−= . You can easily compute the 

partial derivatives  

 xeyxuxeyxu
y

y

y

x
sin),(,cos),( −− −==   

 and xeyxvxeyxv
y

y

y

x
cos),(,sin),( −− == . 

 Since y
e

− , xsin  and xcos  are defined for all real numbers x  and y  and 

are real differentiable everywhere, these partial derivatives are defined and 

continuous at  every point of the complex plane. Moreover, you may 

observe that ),(),(),,(),( yxvyxuyxvyxu xyyx −==  for all ),( yx . Thus 

they satisfy the C-R equations everywhere. By Theorem 5, )(zf  is 

differentiable at every point of the complex plane with derivative 

xiexezf
yy

sincos)(
−− +=′ . 

 

Alternatively, we have  

i) )3(3)( xyiyxzf −++=  

    )()(3 iyxiiyx +−+=  

    ziizz )3(3 −=−=  

Obviously, f  is analytic in the entire complex plane with derivative izf −=′ 3)( . 

ii) )cos(sincossin)( xixexiexezf
yyy −=−= −−−

 

            )sin(cos xixie
y +−= −

 

            
ixy

eie
−−=  

            iziyxi
ieie −=−= + )( . 

Again, f  is analytic in the entire complex plane with derivative  

 xiexeezf
yyiz

sincos)(
−− +==′ . 

*** 

 

Let us consider the two functions  
2
||)( zzf =  and 

z
zf

1
)( = . From Example 10 

you know that 
2
||)( zzf =  is nowhere analytic where as, 

z
zf

1
)( =  is analytic at 

every point in the finite plane except at the point 0=z , i.e. at the origin (ref.  

E16 ii)). Such a point is called a singular point, or singularity, of 
z

zf
1

)( = . 

Formally, we give the following definition. 

 

Definition 5: A point 0z  is called a singular point (or singularity) of a function 

f  if f  is analytic at some point in every neighbourhood of 0z  but fails to be 

analytic at 0z . 



 

 

59 

Analytic Functions 
We can thus say that 00 =z  is a singular point of the function 

z
zf

1
)( =  whereas, 

function 
2
||)( zzf =  has no singular point since it is nowhere analytic. There 

exists no neighbourhood (about any point of C ) which contains a point at which 

the function 
2
||)( zzf =  is analytic, so the function has no singularity in C . We 

shall be discussing about the singularities of complex valued functions in detail in 

Unit 7. 

 

Before moving further, you may recall a result from your real analysis course 

about the constancy of a differentiable real valued function. Vanishing of the first 

derivative of the function throughout the domain of definition implies the 

constancy of the function. We now prove a proposition giving a similar result for 

complex valued functions. But before that let us consider a lemma regarding  

real-valued functions on a domain of complex plane. The result proved in the 

lemma will be useful for further discussion. 

 

Lemma 1: Suppose ),( yxu  has partial derivatives xu  and yu  that vanish at 

every point of the domain D . Then u  is a constant throughout D . 

 

Proof: Proof of the lemma requires you to remember the following two results. 

 

1.  Any two points in the domain can be joined by a polygonal line consisting 

of finite number of line segments joined end to end lying entirely in D . 

 

2.  The mean value theorem of two variable calculus. 

 

For the sake of simplicity (there is no loss of generality) we consider two points 

),( ba  and ),( dc  in the domain joined by a polygonal path consisting of one 

horizontal (parallel to x-axis) and one vertical (parallel to y-axis) line segments as 

shown in Fig. 5.  

 
Fig. 5 

 

We are given that the partial derivatives yx uu ,  are everywhere vanishing. 

Now considering the line segment connecting the points ),( ba  and ),( bc  and 

using the mean value theorem (MVT), we have 

 
)(0),(

),(),(
cabu

ac

baubcu
x <α<=α=

−

−
.        (24) 

It then follows from Eqn. (24) that  

 ),(),( bcubau =         (25) 
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Similarly, considering the line segment connecting the points ),( bc  and ),( dc  

and applying MVT we observe that  

)(0),(
),(),(

dbcu
bd

bcudcu
y

<<==
−

−
ββ .            (26) 

which gives  

 ),(),( dcubcu =  .       (27) 

From Eqns. (25) and (27), we then have  
 ),(),( dcubau =  

i.e., the value of u  at the points ),( ba  and ),( dc  remains same. 

 

Since ),( ba  and ),( dc  are arbitrarily chosen points in the domain D  we can say 

that the value of u  at every point of D  remains same. That is, u  is constant 

throughout D . 

–     – 

 

We now consider the following proposition: 

 

Proposition 1: Suppose that f  is an analytic function in a domain D . Then f  

will be a constant function if any of the following conditions are satisfied in D : 

(i) 0)( =′ zf  )( Dz∈∀ ; 

(ii) |)(| zf  is constant in D ; 

(iii) )(zf  is real for all Dz ∈ ; 

(iv) arg )(zf  is constant in D ; 

(v) fRe  is constant in D ; 

(vi) fIm  is constant in D . 

 

Proof: Let ),(),()( yxivyxuzf +=  where u  and v  are real valued functions of 

the variables x  and y . 

(i) If 0)( =′ zf  for all Dz ∈  then clearly all partial derivatives xyx vuu ,,  and 

yv  vanish at every point of the domain D . By Lemma 1, u  and v  are 

constant and hence f  is a constant. 

 

(ii) If 0|)(| =zf  then obviously )(zf is identically zero and hence a constant. 

 

 Suppose 0|||)(| ≠=+= civuzf . 

 Then  

  
222

cvu =+ .       (28) 

 Now differentiating Eqn. (28) partially with respect to x  and y , we get  

  0=+ xx vvuu  and 0=+ yy vvuu . 

 Solving the above equations and using the C-R equations, we obtain 

0,0,0 === yxx uvu  and 0=yv . 

 By Lemma 1, u  and v  are constant which implies that function f  is a 

constant. 

 

(iii) As )(zf  is real for all yx vvDz ==∈ 0, . Since the C-R equations are 

satisfied we get, yx uu == 0 . As all the partial derivatives yxyx vvuu ,,,  are 

zero, we conclude that f  is a constant. 
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(iv) We are given that c

u

v
=−1tan  (a constant) which implies cuv tan= . 

 Differentiating v  with respect to x  and y , we obtain 

 cuvcuv yyxx tan,tan == .      (29) 

 Using the C-R equations, Eqns. (29) reduces to  

 cuucuu yxxy tan,tan ==− .      (30) 

 Solving Eqns. (30), we get yx uu == 0  and from Eqns. (29), we get 

yx vv == 0
 
and thus f  is a constant. 

 

(v) Given that cu =  (a constant). This implies that yx uu == 0  and using the 

C-R equations, we get that yx vv == 0 . We conclude that f  is a constant. 

 

(vi) Proceed as in (v) above (interchange u  and v ). 

–     – 

 
Remark 6: You may note here that the connectedness of D  is essential for 

Proposition 1 to hold. It will not hold true if the domain D  is merely an open set. 

For example, consider an open set U  which is the union of two disjoint open 

discs }1|2|:{1 <+= zzD  and }1|2|:{2 <−= zzD . Define a function f  as 

 




∈−

∈
=

2

1

if1

 if1
)(

Dz

Dz
zf  

Obviously, function f  is analytic in U . It satisfies all the conditions listed in 

Proposition 1 but it is not a constant function in .U  However, the function is 

constant on each connected subset of .D  

 

You may now test your understanding of the concepts discussed above while 

doing the following exercises: 

 

 

E18) State why a composition of two entire functions is entire. Also state why 

any linear combination )()( 2211 zfczfc +  of two entire functions, where 1c  

and 2c  are complex constants, is entire. 

 

E19) Determine the singular points of the function 
)22()2(

1
)(

2

2

+++

+
=

zzz

z
zf  

and state why the function is analytic everywhere except at those points. 

 

E20) If 0)( =′ zf  everywhere in a disc }||:{ RzzD ≤= , then )(zf  must be 

constant throughout D . 

 

E21) If )(zf  and )()( zfzg =  are analytic functions in a domain D  then show 

that )(zf  is constant in D .  
 

 

Remark 7: A function f  such that f  is analytic is called anti-analytic. Thus 

from E21) above, you may observe that a function which is analytic as well as 

anti-analytic has to be a constant function. 
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In the next section, we deal with harmonic functions which are real-valued 

functions of two real variables which satisfy the Laplace’s equation. Laplace 

equation is named after a French mathematician, Pierre, Simon de Laplace (1749-

1827) who first studied its properties. This equation is of fundamental importance 

in the mathematical modelling of 2-dimensional physical problems concerning 

fluid flow, steady state heat conduction, electrostatics and other phenomenon.  

 

2.5 HARMONIC FUNCTIONS 

 

We begin with a formal definition of harmonic function. 

 

Definition 6: A real valued function H  of two real variables, defined on a 

domain D  of xy -plane that is, 

 RR →⊂ 2
: DH , 

is called a harmonic function if the first and second order partial derivatives of 

H  with respect to the variables x  and y  exists and are continuous everywhere 

in D  (that is, H  is a 2
C -function) and these second order partial derivatives 

satisfy the differential equation 

 Dyx
y

H

x

H
H ∈=

∂

∂
+

∂

∂
≡∇ ),(,0

2

2

2

2
2 , 

known as Laplace’s equation. Here 2∇  is the second order differential operator 

called the Laplacian. 

 

Harmonic functions occur widely in applied mathematics and are solutions to 

many physical problems. They occur in the study of temperature in thin plates in 

the xy -plane and to study variations in an electrostatic potential in the interior of 

a region in three-dimensional space. We shall be discussing some of these 

applications later in Unit 10. 

 

We now take up some examples of harmonic functions. 

 

Example 14: Show that the function RR →2
:H  given by xyyxH 2),( =  is 

harmonic. 

Solution: Here H  is a polynomial in two variables therefore all its partial 

derivatives of all order exists and are continuous throughout the xy -plane. 

Moreover, 

 000
2

2

2

2

=+=
∂

∂
+

∂

∂

y

H

x

H
. 

i.e., H  satisfies the Laplace’s equation also and hence it is harmonic. 

It is one of the simplest example of non-constant harmonic function defined on 

the whole plane.  

*** 

 

Example 15: Show that the functions yeyxu
x

cos),( =  and yeyxv
x

sin),( =  

are harmonic. 

Solution: You may easily check that first and second order partial derivatives of 

),( yxu  and ),( yxv , with respect to the variables x  and y , exists and are 

continuous. You may also recall from your knowledge of undergraduate real 
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2
C -functions. In fact their partial derivatives of all order exists. 

Further, observe that 

  ye
x

yxu x cos
),(

2

2

=
∂

∂

 
and  ye

y

yxu x
cos

),(
2

2

−=
∂

∂
 

which implies that 0
2 =∇ u . Similarly, you can see that 0

2 =∇ v . 

Thus the functions ),( yxu  and ),( yxv  are harmonic. 

***  

 

You may note that in Example 15, the real-valued functions ),( yxu  and ),( yxv  

are the component functions of the exponential function )sin(cos yiyee
xz +=  

which is an entire function. In fact, Example 15 serves as an illustration to a 

theorem which we are stating now. 

 

Theorem 6: If a function ),(),()( yxivyxuzf +=  is analytic in a domain D , 

then its component functions u  and v  are harmonic in D . 

 

Proof: To prove this theorem we need a result namely, if a function of complex 

variable is analytic at a point, then its derivatives of all order exist at that point 

and are, all analytic there. We shall be proving the result later in Unit 5 (see 

Theorem 5, Sec. 5.3). 

Let us assume that f  is analytic in .D  Then the real and imaginary components 

of f  satisfy the Cauchy-Riemann equations 

 xyyx vuvu −== ,        (31) 

throughout D . Differentiating both sides of Eqns. (31) with respect to x , we 

have  

 xxxyxyxx vuvu −== , .       (32) 

Similarly, differentiating both sides of Eqn. (31) with respect to y , we get  

 xyyyyyxy vuvu −== ,        (33) 

By a theorem in advanced calculus course, which you would have studied at your 

undergraduate level, the continuity of the partial derivatives of u  and v  gives 

xyyx uu =  and yxxy vv = . Using them in Eqns. (32) and (33), we obtain 

 0=+ yyxx uu  and 0=+ yyxx vv . 

Thus, u  and v  are harmonic in D . 

–     – 

 

As an illustration to the theorem, consider the function C→Df :  defined as 

z
zf

1
)( = . You have already seen in E 16 ii) that the function f  is an analytic 

function in the domain }0{\C=D . You can easily check that its real and 

imaginary parts 
22

),(
yx

x
yxu

+
=  and 

22
),(

yx

y
yxv

+

−
= , respectively are 

harmonic in the xy -plane except at the origin. 
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Analytic Functions E22) Show that the functions 
22

),(
yx

x
yxu

+
=  and 

22
),(

yx

y
yxv

+

−
=  are 

harmonic in the xy -plane except at the origin. 
 

 

You may observe here that we cannot choose two arbitrary harmonic functions 

u  and v  and claim that the resulting function ivuf +=  is analytic. For instance, 

xyxu =),(  and yyxv −=),(  are harmonic functions in C , but 

ziyxivuf =−=+=  is nowhere analytic. Infact, it is nowhere differentiable (ref. 

Example 2). Similarly, consider the function )cos(sin yiyef x += , where we 

have interchanged the real and imaginary components of the complex exponential 

function ze . You have seen in Example 15 that both the component functions are 

harmonic but the function is not analytic. You can check that C-R equations are 

nowhere satisfied. 

  

If two harmonic functions ),( yxu  and ),( yxv  in a domain D  satisfy the C-R 

equations throughout D  then ),( yxv is called the harmonic conjugate function 

of ),( yxu . For instance, in Example 15, yeyxv
x

sin),( =  is the harmonic 

conjugate of yeyxu x cos),( = . 

 
Note that the word conjugate here is not the same as conjugate of a complex 

number z . Further, the harmonic conjugate ),( yxv  of ),( yxu  is unique and is 

determined up to an additive constant. But then the question is how to find the 

harmonic conjugate of a given function? 

 

Before we give you a method of finding the conjugate harmonic function of a 

given function consider the following theorem which gives a useful result about 

conjugate harmonic functions. 

 

Theorem 7: A function ),(),()( yxivyxuzf +=  is analytic in a domain D  if 

and only if v  is harmonic conjugate of u . 

 

Proof: Let us first assume that v  is the harmonic conjugate of u  in D . Then by 

Theorem 5, f  is analytic in D . Conversely, if f  is analytic in D  then we know 

from Theorem 6 above that u  and v  are harmonic in D  and by virtue of 

Theorem 4 they satisfy the Cauchy-Riemann equations. 
This completes the proof of the theorem. 

–     – 

 

We now take up a few examples and illustrate the method of finding the 

conjugate harmonic function of a given function. 

 

Example 16: If the function 22),( yxyxu −=  is harmonic find its harmonic 

conjugate. 

Solution: We have x
x

u
2=

∂

∂
 and y

y

u
2−=

∂

∂
. Then from the C-R equations we 

know that the conjugate function ),( yxv  satisfies 

 
y

x

v
2=

∂

∂
, and x

y

v
2=

∂

∂
       (34) 
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 )(2 ygxyv += , where )(yg  is a function of y  only.   (35) 

Differentiating Eqn. (35) with respect to y  and substituting the value of 
y

v

∂

∂
 in 

the second equation of Eqns. (34), we get 0)( =′ yg . Thus )(yg  is a constant and 

the conjugate function v  is cxyv += 2 , where c  is a constant of integration. 

*** 

 

You may note that in Example 16, 22),( yxyxu −=  and xyyxv 2),( =  are the 

real and imaginary components, respectively of the entire function 
222 2)( zxyiyxzf =+−=  and v  is harmonic conjugate of u  throughout the 

complex plane. However, in view of Theorem 7, u  cannot be the harmonic 

conjugate of v  since the function )(2)( 22 yxixyzf −+=  is not analytic 

anywhere (See E16 i)). Thus if v  is a harmonic conjugate of u  in some domain 

than it is not necessary that u  is a harmonic conjugate of v  there. 

 

Example 17: Find the conjugate harmonic function ),( yxv  corresponding to 

xyxyxu +−= 22),(  on the domain ∞<|| z (whole complex plane). 

Solution: Obviously ),( yxu  being a polynomial in variables x  and y  is 

continuously differentiable upto any order (remember we need only upto order 2 

and clearly here partial derivatives 
2

22

2

2

,,,,
y

u

xy

u

x

u

y

u

x

u

∂

∂

∂∂

∂

∂

∂

∂

∂

∂

∂
 exist and are 

continuous on ∞<|| z ).  Also we have  

 022
2

2

2

2

=−=
∂

∂
+

∂

∂

y

u

x

u
. 

Thus ),( yxu  is harmonic function on domain ∞<|| z . If ),( yxv  is conjugate to 

),( yxu  then they satisfy the C-R equations and we have 

 12 +=
∂

∂
=

∂

∂
x

x

u

y

v
,  y

y

u

x

v
2=

∂

∂
−=

∂

∂
.     (36) 

Integrating the first equation of Eqns. (36) with respect to y , treating x  as a 

constant, we obtain  

)(2 xcyxyv ++=            (37) 

where )(xc  is an arbitrary function of x  only.   

Differentiating Eqn. (37) with respect x  and using the second equation of Eqns. 

(36), we get 

 0)()(22 =′⇒′+==
∂

∂
xcxcyy

x

v
 

which gives cxc =)( , where c  is an arbitrary complex constant. Therefore, from 

Eqn. (37) the conjugate harmonic function is given by 

 cxycyxyyxv ++=++= )12(2),(  

*** 

 

Summing up the discussion above, we say that if a real valued function ),( yxv  is 

the harmonic conjugate of function ),( yxu  in a given domain then 

 

(i) both ),( yxu  and ),( yxv  satisfy the Laplace’s equation. 
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(ii) ),( yxu  and ),( yxv  satisfy the C-R equations, xyyx vuvu −== ,  in the 

domain. 

 

(iii) ),(),()( yxivyxuzf +=  is analytic in the domain. 

 

You may now try the following exercises. 

 
 

E23) Find the harmonic conjugate of the function yeyxu
x

cos),( = . 

 

E24) Show that if v  and V  are harmonic conjugates of u  in a domain D , then 

),( yxv  and ),( yxV  can differ at most by an additive constant. 

 

E25) Suppose that v  is the harmonic conjugate of u  in a domain D  and also that 

u  is the harmonic conjugate of v  in D . Show that both ),( yxu  and 

),( yxv  must be constant throughout D . 

 

E26) Show that ),( yxu  is harmonic in some domain and find the harmonic 

conjugate ),( yxv  when 

 i) yxyxu sinsinh),( =  

 ii) 
22

),(
yx

y
yxu

+
= . 

 

E27) Let the function ),(),()( θθ rivruzf +=  be analytic in a domain D  that 

does not include the origin. Using the Cauchy-Riemann equations in polar 

form and assuming the continuity of the partial derivatives, show that 

throughout D , the function ),( θru  satisfies the partial differential equation 

   0),(),(),(2 =++ θθθ θθ rururrur rrr  

 which is the polar form of the Laplace’s equation. Further, show that the 

same is true for the function ),( θrv . 
 

 

We now end this unit by giving a summary of what we have covered in it. 

 

2.6 SUMMARY 

 

In this unit we have covered the following: 

 

1) Differentiation of complex valued functions of complex variables. 

 

2) The Cauchy-Riemann equations are the pair of partial differential equations  

  
),(),( 0000 yxvyxu yx =  and ),(),( 0000 yxvyxu xy −= . 

which the first-order partial derivatives of the component functions u  and 

v  of a function ),(),()( yxivyxuzf +=  must satisfy at a point ),( 000 yxz =  

when the derivative of f  exists there. 

 

3) The Cauchy-Riemann equations provide the necessary conditions for the 

existence of the derivative of a function f  at a point. But their satisfaction 



 

 

67 

Analytic Functions at a point is not sufficient to ensure the existence of the derivatives of a 

function f  at that point. 

 

4) For a function ),(),()( yxivyxuzf +=  which is defined on an open set U , 

if f  is differentiable at a point Uz ∈0 , then ),( yxu  and ),( yxv  satisfy the 

Cauchy-Riemann equations at 0z . Conversely, if the first order partial 

derivatives of ),( yxu  and ),( yxv  are continuous and satisfy the Cauchy-

Riemann equations at a point Uz ∈0  then ),(),()( yxivyxuzf +=  is 

differentiable at Uz ∈0 . 

 

5) A function f  is said to be analytic at a point 0z  if it is analytic on some 

open set containing the point 0z . f  is said to be analytic on a subset of 

complex numbers if it is analytic on an open set containing that subset. 

 

6) A real valued function H  of two real variables x  and y , defined on a 

domain D  of the xy -plane is a harmonic function if the first and the second 

order partial derivatives of ,H  with respect to the variables x  and ,y  exists 

and are continuous everywhere in D . Further, these second order partial 

derivatives satisfy the Laplacian 

  

Dyx
y

H

x

H
H ∈∀=

∂

∂
+

∂

∂
=∆ ),(,0

2

2

2

2
2 . 

 

7) The real and the imaginary parts of an analytic function are harmonic 

functions. 

 

2.7 SOLUTIONS/ANSWERS 

 

E1) i) We have for 0≠h  

  
h

zfhzf

h

zgzfhzghzf )()()]()([)]()([ −+
=

+−+++

 

           h

zghzg )()( −+
+  

  Now taking the limit as 0→h , we have  

   )()(
)]()([)]()([

lim
0

zgzf
h

zgzfhzghzf

h
′+′=

+−+++

→
. 

  Therefore, the limit of the right hand side expression exists and we 

have  

   )()()]()([ zgzfzgzf
dz

d
′+′=+ . 

  which proves Formula (3). 
 

 ii) Let 
)(

)(
)(

zg

zf
zk = . We then have  

  
hhzgzg

hzgzfhzfzg

h

zkhzk

)()(

)()()()()()(

+

+−+
=

−+

 

           hhzgzg

hzgzfzgzfzgzfhzfzg

)()(

)()()()()()()()(

+

+−+−+
=   
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hhzgzg

zghzgzf

hhzgzg

zfhzfzg

)()(

)]()()[(

)()(

)]()()[(

+

−+
−

+

−+
= . 

  Now taking the limit 0→h  and noting that the function )(zg  being 

differentiable is continuous as well, thus )()( zghzg →+  as 0→h , 

and we have  

 

   
20 )]([

)()()()()()(
lim

zg

zgzfzfzg

h

zkhzk

h

′−′
=

−+

→
 

     or   
2)]([

)()()()(
)(

zg

zgzfzfzg
zk

′−′
=′     

    or  
2)]([

)()()()(

)(

)(

zg

zgzfzfzg

zg

zf

dz

d ′−′
=








. 

   

 

E2) Let f  and g  satisfy the hypothesis of Theorem 3 with )(zf=ζ  and 

)(ζgw = .  Then the differentiability of f  at z  and of g  at )(zf  gives 

  0lim|,|)( 1
0

1 =∆+∆′=∆
→∆

εζεζζ
ζ

gw  

 and 

  0lim|,|)( 2
0

2 =∆+∆′=∆
→∆

εεζ
z

zzzf . 

 From these two equations we deduce that  

  ||||)()()( 12 ζεεζζ ∆+∆′+∆′′=∆ zgzzfgw . 

 Now dividing the above equation by z∆  and letting 0→∆ z  and noting 

that as 0→∆ z  0→∆ζ , and hence 01 →ε  as well as 02 →ε , we obtain  

  )())(()()()()( zfzfgzfgzfg
dz

dw
′′=′⇒′′= oζ . 

 

E3) Write nm −= .  Then 0(
1

)( >=== − m
z

zzzf
m

mn  and )0≠z . 

 Using Eqns. (5) and (11), we have  

  
m

m

m

mm

m z

mz

z

z
dz

d
z

dz

d

zdz

d
2

1

2

0

)(

)(.1).1(
1 −−

=
−

=







 

        11 −−− =−= nm
nzmz  

 1)( −=⇒ nn nzz
dz

d
. 

 

E4) i) Here 
h

zImhImzIm

h

zImhzIm

h

zfhzf )()()()()()()( −+
=

−+
=

−+
 

                      
h

hIm )(
= . 

  Let ),( 21 hhh = .  If h  approaches the origin horizontally through 

)0,( 1h , we get 0)Im( =h .  Thus 0
)()(

=
−+

h

zfhzf
.  Hence, if the 

limit exists, its value must be zero. 
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then 2)( hhIm =  and  1
)()(

=
−+

h

zfhzf
. Thus )(zf ′  does not exist. 

  

 ii) Proceed as in i) above. 

 

E5) ||)( zzf =  is continuous (ref. Example 15, Unit 1). 

 If ),( 21 hhh = , then  

 




<→+=−

>→+=
→=

−

0when0for0for1

0when0for0for1||)0()(

111

111

hhihh

hhihh

h

h

h

fhf
 

 Thus || z  is not differentiable at 0=z .  Infact ||)( zzf =  is nowhere 

differentiable in C . 

 

E6) Show that 
2
||)( zzf =  is a continuous function which is differentiable only 

at the origin. 

 

E7) Here 0),( =yxv , yx vv == 0 .  Also 

  0
)0,0()0,(

lim
0

=
−

=
→ x

uxu
u

x
x . 

 On similar lines, 0=yu . Thus, the C-R equations are satisfied at 0=z .  On 

the other hand, 
iyx

xy

z

fzf

+
=

−

− ||

0

)0()(
.  Using the polar coordinates 

θcosrx =  and θsinry =  in the above equation, we get  

  
)sin(cos

|sincos|

0

)0()(

θθ

θθ

ir

r

z

fzf

+
=

−

−
 

       θθθ ie−= |sincos| . 

 The right hand side of the above equation is independent of r  but depends 

on θ .  For 0=θ  or 
2

π
θ =  the limit value is 0  but for 

4

π
θ =  the limiting 

value is 
2

1 i−
.  Therefore, 

0

)0()(
lim

0 −

−

→ z

fzf

z
 does not exist.  Hence )(zf  is 

not differentiable at 0=z . 

 

E8) i) We have xzzzf 2)( =+= . Thus xyxu 2),( =  and 0),( =yxv . 

  Therefore, 2),( =yxux  and 0),( =yxv
y

. 

  Since yx vu ≠ , the C-R equations are not satisfied at any point of C .  

Thus f  is nowhere differentiable. 

 

 ii) xiexezf
yy

sincos)( += .  Here xeyxu
y

cos),( =  and 

xeyxv
y

sin),( = .  Therefore, xeyxu
y

x sin),( −=  and 

xeyxv y
y sin),( = , 

  also xeyxu y
y cos),( =  and xeyxv

y
x cos),( = . 

  Thus, the C-R equations are not satisfied at any point and therefore it 

cannot be differentiable at any point. 

  Part iii) and iv) can be shown on the similar lines. 
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E9) 

33
)1()( yixzf −+= . 

 Here 
33

)1(),(,),( yyxvxyxu −== . 

Now the C-R equations are satisfied only if 22 )1(33 yx −−=  and 00 =  

which imply 0=x  and 1=y . Thus, the C-R equations are satisfied only at 

)1,0( , i.e., iz = . Also observe that in every neighbourhood of iz = , partial 

derivatives exist and are continuous. Therefore )(zf  is differentiable only at 

iz = . We can therefore write 
22

30.3)( xixviuzf xx =+=+=′ . 

 

E10) 








=

≠=

0when,0

0when,)(

2

z

z
z

z
zf . 

 We can write 
zz

z

z

z 32

= . 

 Hence, 








=

≠
+

−
=

,)0,0(),(,0

)0,0(),(,
3

),( 22

23

yx

yx
yx

xyx

yxu  

 and 









=

≠
+

−
=

).0,0(),(,0

)0,0(),(,
3

),( 22

23

yx

yx
yx

yxy

yxv  

 Now 1
/

lim
)0,0()0,(

lim)0,0(
23

00
==

−
=

→→ h

hh

h

uhu
u

hh
x . 

 Likewise, )0,0(0)0,0( xy vu ==  and 1)0,0( =yv . 

 Thus, the C-R equations are satisfied at )0,0( . 

 

E11) i) We express ),( yxF  as follows: 

)],(),,([ zzyzzxFF = . ( x  and y  are treated as functions of z   

         and z ) 

 

Now differentiating F  w.r.t z  and using the chain rule we get, 

   

.
2

1

2

1

2

1

..









∂

∂
+

∂

∂
=

∂

∂
−

∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂

y

F
i

x

F

y

F

ix

F

z

y

y

F

z

x

x

F

z

F

 

   

 ii) For a function ),(),()( yxviyxuzf +=  we are given that yx vu =  and 

xy vu −= . 

  Now 








∂

∂
+

∂

∂
=

∂

∂

y

f
i

x

f

z

f

2

1
   [by part i)] 

            )]([
2

1
yyxx viuiviu +++=  

            )]()[(
2

1
yxyx uvivu ++−=  

            0)0.0(
2

1
=+= i    [using the C-R equations] 
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  Thus, 0=

∂

∂

z

f
.         [complex form of the C-R equations] 

 

E12) We are given that Cauchy-Riemann equations are satisfied at some point 

00 ≠z .  As x  and y  are functions of r  and θ , using the chain rule for 

differentiating real valued functions of two real variables, we obtain 

  ryrxr yuxuu +=  and θθθ yuxuu
yx

+=  

 As θθθ θ sin,sin,cos rxyx
rr

−===  and θθ cosry = , we obtain 

  θθθθ θ cossin,sincos ruruuuuu
yxyxr

+−=+=   (38) 

  θθθ θ cossin,sincos rvrvvvvv
yxyxr

+−=+= .   (39) 

 As the C-R equations are satisfied, yx vu =  and xy vu −=  and Eqn. (39) 

becomes 

  θθθθ θ cossin,sincos ruruvuuv
xyxyr

+=+−=   (40) 

 at the point 0z .  It now follows from Eqns. (38) and (40) that θvru
r

=  and 

r
rvu −=θ  at the point 0z  which are the required C-R equations in polar 

form. 

 

E13) zImzzf =)( . 

 We express )(zf  as 
2

)()( yixyyyixzf +=+= . 

 Thus, xyyxu =),(  and 
2

),( yyxv = . 

First we try to find out those points at which the C-R equations are satisfied  

i.e., yx vu =  and xy vu −= . 

We get, yy 2=  and 00 =⇒= yx  and 0=x . 

 Thus the C-R equations are satisfied only at )0,0( , i.e. at 0=z .  We see that 

being the polynomial functions u  and v  are differentiable everywhere, i.e., 

there is a neighbourhood of 0=z  where the partial derivatives exist and are 

continuous. Thus, according to Theorem 5, )(zf  is differentiable only at 

0=z  with 000)0()0()0( =+=+=′ iviuf xx . 

 

E14) )3(3)(
2323
yxyixyxzf +++= . 

 Here 
23

3),( xyxyxu +=  and yxyyxv
23

3),( += . 

 Now xyvxyuyxu xyx 6,6,33 22 ==+=  and 22 33 xyvy += . 

 If )(zf  is differentiable at ),( yx then it must satisfy the C-R equations: 

   yx vu =  and xy vu −=  

 )(3)(3
2222

yxyx +=+⇒  [which is identically satisfied] and xyxy 66 −=  

 00 =⇒=⇒ xxy  or 0=y . 

 Thus, if )(zf  has to be differentiable then the points of differentiability are 

only those points which lie along coordinate axes.  Since the partial 

derivatives are continuous everywhere, therefore )(zf  is differentiable 

along coordinates axes, i.e., )(zf  is differentiable at points of the form 

)0,(x  or ),0( y  only.  
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E15) We have 

22
)(ln),( θθ −= rru , )(ln2),( rrv θθ = . 

 Clearly, u  and v  are defined in the indicated domain. We compute the 

partial derivatives  

 )(ln2,
2

,2),(ln
2

),( rv
r

vur
r

ru
rr

==−== θθ θθθ , which exist in the 

domain },0:),{ πθπθ <<−>rr  and are also continuous there. 

 Also, θvrr
r

rur
r

=== )(ln2)(ln
2

. , 

 and 
r

vr
r

ru −=







−=−=

θ
θθ

2
2 . The C-R equations are satisfied.   

 Hence, )(zf ′  exists for all z  in the indicated domain and 

)(ln
22

)(ln
2

)()( θθ θθθ ire
rr

ir
r

eviuezf ii

rr

i +=







+=+=′ −−− . 

 

E16) i) )(2)(
22

yxixyzf −+= . 

  We have, 
22

),(,2),( yxyxvxyyxu −== . 

  Therefore, yvxvxuyu yxyx 2,2,2,2 −====  and so the C-R 

equations are satisfied only at )0,0( . Thus )(zf  is nowhere analytic. 

Note that )0(f ′
 exists.  

 

 ii) 
22

1
)(

yx

iyx

zz

z

z
zf

+

−
===  

  We have, 
2222

),(,),(
yx

y
yxv

yx

x
yxu

+

−
=

+
= . 

  Therefore, 
222222

22

)(

2
,

)( yx

xy
u

yx

xy
u yx

+

−
=

+

−
=  

     
222

22

222 )(
,

)(

2

yx

xy
v

yx

xy
v yx

+

−
=

+
= . 

  The C-R equations are satisfied everywhere except at the origin. Also 

the first order partial derivatives exists and are continuous 

(polynomial functions) at all points except at the origin. 

  Function f  is analytic in the domain }0{\C=D . 

 

E17) We have )0()20,0(ln)( ≠<<>+= zrirzg πθθ .  Component functions 

are: rru ln),( =θ  and θθ =),(rv . 

 We have,  

  1,0,0,
1

==== θθ vvu
r

u
rr

. 

Observe that the partial derivatives exists in the indicated domain and are  

continuous there. The C-R equations are also satisfied as  

  θvur
r

==1  and 
r

vru −== 0θ . 

Hence, )(zg  is analytic in the indicated domain. 

Again, 
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.
111

0.
1

)()(

zrer
e

i
r

eivuezg

i

i

i

rr

i

===









+=+=′

−

−−

θ

θ

θθ

 

Applying the chain rule and taking 
z

zg
1

)( =′ , we get 

  .
1

2
2.

1

1
2).1()(

22

2

+
=

+
=+′=′

z

z
z

z
zzgzG   

 

E18) Let )(zf  and )(zg  be any two entire functions.  Then by definitions 

)(zf
dz

d
 and )(zg

dz

d
 exists everywhere in the complex plane.  Clearly, 

gf o  and fg o  are defined in the plane and zzgfzgf ∀= ))(()()( o  and 

zzfgzfg ∀= ))(()()( o . 

 Then by the chain rule: 

  )())(()()( ug
dz

d
zfg

dz

d
zgof

dz

d
==   ])([where uzf =  

                            

.)()).((

))(())((

).(

zzfzfg

zf
dz

d
zfg

dz

du
ug

du

d

∀′′=

′=

=

 

fg o⇒ is analytic everywhere. You may complete the remaining part 

yourself. 

 

E19) 
)22()2(

1
)(

2

2

+++

+
=

zzz

z
zf . 

  Singular points are the solutions of the equation: 

  0)22()2( 2 =+++ zzz . 

  izz ±−=−=⇒ 1,2 . 

 Since 
)(

)(
)(

zQ

zP
zf =  where )(zP and )(zQ  are polynomials we know from 

quotient rule of differentiations that )(zf ′  exists everywhere except at 

iz ±−−= 1,2  because the function is not defined at these points.  

 

E20) If ),(),()( yxviyxuzf += then 0)( =′ zf   implies 

 0=
∂

∂
=

∂

∂
=

∂

∂
=

∂

∂

x

v

y

u

y

v

x

u
, at every point of D . [using the C-R equations] 

Let ibap +=  and idcq +=  be points in D  (see Fig. 6).  Then at least one 

of idap +=1 and ibcq +=1  lies in D because 

 222222 ,, RdcRbaDqp <+<+⇒∈  

             
22222

22222

2)()(

2

Rbcda

Rdcba

<+++⇒

<+++⇒
 

             
222222

,oreither RbcRda <+<+⇒  (at least) 

             DqDp ∈∈⇒ 11 ,oreither . 

 
 

 

 
Fig. 6 
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Suppose Dp ∈1 , then ),()( dxuxf =  and ),()( yauxg =  are real functions 

with zero derivative and so they are constant.  Thus 

),(),(),( dcubaudau ==  and similarly ),(),( dcvbav = .  Thus )(zf  is 

constant )](),(),(),([ qudcupubau == . 

 

E21) We are given that ivuf +=  is analytic. Therefore by the C-R equations, 

we get yx vu =  and xy vu −= . Also ivuivufg −=+==  is analytic.  

Therefore by the C-R equations for g , we get yx vu −=  and xy vu = .  

Using these equations we get 02 =xu  and 02 =yu , which implies that u  is 

independent of x  and y . Thus u  is a constant. Similarly, show that v  is a 

constant and hence ivuf +=  is a constant. 

 

E22) 
22

),(
yx

x
yxu

+
=  and 

22
),(

yx

y
yxv

+

−
=  are real valued functions of two 

real variables x  and y  defined on the whole xy -plane except the origin.  

Their partial derivatives of all order exist in the xy -plane except at the 

origin. Also 

  

0
)(

)(2

)(

)(2
322

22

322

22

=
+

−
+

+

−
=+

yx

xyx

yx

yxx
uu yyxx . 

 Similarly, show that 0=+ yyxx vv . 

 Thus, functions ),( yxu  and ),( yxv  are harmonic in the xy -plane except at 

the origin. 

 

E23) From Example 15, ),( yxu  is harmonic . ye
x

u x cos=
∂

∂
 and ye

y

u x
sin−=

∂

∂
. 

The conjugate function satisfies 

  ye
y

v
ye

x

v xx
cos,sin =

∂

∂
=

∂

∂
. 

 Integrating first equation we get )(sin yyev
x φ+= , where )(yφ  is a 

function of y  alone. Substituting this value of v   in the second equation, 

we get 0)( =′ yφ .  Thus )(yφ  is a constant, and the conjugate function of u  

is cyev
x += sin , where c  is a constant. 

 

E24) Since v  and V , if exist, are harmonic conjugate of u  in a domain D .  

ivuzf +=)(  and iVuzf +=)(1  are analytic functions in D .  Now by the 

C-R equations: 

  xyyx vuvu −== ,  and xyyx VuVu −== , . 

  yy Vv =⇒  and xx Vv =  

  0)( =−⇒ yVv  and 0)( =− xVv  

  const=−⇒ Vv . 

 i.e. CVv += , where C is a constant. 

 

E25) Since v  is harmonic conjugate of u , we have from the C-R equations, 

  .),(),,(),(),,(),( Dyxyxvyxuyxvyxu
xyyx

∈−==   (41) 

 Since u  is harmonic conjugate of v , we have, 
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Analytic Functions   Dyxyxuyxvyxuyxv xyyx ∈−== ),(),,(),(),,(),(   (42) 

 From Eqns. (41) and (42), we obtain that 0),(,0),( == yxuyxu yx , 

0),( =yxvx  and 0),( =yxvy  in D .  Then by Lemma 1 ),( yxu  and 

),( yxv  are constant in D .  (you may note that D  is a domain, an open and 

connected set). 

 

E26) i) We know that 
2

sinh
xx ee

x
−−

=  and 
2

cosh
xx ee

x
−+

=  . Therefore, 

xx
dx

d
coshsinh =  and xx

dx

d
sinhcosh =  for all R∈x . 

  Also, we have  

   yxyxu
x

u
yxyxu

x

u
xxx sinsinh),(,sincosh),(

2

2

==
∂

∂
==

∂

∂
, 

  and   

   yxyxu
y

u
yxyxu

y

u
yyy sinsinh),(,cossinh),(

2

2

−==
∂

∂
==

∂

∂
. 

  Thus 2),(,0),(),( R∈=+ yxyxuyxu yyxx  which implies that 

),( yxu  is a harmonic function in a domain which is the whole 

complex plane.  If ),( yxv  is the harmonic conjugate of ),( yxu  then 

they must satisfy the C-R equations 

   ),(sincosh),( yxvyxyxu yx ==     (43) 

   ),(cossinh),( yxvyxyxu xy −== .   (44) 

  Now integrating Eqn. (43) with respect to y , treating x  constant, we 

get 

   )(coscosh),( xcyxyxv +−= ,     (45) 

  where )(xc  is function of x only.      

  Differentiating Eqn. (45) partially with respect to x  and then 

comparing with Eqn. (44), we get 0)( =′ xc  which implies that 

cxc =)(  (an arbitrary complex constant). 

  Thus, the harmonic conjugate of ),( yxu  is  

   cyxyxv +−= coscosh),( . 

  In particular, if we choose 0=c  then  

  yxyxv coscosh),( −=  is the harmonic conjugate of ),( yxu . 

 

 ii) It can be seen easily that domain in this case is the punctured complex 

plane }0{\C=D .  Now to check whether ),( yxu  is harmonic we 

compute 

   
322

22

222
)(

)3(2
),(,

)(

2
),(

yx

xyy
yxu

yx

xy
yxu xxx

+

−−
=

+

−
= , 

  and  

   
322

22

222

22

)(

)3(2
),(,

)(
),(

yx

yxy
yxu

yx

yx
yxu yyy

+

−−
=

+

−
= . 

  These expressions imply that 0),(),( =+ yxuyxu yyxx  for all 

)}0,0{(\),(
2
R∈yx  and therefore ),( yxu  is harmonic in the 

punctured complex plane D .  From the C-R equations, we obtain 
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222 )(

2
),(

yx

xy
yxvy

+

−
=      (46) 

   
222

22

)(
),(

yx

xy
yxvx

+

−
= .     (47) 

  Integrating Eqn. (46) with respect to y , we get  

  )(),(
22

xc
yx

x
yxv +

+
=  where )(xc  is function of x  only.  (48) 

  Differentiating Eqn. (48) partially with respect to x  and comparing 

with Eqn. (47), we get 0)( =′ xc  which after integration gives 

cxc =)(  where c  is an arbitrary complex constant. Thus, the 

harmonic conjugate of ),( yxu  is  

   c
yx

x
yxv +

+
=

22
),( . 

  If we take 0=c , we get 
22 yx

x

+
 as the harmonic conjugate of 

),( yxu . 

 

27) We have the C-R equations in polar form as: 

  θvur
r

=         (49) 

  
r

vru −=θ .        (50) 

 Differentiating Eqn. (49) w.r.t. r , we get  

  rrrr vuru θ=+ .       (51) 

 Differentiating Eqn. (50) w.r.t. θ , we get  

  θθθ r
vru −= .        (52) 

 Multiplying Eqn. (51) by r  and adding to Eqn. (52), we get  

  02 =++ θθuurur
rrr

. 

 – x –  




