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1.1 INTRODUCTION

There are equations such as x> +3=0,x*—10x+40 =0, which do not have a
root in the real numbers system R . There does not exist any real number
whose square is a negative real number. If the roots of such equations are to be
determined then we need to introduce another number system called complex
number system.

In Sec. 1.2 of the unit we shall start with the definition of complex numbers
and introduce the addition and multiplication of complex numbers as well as
their arithmetic and algebraic properties. We shall also show here that as fields
the set of complex numbers and R* (set of ordered pairs of reals with suitable
field operations) are isomorphic. Geometrical and polar representations of
complex numbers are also discussed in this section. Sec. 1.3 introduces you to
the functions of complex variables and their interpretation in terms of real
valued functions of real variables. Further, we shall study the concepts of limits
and continuity of the functions of a complex variable in this section.

Objectives
After studying this unit, you should be able to:

. define a complex number and represent it as a point in the complex
plane;

. perform the operations of addition subtraction, multiplication and
division of complex numbers;

. use the operations of modulus and complex conjugation of complex
numbers to derive some simple facts about complex numbers;

. establish one-to-one correspondence of the complex numbers C with the
points in the complex z -plane {(x, y):x, ye R};

. define the limit of a function of complex variable and do computations
based on limits;

. perform algebra of limits and discuss limits at oo and infinite limits;

. define the continuity of a complex valued function and use it to drive
some of their properties.
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1.2 BASIC CONCEPTS

You know that real numbers are the points that can be represented on the real
line. Complex numbers are defined as ordered pair (x,y) of real numbers and

can be expressed in the form x +iy where x,ye R and i is the imaginary
quantity that satisfies the equation i*> =—1 i.e., the symbol i represents the
square root of —1. This notation was introduced by Leonhard Euler (1707-

1783), a Swiss mathematician, physicist, astronomer and engineer in 1777.
Let us consider a set C of all elements of the type x+iy where x and y are

real numbers. We introduce in C two operations, called addition (+) and
multiplication (-) between two such elements z, = x, +iy, and z, = x, +iy, as
follows:

Addition:

(x, +iy) +(x, +iy,) = (5 + X)) +i(y, + y,)

Note that ‘+’ used inside the brackets on the right side is usual addition of real
numbers.

Multiplication:

(x, +iy)).(x, +iy,) = (%, — y,,) i (xy, +x,¥,).

Henceforth, we shall not be putting the dot (-) while taking the multiplication

of two elements of C.

We hope that you are familiar with the concept of a field (a commutative ring
with unity in which every non-zero element possesses a unique multiplicative
inverse) from your knowledge of under graduate algebra. You can easily verify
that the elements of C under the operation of addition and multiplication form
a field.

El) Show that the set C equipped with operations of ‘addition’ and
‘multiplication’ as defined above, is a field.

The elements of the set C are called complex numbers. We identify x +i0
with x and this way the set R of real numbers can be seen as a subset of C. x
is called the real part of the complex number z = x+iy and is denoted by

Rez, and y is called the imaginary part of z denoted by /mz=0. We can

further extend the nomenclature by saying that a complex number z is pure
real if /mz=0 and pure imaginary if Rez=0. With every complex number

z = x+iy there is associated a complex number 7 = x—iy, called complex-

conjugate or simply conjugate of z . Note that z =7 if and only if
x+iy=x—1iy, i.e y=0. In other words, in the case of pure real complex

number its conjugate will be the number itself. If we take the product of z with
its complex conjugate 7, the outcome is a non-negative real number x° + y*,
since zZ = (x+iy) (x—iy) = x> + y°.

The inverse or reciprocal of a complex number z = x+iy # 0, denoted by z~'
is define as



1z x—iy _ X _; y
7 2z x2+y2 x2+y2 x2+y2'

While doing E1) you must have obtained it as the multiplicative inverse of z .
The non-negative real number+/x” + y* is called the modulus of a complex
number z, denoted by | z| or mod(z). We thus have | z|=+/x* + y* and

| zI°=x*+y* = zZ. You can easily see that if a complex number is pure real
then its modulus is simply the absolute value of that number.

We now give some simple facts about modulus and complex conjugate of
complex numbers. For any complex numbers z,z, and z,, we have the
following:

(1) 1z1=0 for all complex numbers z and | z|1 =0 if and only if z=0.

(1)) |Rezl<lzl,IImzI<Izl

() 1zl=Izl.

a) z,+z,=7,+%7,.

V) 22,=% % and |52 =5]|z,].

(viii) 2 Rez=z+z and 2i Imz=z-%

(ix) lxzl=1xIlzl for any real number x, here | x| is the absolute value of
the real number x .

You can easily verify the above facts using the definition of modulus and
conjugate of a complex number. We are leaving it for you to do it yourself.

E2) Verify the facts (i)-(ix) above.

We now take up an example which provides an upper bound for the modulus of
the sum of any two complex numbers z, and z,

Example 1: Show that | z; + z, [S 1z | +1z, . (1)

Solution: We have
Iz, +2, = (z, + Zz)m
=(2,+2,)(z,+%,)
=u0 T4+ 5,4+ 5,5
=|z| +2Re(22,) +|2)|
< |Z1|2 +2|z122|+|z2|2 (s Rez<IRe zI <1zl

Complex Functions
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Geometrically, a set of
points is collinear if the
points lie on the same
line.

10

=[af + 2|zl + ||
=[af + 2]zl + ||
=(zl+lz, )’
After taking the positine square root of both the sides we get the desired
inequality.
kskok

Note that inequality (1) is known as triangle inequality.

Let us consider another example.

Example 2: Prove that equality in triangle inequality (1) holds if and only if
the two points z,and z, are collinear.

Solution: From Example 1 it is clear that equality in the triangle inequality will
hold if and only if ,

2Re(z,7,)=2127,|
Le., Re(z,7,) =1zZ, . Which gives z,z, 20.

Thus, if we take lzi,(zz;tO),then A= 12 Iz, L= 12 2,2,20.(2)
2y Iz, | 2, \lz,l

Thus, from Eqn. (2), we get, z;, = Az, where 4>0,i.e., z; and z, are
collinear, i.e., they lie on the same line. This proves the required result.

Hkk

You may now try the following exercises.

E3) Prove the generalised triangle inequality for complex numbers
245 255---, 2, - That is, prove that

lz,+z,+-z, I<lz I+1z, 1 +---1z |.
E4) Show that Il z/1-lz, 1<z —z,1.

E5) For any complex number z show that

i) Re z<I|Rez|<IzI<IRezl+IImzl.

i) Imz<I|Imz|I<IzI<I|Re zI+1Imzl.

We shall now give you the geometrical and polar representations of complex
numbers.

Geometrical and Polar representations

In 1831, Carl Friedrich Gauss (1777-1855) gave a geometrical interpretation of
complex numbers by considering them as points in a cartesian coordinate
system which is now named as the Gaussian plane (or complex plane). Six
years later William R. Hamilton (1805-1865) gave them an arithmetical
meaning. Since then complex numbers have played an important role in
mathematics as well as in other sciences.



You can visualise the complex plane as the collection of ordered pairs in R* Complex Functions
and the two axes, the x-axis as real axis and y-axis as imaginary axis. The
complex number z = x+1iy where x,ye R is represented by the point whose

coordinates are given by (x,y) in the Gaussian or complex plane called the,
z-plane. (see Fig. 1).

Almaginary axis

=@y =x+iy

G

. 7
real axis

Fig. 1

There is one to one correspondence between the set of complex numbers C
and the z-plane={(x,y): x,ye R}. For every point of the complex plane there

is one and only one complex number and conversely. We can make z -plane,
the set of all ordered pairs (x, y), as a field with suitable operations of addition

and multiplication. We may define for x,x,,y,,y, € R the two operations as:
Addition: (x,,y)+(x,,y,) =0 +x,,y,+¥,) (3)
Multiplication: (x,, y,)(x,,y,) = (XX, — ¥, Y5, XY, + %, ¥,) 4)

and show that under these operations z -plane is a field.

We are leaving it to you as an exercise to do it yourself.

E6) Show that z -plane equipped with two operations (3) and (4) forms a
field.

Now we have two fields C and z-plane. In the case of C, elements are denoted
by x+iy and in the case of z-plane by (x, y). We shall now show that as fields

they are isomorphic. To show an isomorphism between C and z-plane.
Consider the map

¢:C — z-plane
define as
@#(z)=(x,y) where z=x+iy (5)

You can easily check that this mapping is bejective (one-one and onto).
For any z, = x, +iy, and z, = x, +iy, in C we have

Pz, +2,)=0((x, + ) +i(y,+¥,) =(x +x,,y, +Y,) (6)
and
P(z)+0(z,) =(x,y)+(x,y,) =0 +x,, 5, +y,) (N

From Eqns (6) and (7) we have ¢(z, +z,) =@ (z,) +9(z,) .
11
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Further,
P(2,2,) = P((x,x, = y1y,) +i (XY, + ¥1%,))
= (XX, = VY5, %Y, + ViX,)
= (2, ) (%5, %,) (using Eqn. (4))
=9(2)9(z,)
Thus ¢ is clearly an isomorphism. Under this isomorphism, a complex number
x+iy = ze C is identified with the point (x, y) € z-plane in one to one fashion.

This identification gives us the flexibility to choose the following
representations:

. Real number xe C is represented by the ordered pair (x, 0) in z-plane.
. Purely imaginary number y is represented by (0, y).
] i= x/—_l has counterpart (0, 1) and i *=(0,1)(0,)=(=10)

which is nothing but real number —1.

L z=x+iy can be written as (x,0)+i(0,y).

You may now try the following exercise.

E7) Check that the mapping ¢ defined by Eqn (5) is bijective (one-one and
onto).

We now move on to the polar representation of a complex number. Let r and
6 be the polar coordinates of the point (x,y) corresponding to a non-zero

complex number z = x+iy. You may recall from your knowledge of calculus,
when a point in plane with rectangular coordinates (x, y) is described in terms
of polar coordinates then x, y,r and @ are related by x =rcosé, y=rsiné.
Making use of these relations, we may write a complex number z = x+iy in
the form:

z=x+iy=r(cos@+isinf) r,0e R (8)
and hence

r=4x"+y’ and tanf = y/x

The real number r in Eqn. (8) is non-negative and r=1z1.

The real number @ represents the angle, measured in radians, that the radius
vector z makes with the positive real axis (see Fig. 2).

Y
A

= (1 0)

sEEEEN
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Fig. 2



As in calculus, @ can have infinite number of values, both positive and Complex Functions

negative. If z# 0,8 is uniquely determined up to integral multiple of 27z (that
is, @ is uniquely determined “modulo 27 ). These values can be determined

from the relation tan@ =2 depending on the quadrant containing the given
X

point. We call @ the argument of z, and denote it by argz. Eqn (8) is the
polar form or polar representation of the complex number z .

We now make the following remarks.

Remark

1. Argument of O is undefined. It should be remembered that whenever we
are talking about the argument of a complex number then it is assumed
that complex number is non-zero.

2. The value —7 <@ <7z of argument of a complex number is called
principal argument and it is denoted by Arg. Thus
argz =Argz+2n7mw, (n=0,+1,+2,...). 9

We now take up examples to illustrate what we have discussed above.

Example 3: Find the polar representation of z = —3-i.

Solution: For the given number z = x+iy, we have x=—/3 and y=-1. We
. y 1 _ifd 1 T
obtain r=1zl=+/x*+y* =2 and tanf=<-=— or f=tan'| = |==,
g x 3 [x/?j 6

which is an angle in the first quadrant. But you can see that point z = —J3-i,

being an ordered pair (— NG 1), lies in the third quadrant. We thus take the A
1 .

solution of 8 = tan’l(gj as @ =arg(z) = %+ = 7% (see Fig. 3). Further you
may note that the principal argument of z = —J3-i lying in the interval Tn

"6/ g
-7, 7] is Arg (z)= % = = —5% , Thus the two polar representations of the f 6
given complex number are as follows N4 i67‘

7 7 - .
—f3-i=2 cosZ +isin -2 | =2/ cos 57[+is1nﬁ
6 6 6 6
kskok
Fig. 3

Example 4: Find the polar representation of the four points
1+i, —1+i,—1—i,1—i lying in four different quadrants.

Solution: Considering the quadrant in which the given four points lie, we can
write their polar representation as follows:

1+i:\/5[cos%+sin%j, here r=11+il=+/2and argl1+il=%

—1+i=x/§[cos¥+sin3—”j.

4

—l—i:\/i coss—n.+sin5—7[ :\/5 cos_37[+sin_3”
4 4 4 4 13



Introduction to
Analytic Functions

})
N
[ z-2z)|
gy
. e
"'Z A
R [}
: iD(z,, &)
" z, 1
. ’
Y R4
~
S
0 > X
Fig. 5

14

7 —_ —
1—i :ﬁ[cos%+sin %j :ﬁ[cosTE+sin —Ej

4
Fig. 4 shows the pictorial representation of the four points.

-1+

-1-i

Fig. 4

You may now try the following exercises.

E8) Find the principal argument Arg z when

(i) z= i) z=(W3-i) .

E9) Find the polar representation of the following points

@ i (i) 2 (i) —3+i.

We now give some definitions and terminology about sets/regions in the
complex plane.

Regions in the complex Plane

We start with the concept of neighbourhood, in particular, £ -neighborhood
| z—z, | <& of a given point z, where £ be a positive real number. The € -nbd

(abbreviation for neighborhood) of a point z, is an open disc (without its
boundary) centred at z, and of radius & . It is the set of points z lying inside
but not on a circle centred at z, (which is the boundary of the disc), with a
positive radius € (see Fig. 5) Mathematically, it is given by

D(z,,6)={zeC:lz—z,1 <€}. (10)

A point z, of a set G is its interior point if there is some neighbourhood of
7, that contains only the points of G and it is an exterior point of G if it has
a neighbourhood containing no point of G . If z, is neither an interior point nor

an exterior points then it is a boundary points of G . A boundary point is,
therefore, a point whose all the neighbourhoods contain points in G and points
not in G . The set of all the boundary points of G is the boundary of G . For
instance, the circle | z—21=1 is the boundary of each of the sets

lz—2l<1and | z—21>1 in the z-plane. (11)



You may observe that the boundary of the open disc (10) is the circle centred Complex Functions
at z, and of radius &€ givenas {ze€ C:lz—z,|=¢€}. An open disk with its

boundary included is called a closed disk and is denoted by

D={zeC:lz- z, | <€} . The deleted neighbourhood (or deleted & -nbd) of

Z, 1s the set D(z,,€) \{z,}. It is simply the open disc with centre removed,
also called punctured disc at z,. For example, | z—2+i|<1 defines a nbd of
2—1i,whereas O0<|z—2+1il<1defines a deleted nbd of 2—i.

Further, we consider the following definitions:

Definition 1: A set G of complex numbers is called an open set if each point
of it is the centre of some & -nbd which is contained in the set, that is, if z
is any arbitrary point of G then there exists an £€>0 such that D(z,&) cG.

Remark: Open set does not contain any of its boundary points. A set is closed
if it contains all of its boundary points. For instance the set | z|1 <1 is open

whereas the set | z1<1 is closed.
Here we give some more examples of open sets in complex plane:
: Rez
. H_ ={z:Rez>0} (right half-plane), take € = N, > ( then & -nbd
D(z,€) < {z:Re z7>0}, (see Fig. 6(a)).

° H, = {z:Imz>0} (upper half-plane) then D(z,€) < {z:Im z >0}
I
Where &= % >0 (see Fig. 6(b)).

e Ann(R,R,)={z:R <lz—z,I<R,} (annulus centred at z, of inner
radius R, and outer radius R, ), let ze Ann(R,,R,) be any arbitrary point,

-
choose 8=§m1n {lz—zy| =R,,R, — | z—z, |} then clearly,

D(z,e) c Ann(R,,R,) . (see Fig. 6(c)).

You may note that there may be sets which are neither open nor closed and on
the other hand some sets are both open and closed. For instance, the punctured
dise 0 <|zI|<1 is neither open nor closed whereas, the set of all complex

numbers is both open and closed since it has no boundary points.

N X
3 A
D(z, €) D(z, €)
l”’ .~‘\ O/‘ ~~‘\
’ LY ’ '
1 1 1 [}
i ® H i ® -
5 z / \ z !
1y 7 A3 7
Y 4 ) ’
N . I . I
S
X >X
0 > 0
H H

(a) (b)

Fig. 6 15
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An open set G is connected if any pair of points z; and z, in G can be joined
by a polygonal line that consists of finite number of line segments joined end
to end that lies entirely in G (see Fig. 7). An open connected set is called a
domain. Each of the open sets in Fig. 6 is connected and hence, each is a
domain. A domain together with some, none, or all of its boundary points is
called a region. For example, any open set is a region since an open set does
not contain its boundary points. A set G is bounded if there exists a real
number R>0 such that | zI <R for every z in G . Both the sets in Eqn (11)

are bounded regions and the half planes H,, H, are unbounded. A point z, is
said to be an accumulation point of a set G , if each deleted neighbourhood of

Fig. 7 " .
N Z, contains at least one point of G .

You may now check your understanding of the discussion above while doing
the following exercises:

E10) Determine whether the following sets are a) open b) closed c) a domain
and d) bounded.

i) {ze C:lzI<1},

i) {zeC:0<lzl<1},

iii) {zeC:2<lz—z,1<3},
iv) {ze C:O<argz<§},

v) {zeC:iz=(1-6)2+3)+t(1+i),0<¢ <1},

vi) {zeC:lz—-il=lz-11}.

E11) Show that a set is closed, if and only if, it contains all of its accumulation
points.

16



So far you have seen that there is a one-to-one correspondence between the set Complex Functions
of complex numbers C and the z-plane. In the next section we shall study
functions from a set of complex numbers to another set of complex numbers.

1.3 FUNCTION OF A COMPLEX VARIABLE

A complex function f :S — C, of a complex variable on a non-empty subset

S of complex numbers is a rule which assign to each and every member z of
S a unique complex number, say w (see Fig. 8). The number w is called the
value of f at z and we write w= f(z). We can also write

f:8>C, zow=f(2).

The set S is called the domain of definition of f . It may be observed that

both a domain of definition and a rule are needed in order for a function to be
well defined.

>~

z - plane M imaginary axis Y A imaginary axis z - plane

°
N

Y Y
Cd

i
O real axis o real axis

Fig. 8

You may note here that the domain of definition may often be a domain as
defined in Sec 1.2, but it need not always be so. For example if

w= f(z)=2",1zI <1, then the domain of definition of f is the closed unit
disc.

Following are the examples of some of the commonly occurring complex
functions:

1.  Power function f:C — C given f(z)=2z"(ne N).

2. Polynomial Function f:C — C given by
f(z)=a,+az++a,7" (aeC).

3. Inverse function f:C\{0}— C given by f(z):l.
Z

4.  Exponential Function f:C — C givenby f(z)=e".
5.  Trigonometric Functions f :C — C given by f(z)=sin z or cos z.
We shall be studying some of these functions in detail in Unit 3.

Let us now analyse the complex functions of a complex variable. 17
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1.3.1 Functions of a Complex Variable in Terms of Real
Valued Functions of Two Variables

It is often helpful to work with complex functions in terms of their real and
imaginary parts.
Consider the complex function defined by f(z)=z and replace z by x+iy.
We see that f(z) can be expressed as

f(R)=(x"=y*)+i(2xy) (12)
Now if we put u(x,y)=x"—y> and v(x,y)=2xy then f(z) can be expressed
as

f@)=ulx,y)+iv(x,y) (13)
Where u:R?> — R and v:R?> = R are real valued functions of real variables
x and y . In simple words, Re f(z) andIm f(z) are real valued functions of

two variables. The advantage of working with representation of a complex
function in the form (13) is our familiarity with real valued functions of more
than one variable.

Also you have seen that a complex number z can have polar representation
(r,0). A complex function f(z) can be expressed as

f(r,0)=u(r,0)+iv(r,0) (14)

For example, consider the function f(z)=z’. In polar coordinates this
function can be expressed as
f(r,0)=[r(cos 8+i sin 6]°
=7’ (cos O +i sin 6)°
=r’(cos 30+i sin 36). [using de Moivre’s formula]
Here u(r,0) =r’cos36 and v(r,6)=r"sin 36.

You may now try the following exercises:

E12) Express the following functions f(z) in the form u (x, y)+iv(x,y)

i) =,
z—1
_Z+zZ
i)  f(z)= 3
o
R AN Ty

E13) Write the functions
1) f(2)=2 i1) f(z)=z+l (z#0) i) f(z)=¢°
Z

in the from f(z) =u(r,0)+iv(r,0).

You must have learnt in your undergraduate calculus course to draw the graphs
of some elementary real valued functions. But here, we cannot draw the graph
of a complex valued function w= f(z). This is mainly because each of the



numbers z and w is located in a plane rather than on a line. In order to Complex Functions
geometrically display the function w= f(z) and show the relationship between

pairs of corresponding points z and w, we draw the z-plane and w-plane
separately. When a finction f is displayed this way, it is what is referred to as

a mapping which we shall discuss now.

1.3.2 Functions of a Complex Variable as Mappings

Let us look at the function f:C — C defined by f(z)=2z>, where z isa

complex variable or a point of the complex plane. This is a mapping of
complex valued function of a complex variable.

Sometimes it is also represented as w = z> where z is member of z-plane
(domain of definition) and w its value, a complex number, member of
w -plane (see Fig. 9).

z - plane w - plane

v
Y

Fig. 9

Thus point z sitting in z-plane is mapped into the point w in w-plane.
The image of a point z belonging to the domain of definition is the point
w= f(z). The image of the entire domain of definition is called the range of

f . To have a graphical view of a mapping w= f(z), let us put

z=x+iy and w=u+iv.
Then

u+iv=(x+iy)> =x>—y*+2ixy
Thus,

u=x>—y”> and v=2xy (15)
is a transformation from the xy -plane to the uv -plane.
You can see that under this transformation a point say, z =2+ 3i in z-plane has
an image w =-5+12i in the w-plane.
Let us now consider the vertical line Rez =1 in the z-plane.
What is its image under transformation (15)?
We know that Rez =1 is the collection of those points in z-plane whose
x-coordinate is 1. Therefore its image under transformation (15) is given by

u=1-y” and v=2y

2

Solving the above two equations to eliminate variable y, we get u = 1—%.

This is an equation of the parabola v> = —4(u—1) in w-plane whose vertex is

at (1, 0) (see Fig. 10). 19
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Fig. 10

Thus the image of a vertical line Re z =1 of the z-plane is the parabola
v=—4(u—1) in the w -plane under the transfotmation (15).

You may now try the following exercise:

E14) Find the images of the following under the mapping f(z) =z>.
1) X-axis.
i)  y-axis,

iii)  horizontal line Imz =—1

In the next sub-section we shall discuss the concept of a complex limit that is,
limit of a complex valued function of complex variable.

Let f be a function defined at all points z in some deleted neighbourhood of
Z, - Just as in the case of real limit, the complex limit, lim f(z) =L means that

if the value of z is close to z,, then f(z) is close to the complex number L.
However, unlike the real limit, im f(x), where x can approach x, on the real

X—)XO

line from two directions viz, right and left, in complex limit z can approach z,

in the complex plane through infinitely many directions. For complex limit to
exist each direction should yield the same limiting value. We shall now define
the limit of a complex valued function and examine some of its properties.

1.3.3 Limits

The definition of limit of a complex valued function is analogous to that of a
limit of real valued function. Let f be a complex valued function of complex

variable defined on some neighbourhood. Let z, be a point either belonging to
the domain of the definition of the function or is an accumulation point. Then a
complex number w, is called the limit of the function at z,, denoted by

lim f(z)=w, (16)

77,
if the point w= f(z) can be made arbitrarily close to w, whenever the point z

can be chosen close enough to point z, but distinct from it. In simple words,
20



f(z) approaches w, whenever the point z in the domain of definition of the
function comes closer to z, but not equal to it. More precisely, we give the
following definition.

Definition 2: Suppose that a complex valued function f is defined in some
neighbourhood D c C and z,€ D . A complex number w, is said to be the

limit of function f at z, if for given real number £> 0 there exist a positive

real number 8 such that
| f(z)—w,| <& whenever 0<lz—z,1<9. (17)

Geometrically, Definition (2) says that for every € neighbourhood |w— w0| <&
of w,, there is a deleted J neighbourhood 0<1z—z,1<d of z, so that every
z in it has its image w, in the & neighbourhood (see Fig. 11).

z - plane y % w - plane
P A Vi A p
"’-‘-~~ /—\\ I
’ o) A} “‘ Sa
] 1 ’ \
k 7 4 *
. ’ r . 1
~ ¢ 1 & [ ]
" 1) W, ]
) ) )
0<|z—2z,]|< J
>X “ >
O 0] ‘--—"
|f(2)—wy| <e
Fig. 11

Before we take up examples to illustrate what has been discussed above, we
show that the limit of a function, if it exists, is unique.
Suppose that at z, function has limits w, and w,, that is,

lim f(z)=w, and !i_l;lzlf(z)sz (18)

72,

Applying our definition in both the cases, for given £> 0, we find positive real
numbers 0,,0, such that
| f(z)—w, | <€ whenever 0<lz—z,1<0,

and
| f(z)—w, | <€ whenever 0<lz—z,1<9,.

Now choose ¢ =min {J,,0,}. Then obviously J is a real number such that

| f(z)—w, | <& whenever 0<lz—z,1<0 (19)
and

| f(z)—w, | <& whenever O0<lz—z,1 <0. (20)

Thus, whenever 0 < |z - z0| < ¢, we get from Eqns (19) and (20)
lw, —w, |=lw, = f(2)+ f(2)—w, |

Slf(@)=w I+ f(2)—w,
<e+e=2e€.

Since € is an arbitrary positive real number we conclude that w, =w, .

We now take up examples to illustrate Definition 2.

Complex Functions

21
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Example 5: Show that lim (2x +iy*) = 4i

z—2i

Solution: For each positive number € we must find a positive number ¢ such
that

|2x+iy”> —4il <& whenever, 0<1z-2il<¢
To do this we write
[2x+iy> —4il<21x1+1y*=41=21xI+1y-211y+2I
Thus, the inequality above will be satisfied if

E E
21xl<E andly—211y+21<E,
2 yoeny 2

The first of these inequalities is, of course, satisfied if | x| < &/4 . To establish
conditions on y such that the second one holds, we restrict y so that

ly—21 <min{%,l}. Then clearly, | y—21<1 and we find that

ly+21=1(y=2)+41<ly-21+4<5.

Therefore, |y — 2| | v+ 2| < % S :g . Hence, from the two conditions;

I xI <Z and |y—2|<min{§),1}, the appropriate value of J is 5=min{§),1}.

skeksk

Example 6: Show that
=2
lim~—=0.

z—0 Z

Solution: Here we have for z #0

Z2
<0

%

=2
<

<

1721 1721
[z [z

Now we can see easily that for any given £>0 we can have J(=¢) so that
—74

Z

— ]
Z

<& whenever 0<|z-0l<d(=¢).

=2

Which implies that the lim ~—=0.

z—0 Z
skskk

As we have already mentioned earlier in the case of real valued function of a
real variable there are only two directions of approaching a number, either from
left or from right. But in case of complex functions of complex variables there
are infinite ways of approaching (we can approach point z, from infinitely
many directions). This “many direction approach” turns out to be very handy
when it comes to showing that the given limit does not exist. We now illustrate
it through the following examples:

Example 7: Show that hm0 £ does not exist.
Z—> Z

Solution: Here we show that when z approaches O from three different
directions as shown in Fig. 12, we get three different limiting values.



Complex Functions

imaginary axis A
y=ZXx
Y ix .
X +ix
< >
0] X real-axis

x going to O through three different directions
Fig. 12
Let us consider the three approaches one by one

1) z — 0 along right real axis, that is, we can choose z realand z>0.
Now observe that === =1 and therefore limiting value along this
Z z

direction is 1.

2)  Now let z — 0 from the upper imaginary axis, that is, we can put z =ix
. .. . 7 ix —ix
where x is real and positive. We can easily see that Lo —=—=-1
z ix ix

and thus limiting value from this approach comes out to be —1.

3)  Finally consider z — 0 along the line y = x and consider z = x+ix

where x is real and positive (see Fig. 12). Proceeding as we have done in
1) and 2) above, we get the limiting value in this case as —i.

Since the limiting values obtained in 1) 2) and 3) above are different, we
conclude that the given limit does not exist.

dokok

You may note here that in order to show the non-existence of the limit of a
given function in Example 7, it is sufficient to consider any two of the three
approaches considered above. However, there can be many more approaches
apart from these three.

You may now try the following exercise:

E15) Show that the following limits does not exist.

1zl

i) f(z)=h‘n{§j i) f(z)=lim——.
z—0 z z—0 Fé

You must have noticed that using Definition 2, we could only test whether a
given point is a limit of a given function. It does not provide a method for
determining that limit. We shall now consider a theorem, involving algebra of
limit, whose application enables us to actually find many limits.

23
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Algebra of limits

Before taking up the theorem we consider the relationship between the limit of
a function f(z) at a point z, = x, +iy, and limits of the real and imaginary

parts of the function at the point (x,, y,). We begin with an example:

Let us consider the function f(z)=z>+5i+7 . Observe that
f(@D=ulx,y)+iv(x,y)=x"+y*+7+i(2xy+5).

Here u(x,y)=x>—y>+7,v(x,y)=2xy+5.

Now find the limit at the point 1—i of f(z) and at (1,—1) of u(x,y) and
v(x,y).

It can be easily seen (because polynomial is involved in each case) that
lim f(z)=7+3i, ( lim : u(x,y)=7, lim v(x,y)=3.

z—1—i x,y)—=(1,-1 (x,y)>(1,-1)
We can thus observe here that
lim,f(Z)=( I;m )u(x,y)+i( lim )v(x,y) (19)
X,y X

75l —(1,-1 Ly )11
Result (19) holds true in general and is given in Theorem 1.

Theorem 1: Suppose that f(z)=u(x,y)+iv(x,y),z, =X, +iy and

W, =u, +iv,. Then

lim f(2) =w, (20)
If and only if
( v)h'r(n v)u(x,y)zuo and ( )111111 v)v(x,y):vo. 21)

Proof: Let us start with the assumption that Eqn. (20) holds.

Then for each positive number &, there is a positive number ¢ such that
| f(2)=w, | =1(u+iv)—(u, +iv,) <& (22)

whenever 0<lz—z,I<die., 0<l(x+iy)—(x,+iy,) <. (23)

Using the triangle inequality it follows from Eqns. (22) and (23) that
lu—u, | <1 f(z)—w,l<€ and lv—v, I <| f(2)-w,I< €
whenever | x—x,1<d and | y—y,1<0.

Thus, the two limits (21) exist.
Conversely, suppose that the two limits (21) exist. Then for given £> 0, there

exist o,,0, >0, such that

Iu—u0|<§ whenever 0<I(x+iy)— (x, +iy,) | <3,
and

Iv—v0|<§ whenever 0<1(x +iy)— (x, +iy,) | <J,.

Then by the triangle inequality
Lf(2)=wy I =T (x, y) —uy) +i(v(x, y) = vy) |
Slu(x,y)—u, | +1v(x,y)—v, |
<&l2+el2=¢
whenever 0<|z—z,l1<d=min {0,,9,}.

This establishes the existence of limit (20), and the proof of the theorem is
complete.
— . —



Theorem 1 has many uses. You have already seen in the example above, it Complex Functions
allows us to compute complex limit by computing a pair of real limits.

Analogous to the algebra of limits of real valued functions, which you must

have studied in your real analysis course is the algebra of limits of complex

valued functions as given by the following theorem.

Theorem 2: If

lim f(z)=w, lim g(2)=w, (24)
then
) li_l:ll[?\,f(z) ]=Aw,,AeC (25)
i) lim[f(xg@) ]=w +w, (26)
i) lim[ £(2).8(2) [=w.w, 27)
iv) hmM provided w, #0 (28)
=% g(2)

Proof: This theorem can be proved directly by using Definition 2 of the limit
of a function of complex variable.
By hypothesis (24), given &, >0, there exists d, >0 such that

O<lz—z,1<0, =1 f(z2)-wl<g. (29)
Similarly, given &, >0, there exists J, >0 such that

O<lz—z,1<0,=1g(z)—w,I<¢,. (30)
We first prove part iv) of the theorem.

Let us choose €, = IL;' , then we have from Eqn. (30)

Iw2Izlwz—g(z)+g(z)ISIw2—g(z)l+|g(z)ls%+lg(z)l

=lg@Izlw, |- | ZZ | = % , which is obviously positive. (31)

So that | g(z)1 >0 for all z in the deleted o, -nbd of z,.
Therefore, for all z such that 0<1z—z,1<J, we have

S@_w :|f(Z)W2—g(Z)wl|

g(Z) w, ‘ g(Z)W2 ‘
:|(f(Z)—w1)w2—wl(g(z)_wz)|

‘ g(w,

<lelw, 1 +&1wl] 2 1 (By Eqn. 31)
[w, | Tw, |

201wy Dt gyl w|
|2

lw,
Since €, and €, are arbitrary, result (28) follows.

On the same lines results (25)—(27) can be proved. We are leaving it for you to
do it yourself.

- - 25
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We now take up an example to illustrate Theorem 2.

2 J—
Example 8: Evaluate lim F=2243

z—>1+x/§iz_1_\/5i '

Solution: Observe that the limit of the denominator,

'f(z—l—x/zi:O.

7214V 20

We thus factorise the numerator and then compute the limit as

lim 22 =2z+43 lim (Z—1+\/5i)(z—1—\/§i)

z—>l+x/5iz_1_\/5i_z—>l+ﬁi Z—l—\/zl.
:zlllgxl/ai(z_l—i_\/zi)

=1+42i—1+4/2i
=22i.

Which is the required limit.
Hkosk

You may now try the following exercises.

E16) Prove parts 1) ii) and iii) of Theorem 2.

E17) Use mathematical induction to show that lim z" = z;, where n is a

72

positive integer.

E18) Evaluate the following limits

i lim (I z > —iz ii .
) z—)l—i( ) ) z—0 Im(z) z——i Z+1

i (a2 D)~ (az, +b)

-7 Z— 2,

1v)

Let us consider the limit lim f(z)=w.

-7,
What happens if z, is the point at infinity or if the w itself is infinite or both
Z, and w are points at infinity? We shall now address to these questions
related to the limits at infinity and infinite limits.

Limits at infinity and infinite limits

Just as in this case of real numbers where we include two points at infinity,
namely, +o0 and —oo to the set of real numbers R to construct extended real
number system R U {+ o0, — oo}, in the case of complex z -plane we have to
deal with only one point at infinity, denoted by co. The complex z -plane
together with this “point at infinity” is called extended complex plane. Let us
now try to visualise the point at infinity.



Consider a unit sphere S whose south pole is at the origin of the complex Complex Functions
z -plane and the plane is tangent to the sphere at the south pole (the origin).

Now from the north pole N draw lines piercing through the sphere and

meeting plane at a point, say z (see Fig. 13).

z - plane

Fig. 13

You may observe that the points on the upper hemisphere, other than N, are
mapped in one to one fashion to the points of plane outside the circle T
centred at the origin. The points of the lower hemisphere are mapped similarly
to the inside of that circle and the equator of the sphere is mapped onto the
circumference of the circle. So every point of the finite complex z-plane is in
one-to-one correspondence with the points of the sphere S other than the north
pole N. N does not represent any point of the finite complex z-plane. It
represents the “point at infinity”, denoted by co.

The sphere S is called the Riemann sphere and the correspondence is called a
stereographic projection.

Now how to define a neighbourhood of the point at infinity?

Start with a positive number £ . Intuitively, a neighbourhood of e means
points away from the origin in the complex z-plane (or equivalently, near to N
in the upper hemisphere of the Riemann sphere). In other words, it means all
points exterior to a closed disc centred at origin and of radius &, that is , points
z satisfying | z| > €. Large enough & will result in a nbd whose points are
more close to N (or o). In Fig. 13 we have depicted it as shaded parts on the
sphere as well as on the complex z-plane.

We now come back to the questions raised in the beginning about limits
involving the points at infinity and explain those limits one by one.

1) lim f(z)=w : In terms of Definition 2 of the limit, we say that for a

given £ >0 there is a positive number d such that | f(z)—wl <€ whenever
| zI > & . However, for computational purpose this definition is not suitable. We
thus, give an equivalent formulation which is simply obtained by applying the

) 1 ) )
transformation z — —. The conversion formula is
Z

1
ljmf(z):w,ifandonlyif,ljn%f[—j:w. (32)
Rl z z
It is not something new. You may recall your real analysis course, you would

have followed the same conversion formula.

We now take up examples to illustrate the above limit. 27
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Example 9: Show that hmi =0

Z—00 Z
Solution: For a given real number £ >0, we want to determine a real number

J >0 such that

1
—| <& whenever | z1>—
Z o

1 1
—|<€&= |zl >——. Thus we can take 53\/E.Withthis choice of ¢,

NE

Now,

we find

1
—| <& whenever | z|>—.
Z o

skeksk

Example 10: Show that
2
z 1

lim———=—.
== (2z-1)" 4
Solution: Applying the conversion formula (32), we write

2 ]
Z 2

Iim——— =lim——
e (27=1) 0 (% -1)
1

1
04-5) 4
Hence, the required result

skeksk

ii) lim f{(z) = : It simply means for a given positive number &£ there exists a

=29
positive number § sothat | z—z,1< ¢ implies | f(z)I>¢€.
If we put w= f(z), then you can see that in this case infinity is associated with
w-plane. Therefore, for conversion formula, the transformation considered will

be w— l )
w
We thus have
lim f(z) =00, if and only if, hm( ! J 0. (33)
7529 737 f(Z)

Let us consider the following example:

Example 11: Show that
z

i (7 —10)°

=oo,

Solution: Here we have w= f(z) = ( < 7 Applying the transformation
Z—1

—g 2
w—>l,weget :(Z )
w f(2) Z
Now since hm( 2=i)’ =0, we get from Result (33), hm( x =oo,
f= z =t (Z2—1

skeksk



Finally, we consider the following limit: Complex Functions
iii) lim f(z) =co: Its £ — ¢ interpretation is as follows: for a given £ >0 there
700

isa 0 >0 suchthat | f(z)|>¢& whenever | zI>¢6 . Put w= f(z), here infinity
is involved in both z -plane as well as in w-plane. This situation can be

resolved by applying transformations z — 1 and w — 1 . We thus have the

Z w
equivalent form (conversion formula) as
lim f(z) =0, if and only if, ljm%zo. (34)
7300 720 f (?)
Consider the following example:
Example 12: Show that
3
lim S L = oo
e 77 41
-1
Solution: Here we have w = f(z) =—; o Applying the transformation
7+

1 1
z—>—and w— —, we get
Z w

1 :z(1+z2)
ADV u=B
Thus

L :h.mz(1+z32):()
=0 f(1) =0 (1-2Y)

From Eqn. (34), we get the required limit as:

7' -1
lim ——=
e 77 +1

oo ,

skeksk

You may now test your understanding of the above limits by doing the
following exercises:

E19) Show that

) lim iz+3 oo
=20 7 4]

i) imt oL
o= 27-31 2

Lo 023

1i1) S, =,
i 77 42

az+b

cz+d
i) Iim7T(z)=c if c=0

700

i) lim7(z)=< and lim T(2) =2 if ¢ #0.

700 c

E20) Show that when T'(z)=

(ad —bc #0)

29
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We now discuss the continuity of a function of a complex variable

1.3.4 Continuity

Let us consider a function f of a complex variable defined in some
neighbourhood of a point p . Continuity of f at the point p is defined in a

similar manner as we do in the case of a function of a real variable. We say that
a complex valued function f is continuous at a point p if the limit of f as z

approaches p exists and is the same as the value of f at p . Formally, we
give the following definition:

Definition 3: A function f is said to be continuous at a point p if the
following conditions are satisfied simultaneously

1) f(p) exists (that is, f(p) is a finite complex number),

i)  lim f(z) exists as a finite complex number and
—=p

i) - lim f(z)=f(p)
You may notice that the failure of any one or more of these three conditions
would mean that f fails to be continuous at p . A function which in not

continuous is called a discontinuous function. A function is said to be
continuous on a set if it is continuous at each point of the set.
For instance, for ce C, f(z) defined by f(z)=c is continuous everywhere

since lim f(z)=c= f(p), forany peC.
=P

Let us now rephrase Definition 3 in terms of € and J .

Definition 4: A complex valued function f is continuous at a point p if for

each positive real number € there exists a positive real number ¢ such that
| f(z)— f(p)l <& whenever z satisfies the inequality | z—p1<9.

As an illustration to Definition 4, for any fixed d € C the function f, defined
by f(z)=z+d, is continuous everywhere. Since for any pe C and for each
E>0,1f(z)— f(v)I=1z—- pl, which can be made less than £ whenever

|l z— pl<é&.So we can choose d = &, which proves that f is continuous at an
arbitrary point pe C and hence is continuous every where in C.

You may now try the following exercises:

E21) Show that the given functions are continuous everywhere on C.
) fl)=z.
ii) f(z)=az+b, where a,be C and a #0.

E22) Show that the function
Z
fla)==
Z
is not continuous at z=0.




We now give you a theorem which is an immediate consequence of Theorem 1.

Theorem 3: If f(z)=u(x,y)+iv(x,y) then function f is continuous at
2, = X, +1iy, iff u(x,y) and v(x, y) are continuous at (x,,y,). In other words,
f 1is continuous if Re f and Im f are both continuous.

—_ . —_

The proof of the theorem follows on the lines of proof of Theorem 1. We shall
not be proving the theorem here. However, we illustrate it through an example.

Example 13: Show that the functions
i) f(z)=e" cosy+ie'siny ii) f(z) =sin xcosh y +icos xsinh y

i) f)=x+ix-y),
are continuous for all z.
Solution: i) We can write z = x+1iy. Therefore
f(z)=e"cosy+ie siny=u+iv=w
Since the real valued functions u and v of two real variables x and y are
continuous at each (x, y) in R?, the function f(z) is continuous for all z.
ii) f(z)=sin xcosh y+icosxsinh y=u+iv.

f(z) is continuous for all z by the same argument as in i) above.
1ii) Likewise, the function

f()=xy* +i(2x—y)
1s continuous everywhere in the complex plane as the component functions,
being polynomials in x and y, are continuous at each point (x, y)e R*.

Hokk

We now give another theorem which is obtained as a result of the algebra of
limits (see Theorem 2).

Theorem 4: If the complex valued functions f and g are continuous at the
point z,, the following functions are continuous at z,

i) M, AeC
) f+g
)  f-g

iv) i, provided g(z,) #0.
8

Proof: We prove here part ii), remaining parts can be proved on the similar lines.

Since f and g are continuous at z,, we have
lim f(z) = f(z,) and lim g(z) = g(z,).
From Theorem 2 ii), it follows that

lim (f(2)+g(2) =1 (z)+8(z) -

Therefore f + g is continuous at z, by Definition 3.
—_ . —_

Complex Functions

31
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2 +4

> follows
z°+9

For instance, the continuity of function f defined by f(z)=

from Theorem 4. Function f is continuous at all points of C except at 3i and
—3i i.e., continuous in C \{3i,—3i}.

You may now try the following exercises:

E23) Show that the functions
i) f(2)=IzI i) f(z)=e" +isin(x*—2xy’)
are continuous for all z.
E24) Find the points in the complex plane at which the following functions are
not continuous

z—1 .. Z

Voo S@=aTs 0 @R

We now take up the composition of two functions f and g . If the set of
values (range) of function f is contained in the domain V of the function g
then we can compose two functions as follows

(ge f(2)=¢g(f(2). (35)

Note here that the o denotes the operation of composition. The composed
function go f 1is a function operating on the domain U of function f and

taking values in the range W of function g (see Fig. 14).

v

: m

Fig. 14

We now give some more properties of the continuous functions. We shall give
them as theorems.

Theorem 5: If f is continuous at the point p and ¢ is continuous at f(p),
then g o f is continuous at p .

Proof: Let £ > 0. Consider

1(gof)2)=(goHHp)=lge(f(2)-ge(f(pP)I.



As g is continuous at f(p), for £ >0 there exists &, >0 such that Complex Functions
lgo(f(2)—geo(f(p)l<e whenever | f(z)—f(p)I<é.
Further, by the continuity of f at p for ¢, >0, there exists 6 >0 such that
| f(z)— f(p)l <6, whenever | z—pl<d.
Combining we get
[(gof)(z)—(gof)l(p)<e whenever | z—pl<o
which shows that g o f is continuous at p .
—_ . —_

We now illustrate the theorem through some examples.

Example 14: Consider g(z)=Z and f(z) be continuous on C. Show that
g o f is continuous on C.

Solution: From E 21) i), g is continuous on C. Since f is continuous on C

then by Theorem 5 the composite function go f(z)= f(z) is continuous on
C.

Hekok

Example 15: Consider g(z)=1zI.If f is continuous on C, show that go f
is continuous on C.
Solution: From Theorem 3, g(z)=|zl=+/x"+y” is continuous on C. Since

f is continuous onC, the composite function g o f(z) =1 f(z)| is continuous
on C.

Hkk

You may now try the following exercises.

E25) Consider f(z)=7 and g(z) be continuous on C. Show that go f is
continuous on C.

E26) Consider f(z)=1zl| and g(z) be continuous on C. Show that go f is
continuous C.

We now consider two theorems which explain some more properties of the
continuous complex valued functions.

Theorem 6: If a function f(z) is continuous and non-zero at a point p then
f(2) #0 throughout some neighbourhood of that point.

Proof: Let us choose € = . Since f is continuous at p, there exits a

0 >0 such that If(z)—f(p)I<L2p)lwhenever lz—pl<d.

L f(p)]
2

So if we have a point { in the neighbourhood | z— p| of p at which
f (&) =0, we get that If(p)|<|f(1’)|

2
the result.

, which is a contradiction and hence

- u- 33
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We illustrate Theorem 6 through an example.
Example 16: If f(z)=z+1 then show that f(z)#0 throughout some
neighbourhood of the point p=0.

Solution: Consider the function f(z)=z+1.Then f(z) is continuouson C.
Here we are given p =0 and we have f(p)=1#0. Consider the

neighbourhood | z | <% of 0. Denote this neighbourhood by N. We shall now

show that f(z) # 0 throughout this neighbourhood N. Suppose it is not. Then
for some we N, f(w)=0. But this implies that w = —1, which does not lie in
N. Hence, f(z)#0 throughout N by Theorem 6.

E27) Consider f(z)=z>. Show that f(z) is non-zero in some neighbourhood
of the point p =1.

Before we give you Theorem 7, you may recall that a region D is closed if it
contains all its boundary points and that it is bounded if its lies inside some
circle centered at the origin.

Theorem 7: If a function f defined by f(z)=u(x,y)+iv(x,y) is continuous

throughout a closed and bounded region D, then there exits a non-negative
real number M such that | f(z)I <M for all points ze€ D, where equality

holds for at least one such z.

Proof: As f is given to be continuous on D, it follows from Theorem 3 that
the component functions u (x,y) and v(x,y) are also continuous on D . Using
algebra of continuous functions, it follows that

| f(2)l= \/[u (x, y)] 2+ [v (x, y)] * is continuous throughout D . You may recall

from your under graduate calculus course that a continuous real valued
function on a closed and bounded region R attains a maximum value at some
point of R . Hence there exists some non-negative real number M such that

| f(z)I<M for all points z€ D and we say that f is bounded in D.

—_ . —_
As an illustration to Theorem 7, consider the following examples:

Example 17: Consider the exponential function e® defined over closed and
bounded region D ={ze C:1zI1< R} for some R >0. Using Theorem 3 it can

be easily shown that e* is continuous on D (in fact, e is continuous on entire
complex plane C). By Theorem 7, there exits a real number M >0 such that

| f(2) | <M for all points z€ D . Moreover, it can be shown that equality holds

atapoint z=R in D.
kskok

Example 18: Consider the function f(z)=z",ne N defined over the closed
and bounded region D ={ze C:1zI<1}.Itis clear that f(z) is continuous
throughout D . Also for ze D



|f(2)|=1zI'sT.
In this case, we can take M =1 and equality holds for z=1€ D.

skeksk

E28) In Example 17, try to find all ze€ D for which f(z) takes the value 1.

We now end the unit by giving a summary of what we have covered in it.

1.4 SUMMARY

In this unit we have covered the following:

1)  Complex number can be defined as ordered pairs (x, y) of real number

and represented as points in the complex plane with rectangular
coordinates x and y.

2)  Addition and multiplication properties of the complex numbers are the
same as for the real numbers.

3)  The positive real number | z|=|x+iy|=+/x>+ y’ is called the modulus

or the absolute value or the magnitude of the complex number z = x+iy .

4)  The distance between two complex numbers z, = (x, +iy,) and
Z, =(x, +iy,) is given by

d=12,-71=106-x)+i(y,— ) =/ = 1) + (P + 1) .

5)  For any two complex numbers z,,z,, we cannot write z, <z, or z, >z, .
We can however compare the magnitudes of two complex numbers.

6) Complex roots of a polynomial equation P(x)=0 with real coefficients
occur in conjugate pairs.

7)  For two non-empty sets S, and S, of complex numbers, arule f which
assigns a complex number w in §, for each z in S|, is a complex
valued function of a complex variable z and is written as w= f(z).

8)  The value of w for a given z=z,, thatis, f(z,) is called the image of
the point z =z, under the rule f .

9)  Mapping or transformation is a way of displayed information about the
function w= f(z),z=(x,y) and w=w(u,v) by drawing the z and w
planes separately.

10) Limit of f(z) as z approaches z, is a number w,, or that
lim f(z) =w,, means that the points w= f(z) can be made arbitrarily

close to w, if we choose the points z close enough to z, but distinct
from it.
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1.5 SOLUTIONS/ANSWERS

El) First show that it is a commutative ring with unity 1. Now for any non
zero complex number z = x+1iy, note here that either x or y is not

equal to zero. Show that there is a non zero complex number

2 2

7! :( > ol 2J+i ( Y j which is a multiplicative inverse of z.
X +y X +y

E2) Use the definition of modulus and conjugate of a complex number.

E3) We will prove it by induction. For n=1, we get the result by triangle
inequality. Assume the result for n =k , that is

|z1 +-4 zk| < |z1|+---+|zk| . We will prove it for n =k +1. For that we
consider
|0 2+ 2 =[ (@t 2) + 2]

< |(z1 +42z) | + |zk+1| (by triangle inequality)

< |z1| +-- -|zk|+ |Zk+1| (by hypothesis).
Thus by the principle of mathematical induction we get that
|z1+---+zn S|z1|+---+ for every n.

Zn

E4) Since
o] =@ = 2)+ 2| <[z, = 25| +]2)
= |o]-[z:| <[z - 2|
%] =] (2, —2) + 2| <[z, — 2| +[2|
= |o|-|a| <[z — 2| =]z 2|

=|aHal <la -z

E5) 1) For z=x+iy,x< x| (by the definition of modulus).

Also, | xI1<4/x* +y* (by the Pythagoras theorem).

Thus, we have
Rez<I|Rez|<lzl=Ix+iyl<lxl+Ilyl=IRezl+|Imzl.

i)  Proceed on the similar lines as in i) above.
E6) Let x, y, z€ z-plane. x=(a,b),y=(c,d), z=(e, f)
1) x+y=(a,b)+(c,d)y=(a+c,b+d)=(c+a,d+b)=(c,d)+(a,b)=y+x.

i)  (x+y)+z=[@b)+@c,d)]+ e f=(a+c,b+d)+ (e, ))
=((a+c)+e,(b+d)+ f=(a+(c+e),b+(d+[))
=(a,b)+(c+e,d+ f)=(a,b)+[(c.D)]+ (e, H]=x+(y+2).

i) Let 0=(0,0), then x+0=(a,b)+(0,0)=(a+0,b+0)=(a,b)=x.
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vi)

vii)

viii)

iX)

For xe z-plane,
x+(—x)=(a,b)+(—a,—b)=(a+(—a),b+(-b))=(0,0)=0.

x(y2) = (a.b)l(c,d) (e, )] = (a,b)[(ce—df ,cf +de)]
= (ace—adf —bcf —bde, acf + ade + bce — bdf')
= (ace—bde —adf —bcf,acf +bdf + ade + bce)
=((ac—bd)e—(ad +bc) f,(ac—bd) f + (ad +bc)e)
= (ac—bd,ad +bc) (e, f) =[(a.b) (a,d)](e, f) = (xy)z.

x(y+2)=(a.b)[(c.d)+(e. )]=(a.b) (c+e.d+[)
=(a(c+e)—b(d+ f),ald+ f)+b(c+e))
=(ac+ce—bd —bf,ad + af +bc + be)
=(ac—bd +ae—bf ,ad +bc + af + be)
=(ac—bd,ad +bc)+(ae—bf ,af + be)
=(a,b)(c,d)+(a,b)(e,f)=xy+xz.

xy =(a,b)(c,d)=(ac—bd,ad +bc) = (ca—db,da+ cb)
=(c,d)(a,b)=yx.

x(1,0)=(a,b)=x.
a -b

a’+b*’ a*+b?
zero element has inverse in z-plane.

Let x #0,x=(a,b), then x( ): (1,0) . Thus every non

E7) Let z; =x, +iy, and z, = x, +iy, be two complex numbers and

P#(z)=9(z,)

= (X, ) =(x,,,).

Hence z, = z,. Thus ¢ is one-one.
For checking ¢ to be onto, let (x, y)e z-plane. Then ¢(z) =(x,y); where

z=x+1y.

E8) 1)

ii)

E9) i)

iif)

E10) i)

<= _zi_zi 2_?2—%1'. Therefore Arg z = —%,

Verify (\/5 —i )7 = —8—8+/3i . Therefore, Arg z = —% .

Z=\/§—i,Argz=_5”

,r=2

a)  Open (it is a disc centred at z =0 of radius 1).

b) no o) yes d) yes

Complex Functions
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i) a)
b)
c)
d)
iii) a)

Open (it is a unit disc except for the point z =0, it is called
punctured disc).

no
yes

yes

Not open. (it is an annulus centred at z,, of internal radius 2

and external radius 3 which includes its lower boundary and
excludes its external boundary as shown in Fig. 15 (a)). b) no
¢) no d) yes.

pmm———
- ~
. ~

{3 E
v\ 0w
(@) ‘\\ S——" 'l" >%
(a) (b)
Fig. 15
iv) a)  Open (it is a sector centred at the origin without boundary as
shown in Fig. 15 (b)).
b) no
c) yes
d) yes
v) a) Notopen (it is a line segment connecting points 1—i and
2+ 3i as shown in Fig. 16 (a)). b) yes c¢) no d) yes
)7 },7
N A
2+3i
i®
0O 7 X 0 ‘1 2X
1-1i
(a) (b)
Fig. 16

vi)  Not open (it is the set of those complex numbers that are nearer to 1
than to i. In terms of x and y it can be seen as in Fig. 16 (b)).

El1) Let S be a closed set and z, be an accumulation point of S which is not



in S . Then z, would be a boundary point of § which contradicts the

fact that a closed set contains all its boundary points.
In the same way show that the converse is true.

E12) f(2)=2"=(x+yi)’=(x’=3xy") +i(3x’y - y*).
f(z)=¢ b ) I y

z-1 (x=1)2+y2 (x—1)2+y2 )

floy=22=25+i0.

f@)= =041

I+ z2 - H+x2+y2

E13) Use x=r cos@,y=rsin 6,r #0.

i)

1)

111)

El4) 1)

111)

E15) 1)

f(z)=r cos@—ir sinf.

f(2) =rcos(9[l+i2j+ir sin @ [l—izj.
r

p
f(z)=e"? cos(rsin 8)+ie"’ sin(rcos@).

Since f(x+0i)= x>, therefore the image will be non-negative
real axis.

Since f(0+iy)=—y", therefore the image will be negative
imaginary axis with origin.

Since f(x—i)=(x*—1)—i2x, now use the transformation
X =x*—1,Y = 2x, this gives Y* =4X +4, which is a parabola.

2
We know that if Im%(éJ exists, it could be found by letting the
7> Z
point z =(x,y) approach the origin in any manner (along any
path).

When z =(x,0),(x #0) then
2 2
-
z X
and when z =(x,x),(x#0) then
2 . \2 N2
(g} :(x+li :(IHJ _ 1
4 X—ix 1—1i

Thus, by letting z approach the origin along real axis, we would
find that the desired limit is 1. An approach along line y = x, on

the other hand, gives the limit as —1. Since a limit has to be unique

z
z
letting z approach origin along imaginary axis then

by definition, therefore hm(

z—0

2
J does not exist. If we consider,
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Analytic Functions [éj = [LJ =1. It is the same limit as we get along the real
Z —1y
axis. This was the reason for considering another path namely

y=x.
i1)  Follows from Example 7.

E16) See carefully the proof of part iv) of Theorem 2 and it becomes usual
manipulations.

E17) We observe that for n=1
limz=g,. (36)

Therefore it holds for n=1. Suppose it holds for n=k i.e.
lim z* = zg . (37)

772

Now, lim z*"' =lim(z*.z2)

Ja N Ja N

=| lim z* || lim z | (using Property (27))
(i) 1m <)

77 72

= z}.z, (using Eqns. (36) and (37))

L k+l
_ZO

Thus it holds for n = k+1. Hence by the Mathematical induction
lim z" = z; holds for all positive integer n.

E18) 1) 3—i i) 2i i) 4i v) a.

E19) i) Here f(z)=-212
Z+

After applying the transformation we have

+2i C
L = Z ' which approaches 0 as z — —2i which implies that
f(@) iz+3
iz+3 _

7—-2i 7+ 21

i) Here f(2)= 2Z b 33 . After applying the conversion formula, we

Z—3l

1

—+3
get lim 2+3 - = lim , which on simplification, yields the
z>027-3i 02 3

Z

desired limit.
i)  Follow from Example 12.

E20) i) lim T(2) =e if Tim ——=0=> lim —— =0 = lim 7% —

= =0
7—00 z—)OT l 0 a+bz z—>0a+bz
Z c+dz

which is true if ¢ =0.
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i1) lim T(z)=— and lim T(z)=c0 if im7| — |=— and
7— C ;d z—0 z C
=
lim (LJ =0
"4\ T(2)
B
:>lima+bz _4 and lim cz+d =0, which is true if ¢ #0.
=0c4+dz ¢ Z_)j az+b

C

E21) i) For a given £ >0, we canuse 0 =& and the fact [Z1=1z].

.. . E
ii)  Foragiven £>0, choose 0 = PR
a

E22) As hn% f(2)= £ does not exists (see Example 7), f fails to be
7! Z

continuous at z=0.

E23) i) f()=1zP=x"+yu(x,y)=x"+y*,v(x,y)=0
u(x,y) and v(x,y) are continuous for all (x, y)e R*. Therefore,
f(2) is continuous for all z in the complex plane.

i1) Do it yourself, on the similar lines as above.
E24) i) z=4+i,z=4-1i.

i1)  On the imaginary axis.
E25) Follows from Theorem 5.
E26) Follows from Theorem 5.

E27) It is clear that f(z) is continuous on C. Also f(1) =1+ 0. Consider the
1
neighbourhood | z—-11 < ) of 1. Denote this neighbourhood by N. We

show that f(z) # 0 throughout this neighbourhood N. Suppose it is not.
Then for some we N, f(w)=0. But this implies that w =0, which does
not lie in N. Hence, f(z)# 0 throughout N.

E28) Solving the equation | zI"=1, where z€ D, we see that for
ze {€:0<0<2m} equality f(z)=1 holds.

_—X—
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