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12.0 OBJECTIVES

After going through this unit, you will be able to:
° state the basic features of renewable resources;

o specify the characteristics of renewable resources under dynamic system
and dynamic optimization;

o derive the results for the optimal use of renewable resources under the
discrete and continuous time frames;

o discuss the biological model for optimal harvest of fishing resources;

o discuss the economic approach to optimal forestry in terms of the
Faustmann Result;

o bring out the influence of different exogenous variables upon the optimal
rotation length in forestry;



. state the factors that keeps the optimum rotation age in forestry under
private markets different from the social optimum; and

o outline the new dimensions to forestry under the contemporary
challenges.

12.1 INTRODUCTION

The essential feature of renewable resources is that the stock is not fixed i.e. it
can increase naturally if the stock is allowed to regenerate. Examples of
renewable resources are fishery, forest, marine resource, water, etc. However,
there is a threshold point defined by the maximum stock, beyond which no
renewable resource can regenerate. This is further decided by the carrying
capacity of the ecosystem in which it exists. The potential for increase is
important because man can harvest the incremental stock and, provided certain
conditions are met, the harvesting of the incremental stock and its growth can
go on for successive time points in a sustainable manner. Other things being
equal (i.e. conditions within the relevant ecosystem not adversely affected)
there is reason to suppose that this process of harvesting can carry on for very
long period. Thus, although the natural growth process can replenish the loss
of biomass due to the harvest within a relatively short period, if the harvesting
rate far exceeds the natural regeneration rate, it may lead to a situation where
the stock might go below the threshold level so that further regeneration is not
possible. In such cases, further harvesting could lead to extinction of the
renewable resources. The line dividing the exhaustible resources and
renewable resources is not always clearly drawn. In view of this, just as
exhaustible resources in a sense can be renewed (through exploration and
technology), renewable resources can suffer the opposite effect of being
exhausted. In fact, much of the current concern about resource exhaustion
involves renewable resources.

In the case of biological resources, the size of the resource stock (population) is
determined jointly by biological factors and human interference. The size of
the population, in turn, determines the availability of resources for the future.
As the flow of these resources over time is not purely a natural phenomenon, a
crucial issue is the optimum (efficient) rate of resource use over time and over
generations. A related question is: can the market be relied upon to achieve
and sustain this rate? However, the framework used in this Unit is focused on
single species, without considering the fact that species are interdependent.
This approach acknowledges the fact that the optimal use of interdependent
species might be exceedingly complex. Two important renewable resources
viz. fishery and forestry are only considered in this unit.

12.2 DYNAMIC OPTIMIZATION

All natural systems are dynamic in the sense that they change over time. They
are also able to sustain life despite shocks. One important feature of the
dynamic system is whether the variables within the system tend to converge to
a fixed point (called steady state) over time. The existence of such steady state
points and whether we can ever reach them is of particular importance for
managing natural resources. The fixed point is globally stable because
whatever be the initial value of the variable (i.e. greater or lesser than the
steady state point) the variable will converge itself over time. The transition of
a variable (or system) from one value to another over time is called trajectory.
Since a steady state point is an optimum of a given objective function, we wish
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the optimum to be globally stable in the sense that whatever the initial value of
the system the trajectory should always converge to the optimum. The more
able is a system to return to a former state, the larger is the magnitude of stock
and greater is its resilience. But some untimely shocks may upset the system
so seriously that it may flip to an entirely different state.
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Figure 12.1: Trajectories to a Fixed Point

In a dynamic optimization problem, the stock and flow relationships are
characterized by dynamic constraints that defines how the stock changes over
time. For analysing this, in this unit, we first consider a fishery population,
where the optimization is to maximize the present value of the net profits,
governed by the dynamic constraint specified as:

2 = F(x) - h(®),

where, x is the stock of fish, % is the change in the stock of fish over time,

F(x) 1s the natural growth of the fish stock determined by mortality and fertility
and h(t) is the harvest for time period t.

12.2.1 Discrete Time Model

When changes occur at discrete points of time, the difference equation
describing the dynamic path is specified as:

Xev1= f(xe) -
If, x;41 = a + bx, is the first order difference equation, then the general solution
is derived by solving the complementary function and the particular integral.
Thus, steady state value is the particular integral: x; = Xty = X,= ﬁ ,
b+ 1.

Then for the Complementary Solution (x.), let x, = Abt, so that, x,,; = Abt*?

. a a a
Thus the Solution: x, =x¢ +x, = Ab" + 5~ *o- Tb)bt +,,0<b<l



Population p Carrying capacity

Time

Figure 12.2: Sigmoid or S shaped Growth Curve

Since 0 < b <1, ast - o, x; = X,,.
Thus, x; converges towards the fixed point 1aTb’ ifo<b<1.

Difference equations can be used to model seemingly very complex system
behaviour. A commonly used model of population dynamics of some animal
population growth is captured by logistic growth curve: x;,1 = a x:(1 — x;).
It exhibits a lower growth at the lower population level and when it is large, it
has its highest rate of growth at intermediate level of stock. Such behaviour is
called density dependent growth.

12.2.2 Continuous Time Model

When changes occur at a continuous point of time differential equations are
used. For the logistic growth curve ax; (1-x,), we have:

dx
7t ax(1—x) = x
dx _
E—a(l—x)—ax—a—2ax
%=O = a-2ax=0orx=1/2
E
dt
>0

=

~

Figure 12.3: Logistic Growth Curve
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dx )
i 0 when eitherax =0,or (1—x) =0

ie. wheneitherx =0o0rx =1
Hence, the growth of the population or biomass has three fixed points:
x=0o0rx=1,x=1/2

d . .
1. x=0= d—f = 0 = Population is extinct
& ax
2. x=1=>2=0= L=0
dt dt

= x* = 1/2 = Growth of population is maximum
3. x=1= % = 0 = Population is at the carrying capacity

Differential equation can be used to model a wide range of dynamic behaviour.
For instance, a variable in a system may exhibit exponential growth.

d 1 1
d—’:=(a—b)x=> —dx=(a—b)dt = [ —dx=(a—b)fdt = or

Inx =(a—b)t+c

Or x(t) = elabit+c = gla=btec fort=0, x(0) = e@ D0 Thys,
x(0) = e€

Therefore x(t) = x(0)e@ Dt

Where, a is birth rate, b is death rate, (a —b) is net growth rate,
x(t) is the population in time t and x(0)is the initial population.

Population

Exponential Growth

Time

Figure 12.4:Exponential Growth

The system has only one fixed point, where %= 0, when x(t) = 0.

However, no natural system can have exponential growth in the long run.
There exists some finite limit on the ultimate size of the variable.



Check Your Progress 1 [answer within the space provided in about 100
words]

I. What is meant by a ‘fixed point’ in a dynamic system? By what
alternative name is this fixed point also called as?

2. In a standard fishery population optimization problem, explaining the
usual notation followed, state how the dynamic constraint is specified?

3.  In a dynamic optimisation problem under continuous time framework, in
which two steady state points the growth of the population is optimum?
Why?

12.3 BIO-ECONOMICS OF FISHERY

The basic economic choice to be made with respect to living resources such as
fish stock is ‘how intensively they should be exploited’. Fishing requires
application of fuel, labour and implements, all of which could be used for some
other purpose. The question therefore is whether we are getting as much value
in return for our efforts from fishing as we could get otherwise. The reason
why most of the fish in the sea are not farmed is that, unlike land resources,
most fishes are highly mobile, cannot be domesticated in a terrestrial sense and
inhabit a world where boundaries are difficult and expensive to enforce and
therefore property rights cannot be enforced.  As a result, only selected
pockets of fish stocks are over exploited from both biological and economic
perspectives. The consequence of over-exploitation has a profound impact on
the poor world (especially in Asia) where fish represents a major source of
animal protein.

Many examples exist on how over fishing has brought about the collapse of
fisheries (e.g. Canada’s northern Cod fishery, important sardine and herring
fisheries, innumerable salmon fisheries) or to a situation of extreme
vulnerability to environmental shocks. Degradation of habitats, especially
important spawning grounds, by fishing and other activities also have negative
impacts on several important stocks. According to one estimate, a substantial
part of the world’s fisheries are biologically over-exploited in the sense that if
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stocks were allowed to recover they would generate a higher yield or catch
(Hilborn and Walters 1992). Despite this observation, the world’s catch has
continued to increase and therefore the existing and previously under-exploited
stocks are coming under increased fishing pressure. Increased fishing effort and
decline in catch and stocks of some important fisheries can be analysed by
using both biological and economic models.

12.3.1 Surplus Yield Model/Schaefer Model

An important class of biological model, that are widely applied in fisheries and
elsewhere are surplus yield or production model. Surplus yield model ignores
the issues of differences in cohorts and mortalities. It simply analyses the
interaction effects of the biomass and growth in the biomass on the fishery.
Such kind of models can take various functional forms, but all assume density
dependent growth. This assumption means that the biomass has a tendency (in
the absence of fishing) to approach its maximum level or carrying capacity at
the rate that depends on the size of the biomass. The fastest growth is when the
biomass is at the intermediate level and its slowest growth is when the biomass
1s either close to zero or close to its carrying capacity. A commonly estimated
model that assumes the logistic growth equation, called the Schaefer model, is
as follows:

dx

== rx(1—x/K)eeeieiiieiinnn (12.1)

Where, x is the biomass, r is the intrinsic growth rate, and k is the maximum
carrying capacity for the fishery.

Consider a population dynamics of a stock of fish (or biomass) of a single
species which is supposed to follow growth through time ‘t’. 1If it follows a
logistic function, then the stock of fish multiplies at low levels, but as they
begin to compete for food supply, their rate of growth slows down and
eventually the stock converges to some maximum level just equal to the
carrying capacity (Xmax = k) of the ecosystem for that species (in the absence
of human intervention). The growth curve (Figure 12.5) starts from the critical
minimum level of population Xyi,. If the bio mass goes below this critical
level, the species is driven to extinction Xgero. The growth of biomass

d - . : . .
(d—f) or X (i.e. the rate of change in stock X with respect to time) is represented

on the vertical axis and the level of stock or biomass X on the horizontal axis.
For the ease of exposition, we assume that there is no critical minimum size of
population and therefore the segment between Xpin and Xy, 1s omitted. The
Figure thus reflects that the rate of growth of resource stock is first positive,
then reaches a maximum and then declines as the stock gets bigger. If we let
the resource alone, it will grow and grow in size, in terms of the total biomass,
until it reaches the carrying capacity of the environment at X,,,x. The growth
rate of the resource reaches a maximum at the point X" [called the maximum
sustainable yield (MSY) which is to be derived by maximising equation 12.1
w.r.t.
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Figure 12.5: Schaefer Model of a Fishery

x].  Thus, if fishers are only concerned about the quantum of optimum fish
they should catch, Xysy is the optimum level of biomass as it corresponds to
the greatest surplus yield or sustainable harvest. The harvest level is called the
surplus yield because if it is taken from the stock, it will regenerate itself
without changing the level of biomass. Hence, MSY is the most we can take
from the resource on a sustainable basis i.e. without reducing its long term
stock. In the absence of fishing, the biomass should converge to its carrying
capacity at k which generates a zero surplus yield.

Algebraically, differentiating the growth in biomass given in equation 12.1, and
setting the result equal to zero, we can determine the biomass level that
maximizes the growth. Thus:

Eor(i-Dem ()= r-Eao-mok o oby

x* being the maximum sustainable yield, k/z is the level of biomass that

yields the highest yield or harvest of fish, without reducing the biomass.
Substituting for x* from equation 12.2 into 12.1, the yield at this level of

biomass can be shown equal to rk/ 4- The biomass that coincides with the

maximum sustainable yield or MSY is commonly referred to as Xmsy.
However, such an approach to fishery management is problematic for several
reasons. First, fisheries like any natural population, are subject to random
shocks, and trying to manage fishery to be always at a given biomass level will
almost certainly fail. Moreover, in the face of uncertainty, an important
management goal is likely to include a lower variance in the catch from year to
year which may not coincide at a biomass level Xysy. Second, measuring the
parameters of the surplus yield model is prone to both error and bias since for
obtaining the estimates of both ‘r’ and ‘k’, with any reasonable degree of
precision, requirement of data on the biomass (at, or near to, the point of
growth in the biomass) is close to zero. Third, as we will soon see the biomass
that maximizes the total harvest will, in general, not maximize the net
economic return from fishery.
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12.3.2 Gordon Schaefer Model

The maximization of harvest or a yield from a renewable resource does not
coincide with the maximization of the resource rent. This is because neither
costs nor revenue are proportional to the harvests. One of the first to show this
result in a formal way by using a biological and economic (bioeconomic)
model for fishery was Scott Gordon (1954) for which he adopted the surplus
yield model of Schaefer. In light of this, Gordon’s analysis on fishery has
commonly come to be referred as the Gordon Schaefer Model. In this, it is
assumed that the harvests of fishers (h) is proportional to both the levels of
biomass (q) and the fishing effort (E). That is:

h=qEx ...c........... (12.3)

where q is the catchability coefficient that is independent of either fishing
effort or the biomass. Using equations 12.1 and 12.3, the effort required to
harvest the surplus yield (%) (which leaves ‘x’ unchanged) can be calculated

as:

I
h=qu=rx(1—%) = E=¥ ............... (12.4)

The maximization problem that will solve for the optimal biomass level [which
will give the highest net return (revenue minus costs) from the fishery on a
sustained yield basis] is, therefore:

Maxm =ph—cE ............ (12.5)

where ‘p’ is the competitive price and ‘c’ is the competitive cost of fishing
effort. Given that the harvest should equal the surplus yield, we can substitute
(12.4) in (12.5) to obtain:

Max m = pqEx — cE = prx (1-%) - c£(1 —%): [using (12.4) for
Elooorooo(12.5,)

=r(1-%) - 1V L (12.5,)

Differentiating w.r.t. ‘x’ and setting the first order condition equal to ‘zero’, we
get:

(1-g)e
ar _ 4 _x a4 _IPy2 e T¢
T r r(l k)px T = Llpx—x q+kqx] .........
........... (12.5.)
= rp-2(rp/k)x+(rc/kq)=rp[1-(2/K)x]H(rc/KQ)...corverreaiiaeannns (12.59)
= X)L o _ 2pr
—pr(l k)+qk—0=> pr+qk— Pt
= K L
X = [pr + qk] P +k/2 .. (12.6)

If (12.6) 1s positive then fishers are earning resource rents or super normal
profits (where if total revenue equals total costs, fishers earns normal profit).
The biomass that maximizes the resource rent or sustainable economic yield,
x*, 1s commonly called x,,zy or the biomass that gives the maximum economic
yield. Provided that ¢, ¢ and p are greater than zero, it follows from (12.2) and



(12.6) that the biomass that maximizes the sustainable economic yield is
greater than the maximum sustainable yield i.e. Xy gy > Xpygy. This is shown
in Figure 12.6, where the net revenue curve and x, gy represents the point
where the marginal revenue from a change in the biomass exactly equals the
marginal cost of harvesting this quantity of fish. The maximum economic
yield gives higher level of the biomass than x5y, because the total cost of
harvesting is decreasing in the biomass. In this sense, the biomass is like an
input into the harvesting function where more fish can be caught for the same
level of fishing effort.

Although xpgy is the biomass level that maximizes the resource rents, in the
absence of any control on entry into the fishery, positive rents would attract
further fishing effort reducing the biomass below xpgy. In fact, so long as
fishers can only earn normal profit in alternative employment, with resource
rent being positive in fishery, additional fishing effort will continue to increase
until eventually the resource rents are levelled to the point of profit in
alternative employment. If such a point is represented by x;yr (X infinity) and
refers to the point of bionomic equilibrium (because if the biomass is greater
than x;yr, additional fishing effort and entry would move it towards x;yr ),
exploitation with a biomass less than x;yr generates a negative return reducing
the effort and inducing exit. The time it would take to reach the bionomic
equilibrium in an open access fishery depends on the rate of entry, the

Total Revenue/Total Cost
TC
Xine  Xmsy  XuEy k :- Biomass

Figure 12.6: The Gordon-Schaefer Model (Sustained Yield Biomass)

size of the resource rents, the initial rate of exploitation, and other factors. The
tendency for a common pool resource where yields are rivulrous and exclusion
is difficult to move towards x;yr has been called the tragedy of commons
(Hardin, 1968). The tragedy arises because the resource is overexploited
economically because no property rights exist. Thus, although fishers would
be better off if the fishery were at xygy , the lack of property rights precludes
the possibility of staying at such a point, or at any other biomass with positive
resource rents. This is because positive resource rents attract additional fishing
effort that reduces the biomass and move it towards bionomic equilibrium.

The Gordon-Schaefer model may also be represented directly in terms of the
level of fishing effort rather than the level of biomass. This can be done by
solving equation 12.5, but substituting for x rather than E. Thus, the
maximization problem becomes:

Ek(r—qE
PqEk( q)—cE
T

Maxm=——————cE ............. (12.7), so that,

an _ _2pa’Ek _ . _ s =L 2
dE—qu - c=0 = E —r(zq c/2q°pk) ............. (12.8)
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The level of fishing effort that corresponds to
Xmey Xmsy, and Xyyp areEygy, Eysy, and Ejyp. These are indicated in Figure
12.7. From equation 12.3, we note that a higher X implies a lower level of
fishing effort. Thus, if xygy > xysy > Xvr, 1t follows that Eygy <
Eysy < Einyr. In other words, the level of fishing efforts that gives the
maximum economic yield is less than the level of fishing effort that ensures the
maximum sustainable yield. Thus,

Total Revenue/Total Cost

MR=M(

; ‘
H
'

Evry Eysy Epg E..

Fishing Effort
Figure 12.7: The Gordon-Schaefer Model (Sustained Yield Effort)

in the Gordon Schaefer or static economic model of the fishery, rent
maximization is more conservative with lower fishing effort than the
maximization of the sustained yield from the fishery. The implication is that if
fishing effort could be controlled at Eygy (or at the point less than E;yp), then
complete rent dissipation can be avoided. The first step is to restrict access to
the fishery or limit entry in terms of the number of fishers or vessels. The
second step is to control the fishing effort of fishers who have access to the
fishery. The former has proved much easier than the latter.  Although the
results from the Gordon Schaefer model has proved insightful, it fails to
consider what is the optimal path to get to the rent maximizing level of the
biomass [a point recognized by Gordon himself (1956)]. The model also does
not consider the consequences of discounting on the optimum harvest and
biomass level.

12.3.3 Open Access and Common Property Solution

As we know, private ownership is not that common in the case of major fishery
or forestry. Instead, we mostly observe government territorial ownership as
with territorial waters with free access by the relevant country. Similarly, for
some species of interest like whales, there may be no territorial rights either:
the sea may simply be internationally common property. In either case, if there
1s excess profit above the normal level (i.e. TR > TC) new entrants will come
in and the solution will be Ennr (1.e. where TR = TC as in the Figure 12.7). The
equilibrium is where profits are dissipated to the point where each resource
exploiter secures only normal profit. Such open access equilibrium with the
fishing effort of Enr at the point of equality of TR = TC may occur under
certain common situations like:

1.  The stock is less than that associated with profit maximization and the
harvest rate is lower.



2. Open access does not coincide with MSY, unless TC cuts TR at the
latter’s maximum.

3. Open access does not generally lead to the extinction of the species — as
argued by some environmentalists that open access resources are
inevitably doomed. The conditions under which extinction will occur
are: (a) effort is costless i.e. effort is at Enax as in Figure 12.7 and the
stock goes to zero and (b) harvesting takes place at levels persistently
above the natural rate of regeneration i.e. the harvest is non sustainable.

In the case of open access, since no one owns the resource, there is no limit to
the new entrants. However, there is some well defined group or community
who enjoys the user right in the case of common property fishery. Hence, in
terms of Figure 12.7, we may expect a common property solution somewhere
between the profit maximizing solution and the open access solution. Since the
profit maximizing solution involves least effort, in case of a larger stock, the
risk of extinction is low. The open access solution, although is more likely to
risk extinction, is not inevitable. This is because effort is much greater and
stocks are consequently lower. The common property solution therefore lies
somewhere in between.

12.3.4 Optimal Biomass

Discounting has important implications in terms of both the optimal level of
harvest and biomass. The greater the discount rate, the less valuable are returns
in the future relative to the present and greater the incentive not to invest in the
resource reducing the current harvest. To show this result formally, we first
need to determine the optimal level of biomass given a positive discount rate.

Let ‘i’ be the control variable (i.e. the level of harvest) for determining the
present and future values of the resource stock. Let x be the state variable
denoting the stock of biomass and F(x) the growth in the biomass in the
absence of fishing. Letp be the given price of the resource with the cost of
harvest defined by c(x)h where ¢’(x) < 0 indicates that an increase in the
biomass for a given harvest level reduces the costs of fishing. The
instantaneous resource rent or net returns in the fishery is [p — c(x)h] with
time entering the problem through the discount factor e~%¢, § being the
discount rate. The dynamic problem of the fishery is to maximize the present
discounted value of the resource rent (V) with the objective functional given
as:

MaxV = f::o e % (p—c)h}dt ............... (12.9) subject to the
. . . dx
Dynamic Constraint X = —== F(x)—h ............ (12.10)
and the boundary constraint x, =x(0) ... ..........(12.11)

Equation (12.10) is the dynamic or the biological constraint, which states that
the change in the biomass over time must equal the growth in the biomass less

d . . . o d

the harvest. If d—f = 0, the resource is being harvested sustainably, if d—f >
0, the harvest is less than the growth in the biomass which amounts to
. . . o d

‘investing’ or increasing the resource stock and if d—f < 0, the harvest exceeds

the growth in the biomass amounting to ‘disinvesting’ or reducing the resource
stock.  Equation (12.11) is the initial value of the state variable i.e. the

Determinants of
Renewable Resources

65



Economics of
Environment

66

resource stock or biomass describing ‘the state of the system’ in terms of the
fishery.

The solution comes from the Optimal Control Theory where the present value
Hamiltonian (H) is:

H=ep—cx)th+ A{F(x)—h} ..c..ocoeen (12.12)

The total current value Hamiltonian (H) which captures all possible benefit
from the fish stock, including both the present and the future benefits is
obtained by multiplying (12.12) by e% and denoting He% = H and A,e% =
He:

H={p—cx)th+ ufF(x)—h}.....cc.......... (12.12a)

Where, {p — c(x;)}h is the current benefit and u.{F(x) — h} is the net future
benefit with u, = e%® as the co-state variable or the shadow price of the

resource stock for the remaining period. We have two necessary conditions of
which the first is:

O0H o0H

o
s a_:t_pf_c(x)_”t=0=>ﬂt=Pt—C(x)=>Pt=ut+C(x)
......... (12.13)

1.e. the price of the resource at the current period is equal to the marginal cost
plus the user cost (shadow price).

Ae  OH

2. The second necessary condition is: ST aa (12.14)
t
Note that H = e% H. Hence, e *H = H. That is, e‘&g = Z—: ...........
(A)
Similarly ~ since  p, = e%A,, A, = e % u,. Hence, % = —8e Oy, +
-5t Akt
e FraRRRRE (B)
Substituting (A) and (B) in equation (12.14):
dic _ OH _Spo—6t —5t e _ -5t OH
dt ~ ox o~ + e dac ox’
o Ak _ OH _, dpe _ oH _ dus _ 9c(x) p _
That is, ” Sy, = = o T 5”f+ax = = Sy, + o7, h
UeF' () e (12.15)
[since from (12.12a) differentiating with respect to x = g = a;(cx) h—
t
peF' ()]
dut ’ dx y / v

Now from (12.13), u; = p; — c(x) = - = L= a= (0%
i.e. p=—c'(X){F(x)—h} ...... [from the dynamic constraint equation
(12.10)]
For the steady state g = 0, F(x) = h. Hence, from (12.15) we get,

dug dc(x)

— =394 h— uF'(x)=0

It met o teF' (x)



Suy = — a;(cx) h+ {p: — c(x)}F'(x) [i.e. by substituting u,from (12.13)]
t
1 dc(x) , 1d
Tl =g {= ;;: h+ {p. — cIF'(X)} = p = E;{{pt — c(x)}F (x)
....... (from the steady state condition F(x) = h = u, = %d};—ix)
(12.16)
= p— c(x) =y = %d};ix) ......... (12.16 a)
Equation (12.16 a) 1s the

Fundamental rule of optimal use of Renewable Resources. It implies that,
if we reduce the stock of resource by harvesting a small amount there will be

an immediate gain of (p — c(x)), which is the instantaneous marginal return

from harvest. But there will be a loss of future sustainable amount d};—(x). The

X
present value of the future sustainable amount (over an infinite time horizon) is
1dR(x)
§ dx
harvest. Immediate marginal gain from an increase in current harvest of

resource must be equal to the present value of future losses in rental brought
about by that change. Equation (12.16a) solved for unknown ‘x’, provides the
singular solution of the control problem. If x* > 0, it is the unique solution
with x* representing the optimal equilibrium stock level.

. This 1s due to the loss of stock of offspring of the marginal stock of

Given y; = (p — c(x)), from equation (12.13), rewriting equation (12.15) we
get:

. du, dc(x) ,

== Sue + - h— F'(x)u,

o dc(x) i

i.e.t= Sy + 7 F(x) — F'(x)u;
Xt

Dividing both sides by u; we get: B sy LOED NI AW R W
Ut Ox¢ Mt
(12.17)

1. If the resource is a non Renewable resource (no intrinsic growth)
then, F'(x) =0

2. If the stock has no impact on cost then, a;(cx) =0
t
Therefore equation (12.17) becomes: 5 = 0 e, (12.18)

As per the Hotelling formulation for Non Renewable resources, growth rate of
the user price or the internal rate of return of the resource stock is equal to the

discount rate. If F’(x) = 0 but the stock effect i.e. a;(cx)
t

# 0 then extraction

cost increases as long as % < 0. Therefore, from (12.17) we get:
t

%= 5+M@.Thus,g< 0,if M<Oan

Oxy U u oxt

d % >0. (12.19)

The above (called as the Modified Hotelling Rule) implies that the Shadow
price (or the future price of resources) will grow at a rate less than the rate of
interest (or the discount rate).

Determinants of
Renewable Resources

67



Economics of Check Your Progress 2 [answer within the space provided in about 100
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words]

1.

State the form of the Schaefer Model. In this, show that the biomass
level which maximises the growth of a single specie fishery population

can be obtained as: x* = k/z.

rx(1-x)

Using the Schaefer Model [stated as: % = ], show that in the

Gordon Schaefer Model stated as h = qEx (with known explanations for
h, q and x), where the ‘effort (E)’ required to harvest the surplus yield is

lculated by: E = ——+ .
calculated by q(l—%)

Is it true that open access always leads to extinction of resource
accessed? State the two conditions under which extinction of a natural
resource can occur due to open access.

State the dynamic problem of fishery for maximising the present
discounted value of the resource rent.

State the ‘fundamental rule of optimal use of renewable resources’ with
its implication.



6.  With explanation of notations employed, state the Modified Hotelling
Rule and its implication.

124 ECONOMICS OF FORESTRY

Forests are integral part of human civilization. They provide multiple benefits
(1.e. wide spectrum of goods and services) including fuel, foodstuffs, building
materials. It is an important source of environmental and amenity services.
Forests protect us from flood, soil erosion, helps in carbon sequestration and
thereby cleanse the air, attract rain, maintain the pool of genetic resources,
protects bio diversity by acting as a natural habitat of wild life, etc. They thus
play a crucial role in the ecology of watersheds that supply much of our useful
water. Moreover, forests have great value in providing amenity services by
adding to the scenic beauty, recreation and aesthetic motivation. Forestry
economics has therefore broadened its focus from the study of the production
of timber, or forest products, to more complex problems involving the
environmental amenities, the critical role they play in sustaining ecosystem and
consumption smoothening of the poor rural community. Forests, besides
protecting many attributes of renewable resources, also exhibit some unique
features. Trees are commercially valuable when they are cut and sold.
However, if not cut, like capital assets, standing forests provide a stream of
non-timber environmental services. Most of the environmental benefits
provided by the forests have positive externalities which normally cannot be
captured by the resource managers leading to inefficient management. Hence,
the present section on forestry aims at covering how economics can be
combined with forest ecology to arrive at an efficient management of this
important natural resource.

One of the main issues involved in modelling the issues of forestry is that of
choosing the appropriate scale. A forest may be small private forest or can be
as large as covering a span of two continents or it may contain a diverse mix of
tree species or a mono-specie ‘timber stand’ distinguished only by age. The
most common unit of analysis used in forestry issues is ‘timber stand’. In
general, timber stand consists of trees within a contiguous area sharing similar
characteristics such as age species, composition, etc. A forest can then be
made up of a number of stands that are commonly managed as individual units.
The fact that trees are fixed in location has several important implications. In
general, a stand becomes more valuable with age as the standing volume
increases. It is also assumed that the value of per unit volume of trees
increases with age, reflecting the higher prices associated with older and larger
trees. The flow of the benefits like forage for both domestic grazing stock and
wild life, wild life habitat, water flow and recreational opportunities, changes
over time as trees mature. The ability of the trees to sequester carbon is also
dependent upon the size and age of the trees. Within a forest, the costs may be
such that standing timber has no commercial value (as the price of the forest
product that can be derived from the wood net of all processing costs, may just
equal their transportation and harvesting costs). This limit marks the extensive
margin beyond which trees have no commercial value. Other land uses
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such as agriculture, may also compete with forest land. Where economic
return to forest land equal those of competing land uses, it delineates the
‘intensive margin’. The intensive margin is also used to sometimes describe
the level of economic utilization within a timber stand. Certain species or
smaller trees may be uneconomic and therefore be left behind depending upon
the harvesting policies.

12.4.1 Biological Approach

The timber value of a tree is determined by the volume of a saleable timber a
tree can produce. The volume of a timber in a uniform forest depends on the
age of the trees represented by its logistic growth function f(t). Since saleable
timber is produced only after a tree has reached a minimum age t, the Logistic
growth function demonstrates that the growth of a tree may continue to
increase over time to a maximum (when the volume of a timber reaches a
plateau) and then declines as the tree ceases to grow further after attaining its
maturity. In fact, it may actually become negative when it starts decaying and
eventually die. The typical relationship between the age of a timber stand (or
tree) and volume is shown in Figure 12.8. The average annual increase in
timber stand volume is known as the Mean Annual Increment (MAI), while
the annual increase in timber volume (i.e. the change in volume from year to
year) is known as Current Annual Increment (CAI). The biological
approach to commercial forestry management is to choose the harvest age at
which MAI of the trees in the timber stand is maximized (sometimes called the
Culmination of the MAI). In a forest where the number of even aged stand
equals the rotation age, harvesting a stand each year and replanting that stand
will yield the maximum harvest by volume that can be sustained over time
(since each stand advances in age and trees that are Ty, ; mature will become
available for harvest in the succeeding year). The problem is therefore
formulated as choosing the time of harvesting, T, that maximizes harvest
volume over time. That is:

Timber Stand Volume

M%ﬂ(Volztme

x Mean Annual Increment

Max Current Annual Increment

Te Tv Iy

Figure 12.8: Timber Stand Age (Years)

v _

Maximize W (T) = - = MAI
First order condition gives:
aw _ vy v . V(T) _ _
e =z e ——=V (TY=CAI ............. (12.20)



Figure 12.9 shows the MAI which corresponds to the average product curve
and the CAI (the marginal product curve or V'(T) based on the growth
function depicted in Figure 12.8. The ‘culmination of mean annual increment’
(CMAI) is reached where CAI crosses the MAI curve ie. at T,. This is
equivalent to choosing the stock and harvesting effort that will maximize the
sustained yield in fisheries (MSY). Under this approach, each year 1/T,, of the
forest would be harvested (assuming all stands are identical).

Incremental Timber Volume

Current Apniual Increment

T, T, T, Timber Stand Age (Years)

Figure 12.9: Mean Value Increment and Current Annual Increment

12.4.2 Economic Approach

The approach based on biological criteria is criticized on the ground that it does
not take into account the economic criteria. Economic efficiency of timber
management implies choosing the optimal age of harvesting a tree that would
maximize the present value of the net benefit from wood. This in turn implies
determining the optimal rotation age for a forest stand given a set of exogenous
variables (like growth of a tree, output they produce, discount rate, etc.) that
would maximize the present value from harvesting a tree.

12.4.2.1 The Single Stand One Rotation Problem

The approach here assumes that the stands have been established with no costs
involved in tending the stands. It further assumes that a new stand will not be
established after harvest. Thus, the value of the tree at time ‘t’ is the constant
price P times the volume V(t) net of harvesting. Therefore, the net present
value of a harvest at time T is given by:

m=[P)V(T)]e T .......... (12.21)

The one period optimal rotation problem can be written as choosing the
optimal harvest age T that maximizes the net present value:

= ((PV(1))e*T(=8) + (PIV'(T)e™T =0 ....... (12.22)
The above first order condition can be rewritten as:
(P)V'(T) = 6PV(T) or VV(—(TT; =5 (12.23)

The LHS of (12.23) is the instantaneous increase in the value of standing
timber 1.e. the net revenue accruing from the increase in growth from waiting to
harvest the trees. The RHS is the return if all the trees were harvested and the
money is invested to earn a rate of interest equal to the discount rate. Since
the net price P is constant, this is equivalent to choosing the rotation length

Determinants of
Renewable Resources

71



Economics of
Environment

72

where the growth rate (expressed in percentage term) is equal to the discount
rate.

12.4.2.2  Single Stand Continuous Forestry Problem (the Faustmann
Result)

If we assume that land will be dedicated to forestry, we then need to
incorporate the effect of growing subsequent crops of tree on the same site.
Martin Faustmann (1849) was the first to identify the problem as choosing the
harvest period to maximize the net present value of a series of future harvest or
the optimal rotation age T, for a series of sequential harvests of a timber stand
on the same site.  Considering ‘c’ as the replanting cost associated with
establishing the next stand of trees, immediately following harvest but again
assuming that the first stand has already been established, we have:

m=(PV(T)—c)e%T{1+e 0T + 92T 4 03T 4 ... .. oo
(12.24)
_ (PV(T)-c)e™T _ PV(T)-c
B 1-e=8T = ¢8T_q
.................................................................. (12.25)
amr dr _ (PV(T)—c)(—e7T§) PV'(T) _
d_T = = d_T = (e5T—1)2 L = () . <9 (1226)

(PV(T)—c)(e%T8)

Rewriting the above equation as: PV'(T) = ST e

(12.27)

Pv/(r)  _ ((e¥T8)e®T &
(PV(T)—c)  (e5T-1)e=8T  (1-e~9T)

Pv'(T) )
(PV(D-c)  (1-e~9T)

.............. (12.27a)

Thus the term in the RHS of (12.27a) means, if all the trees were harvested and
money put in the bank (with the discount rate approximated at the market rate
of interest § = r), the term in the RHS is the opportunity cost of postponing
the harvest or the interest income foregone. The LHS is the instantaneous
increase in value of standing timber from waiting to harvest the trees (net
revenue accruing from increasing growth). For the equality to be re-
established the forest must be harvested sooner when V'(T) is greater at an
earlier age.

Equation (12.27a) can be rewritten as :
PV'(T) = (PV(T)—c)(8) + PV'(T)e 0T ............... (12.27b)

Equation (12.27b) again equates the marginal benefit of harvesting against the
marginal costs of waiting. The first term in the RHS is the opportunity cost of
postponing the harvest or the interest income foregone. The second term in the
RHS is the cost incurred due to postponing harvest leading to loss of growth of
replanting. It reflects the opportunity cost in delaying the establishment of new
trees that can grow faster. The additional increase in costs is attributed to
waiting reduces the optimum rotation age compared to the single stand case
which can also be seen by setting ¢ = 0. For the equality to be re-established
the forest must be harvested sooner when V'(T) is greater at an earlier age.

The second term of RHS in (12.27a) can be rewritten, where Tr or T" has been
chosen to optimize the problem, as follows:



PV'(T*) _ )
(PV(T*)—¢) (1— e™9T)
)

—5T*5

PV'(T*) = (PV(T*) — ¢)

e

(1— e=9T"
(PV(T*) — )6

(1 — e—ST*)/e—ST*

(PV(T")-0)}
(€8T -1)

(PV(T*)—c)}}
(€8T -1)

PV'(THe T = (PV(T*) — ¢)

PV'(T*)e T =

Thus, PV’ (T*)(e™°T) = &{ J=6m (12.28)

since from (12.25), we can write, m* = {

The term m*is the capitalized value of land from growing trees in perpetuity on
the site. RHS of 12.28, 8", is the land rent captured by the flow of the value
per period of time associated with the piece of land dedicated to the forestry. It
can also be thought of as the opportunity cost associated with using the land to
grow trees.

12.4.3 Rotation Age

We can compare how the optimal harvest age changes when we use economic
criteria rather than the biological criteria. We do this by deriving the optimal
rotation age under the two different formulations. As we have seen in Figure
12.9, the average annual growth V(T)/T and the incremental annual growth of
timber V'(T) are expressed as functions of the timber age T. @ We can
similarly express both V(T)/T and V'(T) as functions of the volume V(T) since
timber volume increases directly with age (Figure 12.10). The only difference
is that the horizontal axis captures timber volume and not age. The rotation
length that maximizes the average timber volume over time is when the mean
annual growth rate equals the average

Mean Annual Increment &
Current Annual Increment /Current ual Increment

Slope=5

Currerit Anndl Increment =Mean

Affnual Increme ) /

(0(m-c))/

T; I:S .Im Timber Stand Volume
Figure 12.10: Comparison of Optimal Rotation Age

annual growth rate (given by T,, in Figure 12.9). The optimal rotation length
under the single stand, one time harvest problem (as given by equation 12.23)
can be rewritten as V'(T) = & V(T) which gives a line with a slope §, through
the origin. The optimal harvest age is then given by Ty where the line
intersects the V'(T). In this case, trees are harvested earlier when we use
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economic criteria rather than biological criteria. In the case of continuous
forestry, under the Faustmann formulation, from equation 12.27 we have:

PV'(T) = (PV(T) = c)(&) + PV'(T)e~*"

By substituting 87 for PV'(T)e %7, from equation 12.28 and dividing by P we
get:

V() = (PV(T; ~9(®)

+6m/ p
Thus,V'(T) = §V(T) + 2 (= ¢) .cooec.... (12.29)

This yields a line with a slope § and an intercept @ that can be plotted
against the volume V(T).

1. If m > ¢, the capitalized value of the land exceeds the replanting costs
thereby yielding a positive economic value to the forestry. This implies
an upward shift of the §V (T) curve yielding an optimal rotation length of
T < T (for the one period rotation case).

2. If m = ¢, then the cost of replanting exactly offsets the value expected
from future harvests (which also takes into account the cost of replanting
in the future). In this case, the solution is same as single stand case as
there is no value associated with the future harvests.

3.  Form < c, then the expected value of the land is negative, suggesting that
the land will not remain in forestry since after harvests the replanting
costs exceeds the value of the reforested land.

12.4.4 Comparative Static/Changes in Exogenous Factors

Both the single stand and the Faustmann models can be used to investigate the
influence of different exogenous variables on the optimal rotation length.
Examples include changes in the discount rate (§), changes in the net price (P),
changes in the cost of replanting (c). From the first order condition one can
show that an increase in the discount rate will shorten the optimal harvest,
while a decrease in the net price will lengthen the optimal rotation. This can be
seen in Figure 12.10 where an increase in § will steepen the slope and shift the
intercept up, while the increase in net price P will shift the intercept up (as
intuitively the land will now be worth more). However, one cannot establish a
general rule regarding the optimal rotation if more than one variable changes,
unless one specifies the relationship between the parameters. For instance, if
the discount rate increases but the price decreases, the change in rotation
depends upon the relative magnitude of the two opposing effects. If ¢
increases, then [V(t) — c] will fall. Thus, the length of rotation increases as
replanting cost increases. The increase in cost reduces the value of the forest
and increases the rate of return on the existing land.

12.4.5 Optimal Reotation and Social Optimum

The optimum rotation age achieved through private markets may significantly
differ from the socially optimum age for several reasons. First, there may be
environmental benefits associated with the timber stand that are not taken into
account by the decision maker. These externalities can lead to rotation ages
that are too short or may even lead a private manager to harvest where a public
manager would not. Second, where the private discount rate is higher than the



social discount rate, this will lead to shorter rotation ages. Third, imperfect
markets may also yield incorrect prices leading to incorrect rotation ages.

12.4.6 New Dimensions to Forestry Issues

How countries manage their forests is not confined to the boundaries of the
nation state but increasingly includes international aspects. First, many of the
important environmental characteristics associated with forests (such as
biodiversity and their potential to sequester carbon) have an international
dimension. = These are recognised in two international environmental
agreements viz. the Convention on Biodiversity and the Framework
Convention on Climate Change (Kyoto Protocol). Second, as the shift towards
sustainable development was adopted by many developed countries, trade in
the forest products also grew and the environmental aspects of how the goods
are produced became increasingly important. This means the impact from
changes in one country’s policies, designed to satisfy broader environmental
objectives, cannot be examined by excluding the indirect effect such changes
might have elsewhere. For instance, a country’s change in policy towards
more protected forest may reduce domestic production but may shift demand to
other regions or countries where forests are managed in an unsustainable
manner. Similarly, efforts to combat deforestation through measures such as
export bans on logs may be counter-productive. Maestad (2001) argues that
timber trade restrictions, designed to reduce deforestation, may not reduce but
may actually increase and induce the conversion of forest land to other uses by
depressing the value of timber. Efforts to develop international consensus
through an environmental agreement on forest management have so far failed.
Some critical questions raised on multiple uses are: (i) how do policy makers
reconcile environmental, economic and social objectives? (ii) when do some of
these objectives compete with one another? (iii) how are the public values
recognised under systems of private ownership? and (iv) how can policy
makers create incentives for sustainable forestry? One attempt to answer some
of these questions has been through forest product certification, which
identifies forest products produced in a sustainable manner. This is the first
major attempt to use private markets to provide public goods and was initiated
by NGOs that has developed international label based on the manner in which
timber is produced. The aim was to create new markets that would provide a
premium over traditional markets providing incentives to the firms to practice
sustainable forestry. Developing countries, however, have voiced concerns
that certification may emerge as a trade barrier meant to protect domestic
industries in developed countries. The increasing attention paid towards
certification will link countries’ domestic forest management policies even
more firmly to the international market place.

Check Your Progress 3 [answer within the space provided in about 100
words]

1. Distinguish between the terms ‘extensive margin’ and ‘intensive margin’.
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2. Suppose the relationship between the growth of fish stock and the stock
of fish is expressed as x = 4x — 0.1x?2, where the growth is expressed in
tons and the stock x is expressed in thousand tons. Compute maximum
sustainable yield (MSY), and stock corresponding to the MSY.

3. If the demand for fish is given by P = 400 — 3h, h being the harvest
with h = 0.6E, where, E is the effort level. Marginal costs and average
costs are constant and equal to 200 per unit of effort. Find the bio-
economic and private competitive equilibrium levels of effort and
harvest.

4.  Specify the optimal rotation problem which maximises the net present
value of forestry in a single stand one rotation problem.

5. State three reasons as to why the optimum rotation age achieved through
private market may significantly differ from the socially optimum age.

12.5 INVESTMENT UNDER UNCERTAINTY

Much of the early literature on the economics of renewable resources was cast
in a decision environment of perfect certainty. However, both biological
parameters (such as growth rates and carrying capacity) and economic
parameters (such as price and marginal costs) are more likely to exhibit
stochastic change over time. In addition, the goal of simple net present value
maximization (the pre-cursor to equations related to the steady-state condition
of renewable resource) may be replaced when economic activity can be
characterized by irreversibility and flexibility in timing. In such applications, a
framework of investment under uncertainty is more suitable. This framework
for natural resource valuation and management has generally emerged from
theories of capital investment, and more specifically from the options value



literature of corporate and public finance. Most decisions to invest exhibit
some degree of irreversibility; where initial capital outlays can never be
recovered or externalities associated with economic activity cannot be
reversed. The timing of many investments can also be flexible. Both
irreversibility and the ability to wait for new information introduce a positive
value of delay to many investments. Known as an option value, this additional
opportunity cost of investment can push optimal rates of return well-above
discount rates common to the traditional net present value framework. When
uncertainty is explicitly considered, stochastic trigger values can be developed
which indicate when an investment should be undertaken. Such stochastic
optimal timing problems have become an important part of the renewable
resource economics literature.

12.6 LET US SUM UP

Renewable natural resources include those resources (like stocks of fish,
forests, or freshwater) useful to human economies. They exhibit growth and
therefore requires sustainable maintenance and protection from exploitation
over an economic planning horizon. Renewable resources across the world are
experiencing a discernible decline along both socioeconomic and ecological
gradients. Statistics on ocean fishery depletion, forest land conversion, top-soil
loss, desertification, species extinction and freshwater diminution,
overwhelmingly point to the consequences of human domination of the
planet’s resources. The size of the resource stock (population) of these
biological resources is determined jointly by biological factors and human
interference. The size of the population, in turn, determines the availability of
resources for the future. As the flow of these resources over time is not purely
a natural phenomenon, a crucial issue is the optimum (efficient) rate of
resource use over time and over generations. At the heart of nearly all
economic models of renewable resources (relevant to market-based decisions),
is the goal of efficiency, where marginal benefits of the next resource put to
economic use is exactly equal to its marginal cost of production and/or benefits
to society. Discounting the economic value has important implications in
terms of both the optimal level of harvest and biomass. The greater the
discount rate, the less valuable are returns in the future relative to the present,
and the greater the incentive not to invest in the resource by reducing the
current harvest. The question of when and how much to harvest (present vs.
future time periods), has been posed as a balancing act between current and
future benefits and costs. Method of dynamic optimization (i.e. the best
allocation over time) is used to strike this balance. Thus, a renewable resource
problem is typically framed as a maximization of some single measure of net
economic value over some future time horizon, subject to the natural dynamics
of the harvested resource, an initial stock size, a target for the end of the
planning horizon (or a limit in the case of an infinite-time horizon), a measure
of time preference, and other relevant market, price, and technology
constraints. This unit provides an elaboration of fundamental equation of
renewable resources, highlighting the essence of an efficient, market-based
approach to management. Two sections on fishery and forestry economics deal
with the type of decision rules depicted in this framework. Thus, in case of
fishery resources the fundamental principal is that the immediate marginal gain
from an increase in current harvest of resource must be equal to the present
value of future losses in rental brought about by that change. This is in fact the
modified extension of Hotelling formulation for non renewable resources.
Shadow price (or the future price of resources) will grow at a rate less than the
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Ez‘z‘:’omn‘nc;g{ rate of interest (or the discount rate) due to the non-zero stock effect. The
Faustmann rotation is the optimal solution to the infinite-horizon timber
harvest, where the marginal benefits of waiting are equated to the marginal
opportunity costs of delaying both the current stand and all future stands.

12.7 KEY WORDS

Biodiversity Is the variety of different types of life found
on Earth and their variations within species. It
is a measure of the variety of organisms
present in different ecosystems. This can refer
to genetic variation, ecosystem variation, or
species variation (number of species) within
an area, biomass, or planet. Biodiversity is not
distributed evenly on Earth. It is richest in the

tropics.

Biomass Is measured as the total weight of all fish
species in the sea or all tree species in the
forest.

Carrying Capacity It determines the maximum limit of the stock

of any biomass beyond which it cannot grow.
This is the maximum bearable by the given

habitat.

Discount Rate Is a measurement of human preference for
near term over longer term benefits or reduced
costs.

Dynamic Optimization Is a method of economic analysis used to

determine the most efficient allocation of
resources over time.

Exponential Growth Occurs when the growth rate of the value of a
mathematical function is proportional to the
function's current value, resulting in its growth
with time being an exponential function. The
formula for exponential growth of a variable x
at the (positive or negative) growth rate r, as
time t goes on in discrete intervals (that is, at
integer times 0, 1, 2, 3, ..), 18 x;=
X, (14 )¢, where x, is the value of x at time
0. For instance, with a growth rate of r = 5% =
0.05, going from any integer value of time to
the next integer causes x at the second time to
be 5% larger than what it was at the previous
time. Since the time variable, which is the
input to this function, occurs as the exponent,
this is an exponential function.

Externality Is the activity of one agent which affects
(positively or negatively) the utility or costs of
other agent/agents for which it 1is not
compensated.
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Forest Rotation

Faustmann Rotation

Marginal Value

Open Access

Option Value

Rotation Age

Resilience

Sustainable Yield

Particular Integral

A forest rotation starts with planting and
finishes with felling. It varies from species to
species (like it may take 100 years for an oak
tree).

Is the optimal solution to the infinite-horizon
timber harvest, where the marginal benefits of
waiting are equated to the marginal
opportunity costs of delaying both the current
stand and all future stands.

Is the net benefit of an incremental change in
the level of a resource stock or harvest.

Open-access property is not managed by
anyone, and access to it is not controlled. It is
non-excludable (no one can exclude anyone
else from using it) but may be rival (one
person's use of it reduces the quantity
available to other users). There is no constraint
on anyone using open-access property
(excluding people is either impossible or
prohibitively costly). Examples of open-access
property are the upper atmosphere (navigable
airspace) or ocean fisheries (navigable
waterways).

Is the economic value of delaying an
investment decision.

It reflects the harvesting age of a tree in a
sequence of harvesting.

Is the ability to maintain a given state when
subject to disturbance.

It reflects the harvesting which is equal to
natural growth rate so that the stock is kept
intact.

Consider the differential equation: dy/dt = b.
Its straight integration i.e. its general solution
is: y (t) = bt + ¢c. The LHS of this equation is
the complementary function (i.e. integral with
is but the complement of the differential
equation dy/dt) and RHS is the ‘particular
integral’ of the differential equation.
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12.9 ANSWERS/HINTS TO CYP QUESTIONS

Check Your Progress 1

1) See 12.1 and answer.
2) See 12.1 and answer.
3) See 12.2.2 and answer.
Check Your Progress 2

1) See 12.3. 1 and answer.
2) See 12.3.2 and answer.
3) See 12.3.3 and answer.
4) See 12.3.4 and answer.
5) See 12.3.4 and answer.
6) See 12.3.4 and answer.
Check Your Progress 3

1)  See 12.4 and answer.

. . dx dx
2)  We know the stock attains the maximum growth at :7x =0= 7x =4 -

0.2 x = 0, which gives x = 20 thousand tons. Hence this is the stock
compatible with MSY. Now, MSY =4 x — 0.1x2? = 4(20) — 0.1(20)% =
40 tons.

3) To find the bio-economic equilibrium, set total revenue equal to total
costs.

TR =ph=TR = ph = {400 — 3(0.6E)h} = TC = 200E

(400 — 1.8E£)(0.6) = 200. i.e.240 — 1.08F = 200 = E = 37. Hence, h
= 0.6E = 22



To find the competitive equilibrium equate MR and MC = 240F —
1.08E2 = MR = 240 — 2.16E & MC = 200.= 240 — 2.16E = 200 =
E =185, h=0.6E = 11.

4)  See 12.4.2.1 and answer.
5)  See 12.4.5 and answer.
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