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9.0 OBJECTIVES

After going through this unit, you will be able to:

o understand individual and collective risk models of insurance; and

e apply important techniques used in risk modelling.

9.1 INTRODUCTION

Insurance operations relies on premiums to meet the costs (claims). The claim
arrivals are random and the idsurance portfolios need to be designed to cover
the risks. The following discussion gives the operational tools on which the
insurance companies rely to take decision.
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9.2 ACCOUNTING PRACTICES OF INSURANCE
COMPANY

9.2.1 ‘Insurance Company Operation

The goal of insurance modelling is to develop a probability distribution for the
total amount paid in return as benefits. Such a strategy helps manage
company's capital account and honour its commitments. It becomes necessary,
therefore, to understand their overall approach to achieve the basic objective.
For that purpose we will take up three aspects, viz.,

1) Accounting practices of an insurance company and reserve
2) Behaviour of the loss characteristics of a groups of similar polices and

3) Other methods of premium setting for a policy.

9.2.2 Net Premium Reserve

To understand the concept of net premium reserves, we need to start with some
basic terms used in accounting. Suffice it will be to remember five of these:

1) Asset

2) Liability

3) Equity

4) Reserve and

5) Surplus

Broadly speaking.the terms are used to mean the following:
o Asset: Tan‘gi'ble and intangible properties owned by the business
¢ Liability: Payments owed by the business

o Equity: (Assets — liabilities).

e Reserve: Insurance name of liability

e Surplus: Insurance name of equity

A major source of liabilities in case of insurance as opposed to other business
is the payment in return for premiums received from the insured. Therefore an
insurance company’s strategy to run its business successfully always aims at
measuring the liabilities. In general, it is an accepted principle for a company
to have

Reserve at time ¢ = (Actuarial present value at time ¢ of future benefits)
—(Actuarial present value at time to of future
premiums).

In the book of record, the accountant assumes that the premium charged for a
policy is net level premium and makes provision for reserves accordingly. For
this reason, the liabilities are measured as the net level premium reserve.

To understand the idea of reserve adopted in accounting consider the following
example.



Let the iricome of a company for the year ending in March 2006 is given as
~ follows: - ' B

S.No | Premiums | 200

1. Investment income 100"
2. | Expenses 105

3. Claims and maturities | 70

4, Increases in reserve | --

5. Netincome B

In addition, let the balance sheet of the Qdmpany ig_‘ prgsented as

S.No | Balance sheet ason

| March 31, 2005 | March 31, 2006

1. Assets | 2000

2. | Reserve - 700

3. | Surplus | 1400 * -

With the information given abové, it will be possible for you to fill up the
missing entries (--) in the tables. We know that net income is, .

total income — total expenditure
So, (200+100) — (105 + 70)'=300 — 175 = 125
- From the balance sheet data reserve at the end of 2005

2000— 1400= 600 |

The net increase iﬁ reserve
=700— 600=100.

The net income = 125 — 100 =25. ;

In 2006, sufplus = 1400 +25 ='1425 and asset = 700+1425 =2125.

In case of prospective reserve formula, the expected size of future loss at time
K is considered which is based on the evaluation of future performance of the
insurance portfolio. To appreciate the underlying idea, consider the example of

a fully discrete whole life policy issued to (x). Remember that premium under

this scheme is payable annually and is equal to net premium. To compute the
reserve at time k, where k is an integer, you need to note the following:
Given the underlying accounting assumption, the amount of reserve at any
time ¢ can be computed with the help of two methods, viz., prospective
reserve formula and retrospective reserve formula.

- Prospective Reserve Formula = (APV of future benefits) — (APV of future
assessments), where APV = actuarial present value. A scenario-based on
stochastic prospective reserve formula is similar, except that the above formula
is calculated for each scenario on stochastically generated variable.
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Actuarial Modelling | Retrospective Reserve Formula = accumulated value of the net premiums
received based on realised return —accumulated value of completed insurance
payments.

t

Since an insurance company operates with a large number of policies at any
given time, it has to manage the financial risk involved in such operations.
Keeping such a possibility in view, we study the problem of risk analysis in
terms of individual and collective risk models. One of our main tasks in the
following is to estimate the amount of risk both in terms of its quantification
and time of occurrence. :

9.3 INDIVIDUAL RISK MODEL

We consider a certain portfolio of insurance policies and the total amount of
claims arising from it during a given period (usually a year). The joint
premium for the whole portfolio that will cover the accumulated risk connected
with all policies will be determined at the beginning.

Let us assume that the portfolio consists of 7 insurance and the claim (or loss)
made in respect of the policy K is denoted by X,. Then the total, or

aggregate, amount of claims (or total risk) is expressed in the form
S=X+X,+...+X,, where X,X,,...,X, are independent random

variables and X, = loss to the insurer on insured unit /. There are two types of

models - closed and open - through which we analyse the probable losses. In
case of closed model, it is assumed that the number of insured units » is
known and fixed. On the other hand, the insurance system contains provision
for inflow and outflow of the insured units in case if open model.

The claim amount variable X, for each policy is u'sually presented
as X, = I, B, where random variables /,,....,1,,B,,....., B, are independent. The
random variable I, indicates whether or not k" policy produced a payment. If
the claim has occurred, then 7, =1, if not, 7, =0. We denoteq, = P(I, =1)
and l-g, =P(I, =0). The random variable B, can have an arbitrary

distribution and represents the amount of the payment in respect of the K"
policy given that the payment was made.

9.3.1 General Premium Formulae

In order to determine the formulae for premiums, let us assume that the

expectations  and variances of  B,s - exist and  denote
u, = E(B,)ando?, =Var(B,),k =1,2,...,,n.. Then
E(X,)= w4, .1

and the mean of the total loss in the individual risk model is given by
E(S)Y. 14, (92)
k=1
The variance of X, is
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Va"(Xk) :.Var{E(Xk|1k)}+E{Var(_Xkl1k)} 9.3) and Company
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=Var{I,E(B)} + E{1Var(B,)}
={E(B,)} Var(l,)+Var(B,)E(l,)
=1 q,(1-9)+0°.q,.
Since it is assumed that X ,".é are independen’t,}he variance of S is

Var(s) =Y {1,q,(1-g)+ %4, ). (9.4)
k=1

With these distributional information, premiums for the individual risk model
are as follows:

Pure risk premium: P = Z M4,
k=l
Premium with safety loading.: Py, (6) = (1+ B)Z mq,, 020,
k=1
Premium with variance loading:

F(a)= Zﬂqu +aZ{/l2qu(l“h)+o'2ka}a az0,
k=1 k=1

Premium with standard deviation loading:

R?/)(b)ZZ#ka+b Z{#thk(l"q,,')"'cquk}, b2>0.
k=1 k=t

If we assume that for each k=1,2,..,nthe moment generating function
M X, (?) exists, then

M, (t)=1-q, +q,M, (), 9.5)

and hence M )= 1_"1{1 g, +qM, (t)}. (9.6)
k=1

which gives the exponential premium as
l n
Pi(e)=-2 In{l-q, +q,M, ()}, c>0. | BN CX))
k=1 )

In the individual risk model, claims of an insurance company are modelled as a
sum of the claims of many insured individuals. Therefore, to find the quantile
premium given by

P,(¢) = F{'(1-¢), £ € (0,1) - 9.8)

the distribution of the sum of independent random variable has to be
determined.
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9.3.2 Premiums in the Case of the Normal Approximation

The distribution of the total claim in the individual risk model can be
approximated by means of the central limit theorem. In such a case, it is
sufficient to evaluate means and variances of the individual loss random.
variables, sum them to obtain the mean and variance of the aggregate loss of
the insurer and apply the normal approximation. However, it is important to
remember that the quality of the approximation depends not only on the size of
the ponf’olro but also on its homogeneity.

The approximation of the distribution of the total loss S in the individual risk

. model can be applied to find a simple expression for the quantile premium. If

the distribution of S is approximated by a normal distribution with mean E (S)
and variance Var (S), the quantile premium can be written as

(‘9) Z,uqu+CD (- E)JZ{ﬂzk‘]k(l_QK)"'o'szk}a 9.9)

k=1

where € €(0,1) and ®(.)denote the standard normal distribution function.

Moreover, in the case of this approximation, it is possible to express the
exponential premium as

n C, n

P =Y wa, +EZ{ququ(l -q)+c%q,}, €>0, (9.10)
k=1 k=1

and you may see that such a premium is equal to the one with variance loading

ofd=+

‘As the distribution of S is approximately normal with the same mean and

variance, premiums defined in the expected value of the aggregate claims are
given by the same formulae as given above.

To derive the probabilistic properties of the random variable S, we take the
help of conditioning and obtain the formula for the distribution function of a
sum of independent random variables. For that purpose, look at the following
example.

Le there be two independent random variables X and Y with exponential
distribution and with parameter 1. By conditioning

PLX+Y <]= [\ PLX +Y St=y1f,(»)dy
= [PLX <1=y)f, ()
= [(1-¢") £, o)y
=l-e' —te'fort20
Thus, if X and ¥ are independent and absolutely continuous, then
F,., (1) =[LFx(t-y) p(y)dy

The mtegral above is called the convolution of the two distribution function
and is often denoted F, *F,

Another approach is to appeal to the Central Limit Theorem we have discussed

above in the context of individual loss model premium. As you may recall, the .



theorem states that if X,,....... , X are independent random variables, then the

distribution of iX' is approximately the normal distribution with mean

=)

ﬁ‘,E[X,]and variance iVar(X,). Thus, you have a case where an.

approximation of normal distribution does not depend on the detailed nature of
the original distribution but only on the first two moments.

Note the insight gained from above theorem. If an insurance company has sold
insurance at the pure premium, it will not achieve break-even and also face
bankruptcy due to amount of claims arrivals. Therefore, insurance companies
must charge an amount greater than the pure premium. A common
methodology for the company is to charge (1+&) times the pure premium.
When this scheme is followed, @ is called the relative security loading and the
amount 0 x (pure premium) is called the security loading.

9.4 THE COLLECTIVE RISK MODEL

Let ys consider an alternative model describing the total claim amount in a
fixed period in a portfolio of insurance contracts.

Let N be the number of claims arising from policies in a given period; X, be
the amount of the first claim, X; be the amount of the second claim and so on.
In the collective risk model, the random sum

S =X+ Xo+... +X, 9.11)

represents the aggregate claims generated by the portfolio for the period under
study. The number of claims N is a random variable and is associated with the
frequency of claim. The individual claims X, X,...are identically distributed
random variable and the random variables N, X;, X,..are mutually

independent.

9.4.1 General Premium Formulae

In order to find formulae for premiums based on the expected value of the total
claim, let us assume that £ (X), E (N), Var (X) and Var (N) exist. For the
collective risk model, expected value of aggregate claims is the product of the
expected individual claim amount and the expected number of claims,

E(S)=E(N) E (X), 9-12)

while the variance of aggregate claims is the sum of two components where the
first is attributed to the variability of individual claims amounts and the other
to the variability of the number of claims:

Var (S) = E(N) Var(X) + {E (x)}° +Var(N). 9.13)

Thus, it is easy to obtain the following premium formulae in the collective risk
model:

Pure risk premium: P =E(N)E(X),
Premium with safety loading: Py, (6)=(1+68)E(N)E(X), 620,

Premium with variance loading:

Collective Insurance
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(@)= EMECH) el BNV ({0 (i) | 20

Premium with standard deviation loading:

Py (6)= E(N)E(X)+bJE(N)Var(xX)+{E(X)} var(N), b20

If we assume that M, (r)and M, (r)exist, the moment generatmg function of
S can be derived as . i

Mq(r)=M, {InM, (1)}
and thus the exponential premium is of the form

Ple)- In[ M, {In M, (c)}]

¢
It is often difficult to determine the distribution of the aggregate claims and
this fact causes problems with calculating the quantile premium given by

P, (e)=F"'(1-¢), £€(0,1)

Although 'the distribution function of Scan be expressed by means of the
distribution of N and the convolution of the claim amount distribution, this is
too complicated in practical applications. Therefore, approximations for the

,c>0

_distribution of the aggregate claims are usually considered.

9.4.2 Normal and Gamma Approximations

In case (‘;)f individual risk model above we have employed the normal
approximation as an approximation for the distribution of aggregate claims.
The same technique can be extended to the collective model when the expected
number of claims is large.

As was observed earlier the normal approximation simplifies the calculations.
If the distribution of Scan be approximated by a normal distribution with
mean E(S) and variance Var(N), the quantile premium is given by the
formula

P,(e)=E(N)E(X)+0" (1—e)\/E(N)Var(X)+{E(X)}2;Var(N),

where £ e (/0,1) and ¢(.) denote the standard normal distribution function. It is

easy to notice, that this premium is equal to the standard deviation-loaded
premium with b=®"'(1-¢).

Moreover, in the case of the normal approximation, it is possible to express the/
exponential premium as

P,(c)= E(N)E(X)+§[N]Var(X)+{E(X)}2 Var(N) ], ¢>0

which is the same premium as resulting from the variance principle witha = —



-;

Let us also mention that since the mean and variance in the case of the normal Collective Insurance
approximation are the same as for the distribution of S, the premiums based on ““‘:)C::_:‘t‘i‘;:’s'
the expected value are given by the general formula. per

Unfortunately, the normal -approximation is not usually sufficiently accurate.
The disadvantage of this approximation lies in the fact that the skewness of the
normal distribution is always zero, as it has a symmetric probability density
function. Since the distribution of aggregate claims is often skewed, another
approximation of the distribution of aggregate claims that accommodates
skewness is required.

The distribution function of the translated (shifted) gamma distribution is given
by

C G(mafin)=Fl-nia ). xa.f50

where F (x,a, ﬁ) denotes the distribution function of the gamma distribution
with parameters @ and 8

F(x; a_,ﬂ)lz f—l;%jt""e'”'dt, x,a,B>0

To apply the approximation, the parameters @, f and x, have to be selected

so that the first, second, and third central moments of Sequal the .
corresponding items for the transiated gamma distribution. This procedure
leads to the following result: h

{Var(S)}3 2 ' ’ ' | _ ‘
(fis-e0or]

a=4

Var(S)
p=2 :
E[{s-E(s)f ]
I LA O)) )

E[{s-E(s)} |

In the case of the translated gamma distribution, it is impossible to give a
simple analytical formula for the quantile premium. Therefore, in order to find
this premium a numerical approximation must be used. However, it is worth
noticing that the exponential premium can be presented as

P,_,(c)=x0+%ln[ﬂﬂ ],c>0

—-C

9.4.3 Compound Poisson Distribution

In many applications, the number of claims N is assumed to be described by
the Poisson distribution with the probability function given by

n -2
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where 4> 0. With this choice of the distribution of N , the distribution of S is
called a compound Poisson distribution.

The compound Poisson distribution has a number of useful properties. j
Formulae for the exponential premium and for the premiums based on the
expectation of the aggregate claims simplify because

E(N)=Var(N)=4 and M, (t)=exp{(/1e’ ~l)} .

Moreover, for large A, the distribution of the compound Poisson can be,
approximated by a normal distribution with mean AE(X) and variance

AE (X 2), and the quantile premium is given by

Py(e)=AE(X)+ @™ (1-£) JAE(X?)e € (0,1),

and the exponential premium is of the form

P, (c) =AE(X)+ZAE(X?), >0

If the first three central moments of the individual claim distribution exist, the
compound Poisson distribution can be approximated by the translated gamma
distribution with the following parameters’

ey u
p=2 i%jS;,

| E(x?)
xo=,1E(X)—2zL£(—i;j}—

With these parameters one can obtain the formula for the exponential
premium. :

It is worth mentioning that the compound Poisson distribution has many
attractive features. Modelling for example, the combination of a number of
portfolios, each of which has a compound Poisson distribution of aggregate
claims, also has a compound Poisson distribution of aggregate claims.
Moreover, this distribution can be used to approximate the distribution of total
claims in the individual model. Although the compound Poisson distribution is
normally appropriate in iife insurance modelling, it sometimes does not
provide an adequate fit to insurance data in other coverage.

9.4.4 Compound Negative Binomial Distribution

When the vanance of the number of claims exceeds its mean, the Poisson
distribution” is not appropriate. In this situation, the use of the negative
binomial distribution with the probability function given by
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where r>0,0< p<1, and g=1-p, is suggested. In many cases it provides a_

significantly improved fit to that of the Poisson distribution. When a negative
binomial distribution is selected for N, the distribution of Sis called a
compound negative binomial distribution.

Since for the negatiye binomial distribution we have
rq - rq
E(N)=—, Var(N)=—.
)=, Var(v)="4
and
p
M, (t) = [_—L_J ~
: 1-g
the formulae for the exponential premium and for the premiums based on the
expectation of the aggregate claims simplify.

For large », the distribution of the compound negative binomial can be

apprdximated by a normal distribution with the mean Lq—E(X ) and variarice

p

—riVar(X ) +qu—{E(X )}2 . In this case the quantile premium is given by
p p

P(_,(g)=%E(X)+cD"(1-9)J%‘1Var(x)+;—‘{{zz(x)}2, £e(0.1),

and the exponential premium is of the form

P

I

(c)=r—q—E(X)+£[ﬂVar(X)+Lz—{E(X)}2}  c>0
p P p

It is worth mentioning that the negative binomial distribution arises as a mixed
Poisson variate. More precisely, various distributions for the number of claims
can be generated by assuming that the Poisson parameter A is a random
variable with probability distribution function u(l), A>0, and that the
conditional distribution of N, given A =4, is Poisson with parameter A. In
such a case the distribution of Sis called a compound mixed Poisson
distribution. This choice might be useful. For example, when we consider a
population of insured where various classes of insured within the population
generate number of claims according to the Poisson distribution. But the
Poisson parameters may be different for the various classes. The negative

binomial distribution can be derived in this fashion whenu(4)is the gamma
probability density function.

9.4.5 Importance of Surplus at Time ¢

As seen above in the collective risk model, the time at which claims are made
 is taken into account. Here the aggregate claims up to time ¢ is assumed to be
given by Y/ X,, where X, X,,... are independent identically distributed

Collective Insurance
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random variables representing the sizes of the respective claims, N (t) is

stochastic process representing the number of claims up to tirhe ¢, and N and
the X's are independent. It is important to note the insurer's surplus at time ¢,

denoted by U(¢), which is assumed to be of the form U (t)=u+ct~NfX ,
k=1

where u is the surplus at times =0, and ¢ represents the rate of premium
income.

Special attention will have to be paid to the problem of estimating the
probability that the insurance company has negative surplus at some time ¢
since this would mean that the company is ruined. To gain familiarity with
some of the ideas involved, the classical gambler’s ruin problem is studied
below.

Check Your Progress 1
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5) How will you compute the formula of compound Poisson distribution
in life insurance premium?
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9.5 CLASSICAL RISK MODEL

The Classical Model

Suppose we model a risk process as follows: The occurrence of the claims is
described by a point process and the amount of money to be paid by the
company at each claim by a sequence of random variables. The company
receives a certain amount of premium of cover is liability and the difference
between the premium income and the (average) cost for the claims is the
‘safety loading’ 7.
In the classical Cramer-Lundberg-model the claim sizes 1,,Y,,.. are
independent identically distributed (iid) positive random variables with
~ distribution function F and finite mean u=E(Y,). The claims Y, arrive at

time 7, = D, +...+ D, according to a homogenous Poisson process, where the
inter-occurrence times D,,D,,... are independent exponentially distributed

random variables with intensity « . If the corresponding claim number is
'N(t)=sup{k21:T, <t},1>0, then the capital at time t is

U(t)=u+ct-V (1), 120,

N
|

n=

Y the total claim amount until time ¢

n

where u is initial capital, ¥ (r)=)"

and ¢ >0 is the premium income rate. The ruin probability in infinite time is
then defined by

w(u)= P(Oisr’lswa (1)< O) :
For the case of exponentially distributed claim sizes ¥, there exists an explicit
formula for the ruin probability first established by [Lundberg 1903]:

ru

1 P
W(“)=§7€ “n), (1

where r=—~1 is the safety loading, which is positive for a reasonable
ap

insurance policy. Using an empirical value for ¢ and «, a desired value for

_the ruin probability can in practice (under the assumption of independence

“between the claims) be approximated by choosing a suitable risk premium
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rate C (this procedure relies on the law of large numbers which!'only holds for
independent events). ‘

In the more general case of ¥,Y;,... being identically distributed according to
an arbitrary (but exponentially bounded) distribution function F , there exists
the famous Cramer-Lundberg approximation

lime™y (u)=C, | (2)

it—>»o0

where C is a constant and the so-called Lundberg exponent R depends on F
and is given by a functional equation.

This asymptotic result (2) is only proved for exponentially distributed D, .

However, the theorem shows below that it holds for a still wider class of
distributions.

For further purposes it is convenient to rewrite the process in the form of a
random walk

5=%X, e

where X, =Y, —cD,, so the process direction is reversed (starting at U(r)=0
and causing ruin, if U(f)=wu). In the classical model, X,,X,,... is an iid
sequence of random variables. Note that for a reasonable choice of the
premium rate ¢, £(X,) <0, so the random walk has negative drift. Using.this
notation the ruin probability can equivale}ltly be defined by

l/f(u)=P(max(O,S,,Sz,...)Zu) 4)

If the distribution function F is normal with mean 4 and variance o, then
the random walk S, can be seen as discrete equidistant points taken from its

continuous analog to the well-known Wiener process # (). But for a Wiener
process W (t) , it is known that the ruin probability is

2 uu

t//(u)=P(n’1§)x[0'W(t)—yt]2U)='é : ;

so there exists a Lundberg exponent R =2u/¢’ for the continuous case. For
our discrete random walk with normal distribution, the following theorem
applies and hence shows the existence of a Lundberg exponent R:

-Theorem 1 Let F be the common (compound) distribution function of the

iid X,.1f F is such that there exists a constant V' with

[ (1-Fu)emdu=1, )
then the Cramer-Lundberg approximétion

lime™y (u)=C

4 ~—»0

holds for some constant C .

!“



9.6 STOPPING TIMES AND MARTINGALES

Let us see the problem as given in Veeh (2001)

Discrete time collective risk model: We start with the gambler’s ruin problem
in which a gambler enters a casino with z dollars and plays a game of chance.
She wins with probability p and her loss is $1with probability g=1-p.

Suppose also that the gambler will quit playing if her fortune ever reaches
a >z and will be forced to quit by being ruined if her fortune reaches 0. Note
that in this problem, we are interested to find the probability that the gambler is
ultimately ruined. :

Consider a simple case p=g¢ =%. Let X, be the amount won or lost on the

j" play of the game. When there is no restriction on quitting this game, the
fortune of the gambler after £ plays of the game is given by

z+‘ZX/
/=1
When the actual game is played the gambler either reaches her goal or is
ruined..Let 7 be the game on which this occurs. So we write
T=inf(k:z+2f=lX_, =0 or a )

where ¢ =random time. Note that for this event [T < k] depends only on the
random variables X|,......X,. and in order to decide at time & whether or not
necessary to look into the future. Such special random times are called
stopping times. Thus X, X,,... are random variables and 7 is a nonnegative

integer valued random variable with the property that for each integer k£ the
event [T < k]depends only on X,,.....X,. Then T is said to be a stopping

time (relati've to the sequence X, X,...)

The random variable z+3 ., X gives the gambler’s fortune when she leaves

the casino, which is either a or 0. LetW(z) be probability that the gambler
leaves the casino with 0. Then by direct computation

| E[z+ Z;X}]: a(l—¥(2)).

The ruin probability W(z) can be obtained by computing the expectation in
another way. Since each of the random variables X, takes values 1 and -1

with equal probability, E[X,]=0. Hence for any integer k, E[Y}_, X ]1=0. So
it is at least plausible that E[3] X 1=0 and E[z+Zf:,Xj]=z. Using the

above result, we get z=a(1-¥(z)). Thus ¥ (z)=1 ~Z for 0<z<a are the
a
ruin probabilities.

To compute the ruin probabilities we rely on stopping time 7 and fair game

feature of gambling which gives p =¢ =—;-. Close to the notion of a fair game
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is the idea behind a martingale. To appreciate the idea you need to recall that a
sequence of random variable M, M,..... M, is a martingale if -
E[MJIM,_,......M,]=M,_ for all k=1.In the context of the gambling, if M,

is the gambler’s fortune after k plays of a fair game, then given M, | the
expected fortune after one more play is still M. ;.

Example 1.
M, =z+3X,
i=]

With Mp=Z is a martingale. Because X....... X, give the same information as
that of M,,M,, M,... we have

Example 2.
The sequence M, =z" and M, =(z+ X}, X )’ ~k for k>1 is a martingale, if

knowing M,,..M,_, is the same as knowing X|,..,X,, andX's are
independent. To see why, write

2
M, :(z+Z’j=,Xj+X,‘)2—k=(z+jz=:Xj) +2Xk(z+;t__:Xj)+X; —k

On taking conditional expectation and recalling that X, is independent of
other X's, we get £(X,)=0, E(X]})=0and above results follow.

Optional Stopping Theorem:

It states that if {M,} is martingale and 7 is a stopping time, then
E[M,]=E[M,]. In the gambling context, this concept shows gambling
strategy 7" can make a fair game biased. We can obtain the duration of gambler
stay in the casino using the martingale M, =z*and M, = (z + Z‘j:,Xj. )2 —k for
k > 1along with the same stopping time7 . The expected value of the random
variable M, = (z+2f=, X, )z -T c¢can be computed directly as
E(M,]=a’(1-¥(2)-E(T). By the optional stopping theorem,
E[M.]=E[M,]=z". When these two expressions are compared we get,
E[T)=a*(1-¥(2))-2* =az-2*.

This is the expected duration of the game.

To derive the appropriate martingale, we often take the help of Wald's
martingale. This formulation is also knownas exponential martingale. To get
this, take X, .X,.....as independent and identically distributed random variables

to define




Note that in the denominator above we have the moment generating function
of the sum evaluated at ¢, For each fixed ¢ the sequence W, is a martingale

(here W,=1). This follows if X and Y are independent and that
E [e"’””:|=E [e‘x ]E[e”]which is Wald’s martingale (or the exponential
martingale) for the X sequence. The independence assumption result in

’[é"’f] '[EIXIJ
EleV? /|=E|eV" xE[e'X*:l

and {M k2> 0} is a martingale irrespective of any fixed value of ¢.

A non-zero value of ¢ can be found in many cases so that the denominator of
the Wald martingale is 1. Use of this particular value of ¢ makes application of
the Optional Stopping Theorem easy.

We use the above technique for analysing the collective risk model. Our
objective is to derive ruin probability W(¢). Let the insurer has initial reserve

z and that premium income is collected at the rate of ¢ per unit time.
Let X, be the claims that are payable at time &, and the X's are independent
and identically distributed random variables. Then the insurers reserve at time

kis z+ck-3\, X, =z+3%).(c-X,) if t denotes the time of ruin, we can
write

T=min{k:z+ck—iX,O .

J=l

In the above formulation if E[c—X ]<0, then ruin is guaranteed since
premium income in each period is not adequate to balance the average amount
of claims in the period. Thus, to arrive at meaningful result let us assume that
Ele-X,;]1>0.

If we suppose there is a number t such that E [e“”'x’)]ﬂ, we will have

Wald’s martingale with the denominator 1. Moreover, we will get

A
] 1(:+(k—ZX,)
—_ =l
M,=e !

which is martingale. Taking expectation of M, and using the Optional
Stopping Theorem, we have E[M,]= E[M,]=¢" . Direct computation of it is,

therefore,

Collective Insurance
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E[M,.]:E[ Lt |T<oo}I’(z)

‘{f(z)=e”/E[ R ’|T<oo}

Note that if T<0, the denominator of above fraction is greater than 1. Hence
W¥(z)<e™. Consequently, the ruin probability decays exponentially as the
initial reserve increases. If we put R =—r as an adjustment coefficient, then
we have w(z)<eand a large adjustment coefficient implies that the ruin

probability declines rapidly as the initial reserve increases:

9.7 COLLECTIVE RISK MODEL AND RUIN
PROBLEM

We will use the gambler's ruin problem discussed above to compute the ruin
probability in collective risk model. Instead of discrete time being used so far,
we will take the help of continuous time ¢ and calculate the ruin probability.
The discussion that follows takes into account development of the collective
risk model using martingale framework and adopts the notations as given by
Veeh (2001).

To understand technical derivation there, we have discussed these separately.

-

Let us take the claim process as ZX where X, X,....are ihdependent
k=1

identically distributed random variables representing the sizes of the
formulation N(¢)is number of claims up to time ¢ which is a stock size
process. Let N and X' be independent and take insurance surplus as
N
uy=u+ct— ZXvwhere u>0is the surplus at time f=0; ¢>0= rate of 4
k-=}
premium arrival per unit of time. We denote the probability of ruin with initial
surplus by #. As has been done above in case of discrete time, the Wald
martingale will be used with Optional Stopping Theorem to derive the . 4
information on ruin probability.

As in discrete time setting the Wald martingale will be used together with the
Optional Stopping Theorem in order to obtain information about the ruin
probability. See that the denominator of the Wald martingale is Efe"™ “’] SO
first step is to find a v # 0 such that

N
v(el=T1 2y Xk ) R .
E [e } =1 irrespective of the value of ¢.

Consider the Wald martingale as the random sum Y}’ X, . For each moment

gerierating‘ function, this sum can be easily computed by conditioning on the
value of the discrete random variable N(¢).
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P (08 o= )

-~
=3

ZZE[ "Zi- 'X‘}P[N(t) a -
=5 (E[e"]) PIN®) = j]
=3 "V PING) = ]

= }m In(M, ().

- v{ct- N . .
» Hence there exists a v#0 so that E[e( i X"}:l if and only if

e'M

N(1)

In(M, (—v}) =1 forall t

If there is numbér R> 0. so that e™ M, (In(M,(R)))=1 for all ¢, R is

calfed the adjustment coefficient. Using —Ras the value of v in Wald’s
martingale we have

-R(u+u~z 0 ]

N(l)

W =e is a martingale.

NU

Define a stopping time T, and T,=inf{s: u+cs—z <0 or2a} where

ais an arbitrary fixed positive number. Intuitively, T, is stopping time. By the
-Ru

Optional Stopping Theorem, E[W; ]=e™™ . which gives

N(T,) : N(Tg)

EW,,] = E[le ™" Zu ) |y o1 _ Z X, <01P{u+cT, - Z X, <0]

N(T,) N(T,)

+E[e‘R("+a—Z;| %) |u+cT Z X a]P[u'l'C]; - Z Xk Za]
k=1

Since this equation is valid for any fixed positive a, and as R >0, we can set
limits as a — . Since lim Plu+cT, - ZN(T )Xk) <0=%() and lime™ =0

a-»x . a—w

the following result is obtained.

T"heorem.

Suppose that in the collective risk model the adjustment coefficient R >0
satisfies e™™ M, (In(M_(R))) = 1 forall . Let Tinf{s: u+cs- Z e )X,, <0}
be the random time at which rum occurs. Then

IRu &
Y(u) = T <e™™.
E[ R(u+cT—Z | T < w]

As in the case of discrete time model, the existence of an adjustment
coefficient guarantees that the ruin probability decreases exponentially as the
initial surplus u increases. To see how it works, we consid=r a Poisson process
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with constant intensity A>0 and suppose W,,W,,... are independent

" identically distributed exponential random variables with mean 1 and

common density le'“l(om(x). Let W's be the waiting times between claims.
The Poisson process can then be viewed as the number of claims that arrive up
to time ¢. This means that N(¢)=inf{k: Zt:: W, >t} and it can be shown that
for any fixed ¢ the random variable, N(¢+) has independent increments. Thus,
whenever ¢ <1, <...<r are fixed real numbers, the random variables
N(,)-N(t)....N(t,) - N(¢, |) are independent. Using this, we can get

E[evN(I)]

e“’P[N(t)=j]

v

he et (A) 7!

i

Mo 2D

1}
>

/

@

=e > (e"ut) /)
4=0
=e¥e" -1 '
From the moment generating function of N (1), we derive a simple formula for

the adjustment coefficient in this case. The general equation for the adjustment
coefficient was earlier found to be e**M vin(In(M  (R)))=1. Taking

logarithms and using the form of the moment generating function of N(¢)
shows that the adjustment coefficient is the positive solution of the equation
A+cR=AM,(R).

If we take N (1) as a Poisson process, more specific results can be génerated.
To do this define a stopping time T, =inf{s:U(s) <u} to be the first time that
the surplus falls below its initial level and denote by L =u-U(T,), the
amount by which the surplus falls below its initial level. Then ’

(- F ()

PIT, <, L, %ﬂ‘—‘m

There are two useful consequences of the above formula. First, by taking
y =0, the probability that the surplus ever drops below its initial level is

~ 1/(1+8). Second, an explicit formula for the size of the drop below the initial

level is obtained as
1 y »
PIL <yI|T =\ (1-F dx
[, < yIT, <co] E[X]J;( ()

which can be evaluated in specific cases.

Consider a random variable L, which represents the maximum aggregate loss,
and is defined by ’




N()
k=1
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L=max,zo{ Xk—ct}.

Note that P[L<u]=1-¥(u)from which the distribution of L has
discontinuity at the origin of size 1-¥(0)=8/(1+86),and is continuous
otherwise. In fact a reasonably explicit formula for the moment generating
function of L can be obtained.

If N(t)is a Poisson process and L =max,, { :’:)Xk —ct} , then

M, (v) = OE[ X
g I+ (1+ ) E[X v - My (v)

This formula for the moment generating function of L can sometimes be used
to find an explicit formula for the distribution function of L, and hence
Y(u)=1-P[L<u)].
Example. Suppose X is exponential with mean 1 and that 8=1. Then
substitution gives - :
1 1 1
M @{)==+— ,
{(0=3 21-2

after using long division (or partial fractions). The second term is half of the

. . . . . 1
moment generating function of an exponential random variable with mean 3

while the first term is half the moment generating function of a random
variable that is degenerate at zero. The ruin probability is therefore

W(u)=PL>ul=e™ /2 for u>0. Notice that ¥(0) =%.

N
The analysis of random sums of the form ZX, in which the X's are
=l
independent and identically distributed has played a key role in the preceding
* analysis. The distribution of such a sum is called a compound distribution, with
N as the compounding variable and X as the compounded variable. The
conditioning method used earlier shows that the moment generating function

of such a sumis M, (InM_(¢).

' N
The first two moments are £ [Z X jjl = E[N]E[X] and

J=1
Var (Z:’:, X, ) = E[NWVar(X) +(E[X])Var(N).
A raMiom variable Shas the compound Poisson distribution with. Poisson
parameter A and mixing distribution F(x), denoted S =CP(4,F), if S has
thvé" same distribution as ZL X, where X X ,»-.. are independent identically

distributed random variables with common distribution function ¥ and N is *
random variable which is independent of the X's and has a Poisson
" distribution with parameter A . S

. Example. For each fixed 1, the aggregate claims process CP( A,F).
' » : 55
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Example. If Shas the CP(4,F )dlsmbutlon then the moment generatmg
function of S is

M ()= exp{l [ - ])dF(u)}

This follows.from the earlier general derivation of the moment generating
function of a random sunu.

Suppose that Shas the CP(A F)distribution and Thas the

- CP(©6 ,G)distribution and that S and T are independent. Then S +7T has the

CP(A+6,—F+
A+ 5 A+6

This property is very useful in the insurance and results of the analysis of
different policy types can be easily combined into on¢ grand analysis of the

G) distribution.

- company’s prospects as a’ whole A compound Poisson distribution can also be

decomposed. , : )

Example. Suppose each claim is either for $1 or $2, each event having
probability 0.5. If the number of claims is Poisson with parameter A then the
amount of total claims, §, is compound- Poisson distributed with moment
generating function :

M (v) =exp{0. SA(e —1)+0 SA(e” -1y, N

Hence S has the same: dlstrlbutlon as I +2Y, where Y, and Y, are

independent Poisson rando ',\mlable Wlfh mean A/2. Thus the number of
claims of each size are indeperident.

-;f'“ft. . )
Example. The collective risk model can be used as an approximation to the
individual risk model. In the individual risk a product often represents model
the claims amount- B X, in which Bis a Bernoulli random variable which

represent whether a clalm is pald or not and X is the amount of the claim.
Then

. Bx= ZX ZX
- -l . ;
where N has a Po;sson dlstrlbutlon wnth parameter P[B =Ijand X, X g5

independent random varlable each havmg the same dlsmbutlon asX. Thus the
distribution of BX may be approximated by the CP_(P[B =1], F, ) distribution.

The analysis of the aggregate loss random variable L introduced the idea of
mixing. A mixture of distributions often arises when the outcome of an
experiment is the result of a two-step process.

9.7.1 Collective Model of Risk Fheory: A Discussion
The following discussion is taken from Mackova, Monika (2005).

The collective risk model is a stochastic model that uses losses as random
variables in certain portfolio of insurance policies.

The basic mathematical assuinptions of the model are



The number of individual claims (losses) within a certain portfolio of
insurance policies during a certain period of time, denoted as N, i§ a non-
' negative, integer valued random varifible, called frequency.

The individual claims. (losses) occurring during this period, denoted as X,

for i=1,..., N, are positive random variables, stochastlcally independent,
1dent1cally dlStI‘lbllted

- The individual claims (Idssés) X I:XA dre “independent also from
frequency N . . V
. If N=0then X, +X,+..+X, =0.

Then the random variable
’ N
5=YX,.
i=1 )

is called compound variable and describes the aggfegate-claim or aggregate
loss for the some fixed period (0 T ] under consideration (mostly 7 =1 year)

for a (collective) insurance contract.

We do not restrict assumption only to the d1screte random variable X By

extending to continuous variable, we can make a rescaling. Thus, we work

with  E[S]=E[E[S/N]]=E[piN]= pE[N], for p, = E[X], and
| Var[S] E[Var S/N]+Var E[S/N]) E[NVarX]+Var b ) '

= E[N]Var/\ + plZVarN

That is, the expected value of aggregate clalm depends on expected value of

individual claim and the expected number of individual clalms a similar logic

applies to the variance.

-

It may be useful to note that the period under consideration is mostly one year.
We suppose that distribution of individual claims is not changing within this
period of time. Therefore, the model is much more.used for non-life insurance
contract. : '

A frequently used distribution of X is Gamma, 1og;'Gamma or':log normal
distribution. In case of N, the distribution are assumed to be N Poisson,
binomial, negative binomial.

Let us look at the notations used.

o If the probability distributions for the claims (losses) X,,i=1,.., N are

continuous with a density function (df) then f gives cumulative

~ distribution function: (cdf )F , which is given by F(x J' f(u)du,x20.

The  corresponding  survival  function (.s_'[ ) is given by

F{x)=1~F(x) = ].f(u)du,x >0.

Collective Insurance
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o If the probability distribution for the claims (losses) X i=1,..,N are
discrete with a probability function {fj,je Nst.f, = f(J): p(X, =j)} ,
then. a cumulative distribution function (cdf)F is given by
F(x)=P(X, <x)for x20, and 0 otherwise. The corresponding survival
function (sf) is given by F(x)=1-F(x).

e The cdf of the aggregate claim (loss) G is given by G(x)=P(S<x)witha
density function g or probability function
{g.keN sig, =g(k)=P(S=k)}.

o The ccmpounding probability function of N is denoted as
{p",neNo.s.t.p,,zp(Nzn)}. '

Discretisation or Scaling

When the distribution function of random variable X is continuous we often
use discretisation for numerical simulation (convolution, Panjer recursion, fast
Fourier transform, etc.).

Let us write
X .
XA=[X_|=mm{keN|kA2X}

with A > 0 and with probabilities

P(X, =k)=PUﬂ=k}=P[k-1<§<k]=F(kA-F(k—1)A),keN

- Then the discretised aggregate claim loss S, has the probability generating

function @, (s)= @, ((p.\,A (s)) ,|sil.
Convolution Method

- To compute the aggregate claim distribution in the collective risk model we

introduce recursive methods — the convolution principle.

As in the collective risk model we are looking for the compound distribution
function G(x) of random variable S, the distribution of aggregate claim

losses, S for any discrete distribution of individual losses, r.v. X can be written
as: :

G(x)=P{O(SSJ:/\N=n)]=iP(SSxf\N=n)

n=0 n=0

:iP(SSx/Nzn).P(N=n)
P(X,+ X, +.t X, <x).P(N=n)=3 P(N=n)F"(x),

n=0

M

I}
(=1

n

where F™" denotes the n-fold convolution of F . So,



F*(x)= P(S<x)=P(X, +..+ X, <x). Collective Insurance

‘" * *n ) Operati
Denote: [ (x) =F (x) -F (x —1) . . perations
For the continuous random variable X, we use integral version of convolution.

Step I:

In practice we often assume that the individual claims have positive integer
value. So, for the discrete r.v. X we evaluate following expressions:

810 = P(§=0)=P(N =0)=p,
g, =P(S=k)=3 P(N=n).f"(k) k=1,2,.

If the value of each claim is greater then |, we decrease the upper bound of the
sum operator to level k:

0= P(S=0)=p(N =0)= p,

g, = P(S=k) :ZP(N= DS k=l 2.

The computation difficulty of the modified formula is confined to only &°.

Step 2:
Consider the discrete r.v. X;, i=1,.., N, which reaches the values x, with
probability function f, = P(Xj = xj) , as probability generating function

0(2)=2P(X,=x,).2" = fi" + fyz"* +...

J=

Then it holds for ¢" (z) = (fiz* + 2" +...)"

If rv. X, are iid. then the polynomial term ( f".z")" of probability

H

generating function implies that by the occurrence of n losses the aggregate
claim value will be (z‘f )" with the probability (ff )". Then the probability of

aggregate claims value reaches x, which we derive in following steps:
1) exponentiate the probability generating function (with power from1 to x;),
2) sum the exponent coefficient of term x ,» and

3) obtain following formula:

8,0 =P(S:0):P({v=0)=l’o

&, =P(S=x1)=zj:f/" x; =1, 2,...
n=l
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Panjer Recursion

Panjer presented results for some speciﬁc distribut'io'ns, when the claim amount
is discrete and the recursive definition can be used to compute the aggregate
claims distribution without the use of convolution.

Panjer.' Theorem

Consider the family of claim number distriblition satisfying the recursion:

,=P(N=n)= (a+b/n),p,,,~ =L2,.. abeR

| where- p; . denotes the probablllty that exactly n. clalm occurs in the fixed time

interval. Consider tne compdtl'nd d1str1t_>ut|on function

x) Zp"F (x) x>0

.),rd

..'{" Y '=po_”,‘ o x.___O"

- for 'érbitrary claim amount distribution F (x), x>0. Consider the continuous

- - fuiction (corresporiding results will be given for the dlscnete case as well)
Then the denSIty of total claim is:

Zp,, " k>0

80 = Pa k#O

" when f (x) is the density associated with F (x). Then the following recursion
holds: ‘

g =pf+ [(a+by/k)frg, dy- k>0
. 0 N

If the claim amount distribution is discrete and defined on the positive integers,
the corresponding recursive definition of total claims is:

=P(S=0)=P(N=O)=p0 k=0
P(S k)= Z(a+ ]f &, k=12

The formula for computing g, is only k. In comparison to convolution, the

computation the modified convolution formula is equal to %*. Therefore the
Panjer recursion formula is much more efﬁcient

Members of the family of claim number d|str1but|on satlsfymg the recursion:

=P(N= n) (a+b/n)p,,l n=12,. a,beR

are Poisson dlstrlbutlon, binomial dlstnbutlon, negative binomial distribution
and geometric distribution (as a special type of negative binomial).

Let us drive the recursive definition of the density of total claims:

. If random variable N is a Poisson distribution, then:



-

Collective Insuranece

; _ 2’ k ) . ) ' '
T & =e & =7(‘2]~fj-g@-, v k=12,.. ' - . and Company
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[

. If random variable N is a binomial distribution, then
N . . k ‘ , . )
g =(1-p) .8 =l—p——2[(N+l)i— }.f,.gk_j k=1,2,.
. -p =1 k et
*  Ifrandom variable N- is a negative binomial distribution, then
a _] .
-g,=(1-p) .8 =p2‘[(a~l);+l].f1.g,‘_j k=1,2,.
7= .

®  Ifrandom variable N is a geometric distribution, then

/

: k
. g():l—psgk:pz.f}'g)(-j k=1,2,..
J=1

Probability of Ruin and Panjer Recursion

In-the following we will evaluate upper and lower bound of the probablllty of
ruin under ,assumptwn of the classical risk model.”

The following discussion 1llustrate the typical behavior of the i insurer’s surplus -
process: .

The Surplus Process , : | : ] .

Our interest in ruin theory is in the ruin probability for the insurer, i.e., the
probability that at some point in t1me the clmms exceed the premium income.

We formulate this by con81der1ng the followmg three elements:
= -the initial surplus of the insurer — a fixed amount,

= the income flow of the premium — in the simplest case we consider here,
aggregate premium income is a linear function of time t,

* the outflow of aggregate claims amount.
" The insurer’s surplus at time tis:

R() =R+ P(1)-S(1)
where R(r)denotes the insmet’s surplus at time ¢, R,represents the initial”
inSurer's surplus at time t=0; P(¢)represents insurer's premium income.
Assume deterrmmstlc premlum income,, P(t) = P, where P is a constant at '
time ¢. - '

Hence, we have R(t)= R, + P+ S(t)

Let N(f) be the number of claim that has occurred up to time t. Then \

S(¢)denotes the aggregate claims up to time t, S(f)=X,+X,+..+ X~

'Random variable X, denotes the individual claim (loss) at the time t,

t;=T +T,+..+T, . Individual claims améunts have a continuous distribution )' =
with distribution function P(x) and the mean (4). 4




Actuarial Modelling 1 Since {N(¢):120] and {S(r):/>0}are stochastic processes. i.e., familics of
random variables, for fixed t, N(t) and S(t) we have exactly the set-up of a
collective risk model.

Note that the process "S ()= 0} is called the aggregate claims process. It'is
in fact a compound Poisson process with parameter 4. When we have fixed t.
S(t) has a compound Poisson distribution. :

The insurer’s premium income per unit time to covemthe risk is P = (1 +0) A,

where 6’ is a relative secunty loading factor, A is Poisson parameter and uis
the mean of individual clalms. “The clasbrcal risk- modd uses equality

p(R)=1/(1+0). -
The probability of ruinis: - B L e )
V/(Ro)= [mlnR([)<Ol>0] : o

When the surplus become negative tor the ﬁrst time it does not mean that the
company becomes bankrupt. The initial capital is interpreted as the capital the
company is willing to risk. If ruin occurs at this point, the company has to take
action so that the business becomes profitable.

L -

A We may also define the surplus process in terms of the aggregate loss process
‘ {L(r)}. where :

L=max'S(r)-Ps!
v -0

In this formulation. lor a fixed value of 1. Ly represents the accumulated loss
up to time /.

For R, 2 0! to holds.
1=y (R,)=P[ R(r)>0.9 |
=P[R, +P1-S(1)20.9/]
=P[S(t)-Pi<R,.VI]

-

Hence left side of the equation is equivalent to P[L < R,] and we get

L=y {R,)=p[L<R,]

. The term on the left sid: " - G (RO) can be interpreted as a distribution function

of random variable L.

Ruin occurs on the first sccasion so that the aggregate loss exceeds R;. Hence,

the variable N denotes the number of occasion that the aggregate loss process
reaches a new record value. In this context N has geometric distribution with
probability function:

p(¥ =n)=[1-p(0) [y ()]

" ”ll
=()L-LJ n=0,12...
62 [+ ,




-

The distribution function of i.i.d. random variables X, is independent of N has CO"““"; 'C“S“ra"ce
the distribution function: an Op:?:nfi?:ni
] — p
F(x)= L

Next, we can use Panjer recursion. by replacing F (x) by a discrete function,

plX,+ X, +..+ X, <x]=F",

F* =1for x>0, otherwise 0. .
Hence N has geometric distribution and we get the relationship for y ( RO) :

=Y w(0)' (1-w(0)). F"(R,).
n=0

Now detine two discrete distribution which have the probability functions
I(x)and u(x). Taking the relevant distribution function L(x)and U (x)as:

u(x)F(x+h)-F(x) x=0,h2h,..

I(x)= F(x)-F(x-h) x=h2h3h...
for a very small A, near zero.
From these definitions we have L(x)< F(x)<U(x)
Then L' (x) F* (x) U” (x).
where L and U™ denote the n- fold convolution. Hence,

B .
=D w (0) (1-w ()" <w(R)<1=Dw(0) (1-y (0))L" «
n=0 . - i n:O‘

Since L(x) and U(x) are discrete function (discretisation of F(x ) ). we
apply Panjer recursion and derive-the lower and the upper bounds for the ruin
probability i, i.e., evaluate values fdr-l;r(jh),j =0.1,...
Check Your Progress 2
1 What is Cramer-Lundberg approximation in classical risk theory?
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ruin problem" o
......................................... TR
R R e LR LA ficeaettssnaresronsesonsancsteonrrnssrrrreacssecsnneae
) :
3) Why martingale is used while modellmg individual risk in 11fe
msurance?
~ =
. A eeeiesigeseeresessestestee sttt sttt et st s s s ae et hatbab e et et s et st sarsesesenrenvrsbenreseesassare
\
\“: .
s
D ettt et e e s e e b et et e e e eas s e b an b s s baaes s e
4) What framework you w111 use to model the collective risk in life
insurance? s
......................................................................... peeretebe ettt
-------------- B Ths 1000t aton ot s as S0 teoioetn R aTossestenierssretsnvinerireoreeeaassasionssesPboncssesscsniossanas
. J
[ Teesrersesmstiresrscrsscsessssaiitnsnenntanitaenenes barsrrsasaccssstssscsonsescnss ;- --------------------- : -------
5) - How convolution method is helpful in collective risk modelling?
\ . .

6)- At which point of collectlve risk modellmg you W111 make use of Panjer
recursion. ™ :

..................................................................................................................

..................................................................................................................
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98 LETUSSUMUP = -

In this unit we have discussed the insurance companies' operational tools for
dealing with individual and collective risks, The, probability distribution of
claims has been developed, which help company's decision-making process to
- bonour its commitments. The individual risk model considers a specific
portfolio of insurance policies. The premium collection under such a model is
- discussed by introducing normal distribution. Necessary formulae for premium
setting under expected value of total claims have been highlighted. This line of
discussion has been extended to normal and gamma approximations as well as
to the class of distributions such as compound Poisson and negative binomial.
Classical gambler’s ruin probability problem is discussed and risk modelling
with martingales has been included. From individual risk miodel, the analysis is
broadened for collective risk model. The collective risk model uses losses as
random variables in certain portfolio of insurance polices. Under this theme,
we have covered the probability distribution of aggregate claims and
compound the ruin probability.

99 KEY WORDS

r

Conditioning: A measure on problem’s amenability to digital computation. For
example, the condition number associated with the linear equation Ax =5 gives a
bound indicating degree of the inaccurate the solution given by x. Also, you may
think of the condition number as an approximate rate at which the solution, x, will
change with respect to a change in b. That is, if the condition number’is farge, a small

error in b may cause a large error in x. On the contrary, with a small condition

number, the error in x will not be much bigger than the error in b.

-~ o
Convolution: A mathematical operator which takes two functions f and g
and produces a third function that in'a sense represents the amount of develop
between f and a reversed and translated version of g . A convolution is a kind

of very general moving average as one can see by taking one of the functions
to be an indicator function of an interval.

Discretisation: The process of transferring continuous models and equations
into discrete counterparts. This process usually carried out as a first step
toward making them suitable for numencal evaluation.

Net Level Premium Reserves (or beneﬂt reserves): A premium value of ‘the
reserve such that at time zero is it is equal to zero. The net level prémium
reserve is found by taking the expected value of the loss random variable.

Recursion: A method of defining functions in which the function being
defined may be used within its own deﬁmtlon

Scalmg A linear transformatlon that enlargcs or d1m1mshes objects
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9.11 ANSWER OR HINTS TO CHECK YOUR

PROGRESS

Check Your Progress 1

1))
2)
3)
4)
5)

See Section 9.2 and answer.
See Section 9.2 and answer.
See Section 9.3 and answer.
See Section 9.4 and answer.

See Section 9.4.3 and answer, -

Check Your Progréss 2

1)
2)
3)
4)
5)
6)

See Section 9.5 and answer.
See Section.9.6 and answer.
See Section 9.6 and answer.
See Section 9.7 and answer.

See Section 9.7 and answer.

See Section 9.7 and answer.





