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5.1 INTRODUCTION
In Block 1, you have studied ordinary differential equations (ODEs) and learnt various
methods of solving them. You have also obtained some understanding of the process of
mathematical modelling and used it to solve some simple real-life problems pertaining to
physics.
However, the real world around us throws up an astounding variety of probleins which
cannot be solved with the knowledge of ODESdone. For example, suppose a sitar string is
plucked at some point. What is the ensuing sound 7 Any sitd$t will tell you that the sound
depends (amo,ngother things) upon where the sping is plucked. Now if you want to model
the motion of the sitar string, you cannot use the techniques youshavestudied in Block 1.
Similarly, if you heat a casting in a furnace and wantto know its temperature distribution at
a given time, you need to look for new methods;
In order to solve such real-world problems, we need to study partial differential equations.
This unit being the first in our study of PDEs, we shall discuss some basic concepts related
to them.
As you have studied in Unit 1 of Block 1, PDEs arise in connection with various physical
problems when the functions involved depend on two or more variables. Recall that, in the
study of ODEs, we had asked you to go through calculus. So while modelling physical
systems with ODEs, you were in a position tb verify that the function of one variable
occurring in any ODE was continuous and differentiablesinthe domain under consideration.
You ought to know similar concepts about functions of more than one variable before you
go on to study PDEs. Therefore, we begin this unit by defining a function of more than one
variable, and explaining the concepts of limits, continuity-and differentiabilityfor such
Functions. You will also learn about partial differentiation in this connection. Then, if you
wish to go into greater dethils about these concepts, you may refer to Units 1 to 8 of Blocks
1 and 2 of MTE-07, the mathematics course entitled 'Advanced Calculus'.
Once you have learnt these basic concepts, we will introduce you to PDEs, You will see
how PDEs arise in physical problems, and learn to classify them in various ways as you did
for ODEs. You will also learn what is meant by the solution of a PDE.
Having become familiar with these concepts, you will be able to solve PDEs arising in
ms problems of physical interest. This forms the subject of Unit 6,
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Objectives
After studying this unit, you should be able to:
verify that a function of more than one variable is continuous and differentiable

'

compute the first and hipher order partial derivatives of a function of several variables
classify partial differential equations by way of order and degree, linearity/nonlinearity,
homogeneity/nonhomogeneity
verify that a function is a solution of a given PDE.
- -

-

5.2 FUNCTIONS OF MORE THAN ONE VARIABLE
So far in this course you have studied differential equations involving functions of one
variable. However, many physical quantities depend on several variables. For example,
Fig. 5.1 shows the temperature distribution over India on a particular day of summer. The
solid lines join up places where the surface temperature was the same at that time. These
lines are called isotherms. You must have seen such pictures shown sometimes in the
weather report televised every night in the national newscast. Now suppose we set up a
coordinate system with New Delhi as the origin and take the x, y-axes in the East and the
North directions,respectively. Then each place in India can be represented by its
coordinates (x, y). So the variable T representing the temperature at any place at a given
instant is a function of two variables x and y, i.e., T = T(x, y).

Rbrnember that the surface of the
earth is not planar, and so this
example holds only for a small area
on the surface of the earth. We
cannot represent the temperature
distribution over large areas (for
instqnce, aver the area of China or
USA) by such a function T(x,y).

Fig. 5.1 bas been reproduced

from AgroclirnatlcAtlas of
Indln (1986), courtesy India
Meteorological Department.

Fig. 5.1 : Temperature distribution at the surface of India on a hot day at a given time

Now suppose we have arecord of temperature dishbution over ~ndiaat different hours of a
day. On how many variables would T depend? In this case T will be a function of x, y and t,
i.e., T a T(x,y, t ) where t represents the variable time. Once again you can represent
T (x, y, t ) with the help of isotherms. But now the isotherms will keep changing with time;
in this. case, the solid .linesof Fig. 5.1 would keep wiggling.
Can you now think of some more examples of functions of more than one variable?

Rernemkr, you have read about such functions in Unit 2 (Sec. 2.3) of the course
E - Omay
~ ) .like to jot down in the margin,
Mathematical Methods in P ~ ~ ~ ~ C S - I ' ( P HYou
some moreaxamples of such functions before you study further.

t

Our.basic purpose in !his block is to set up and solve differential equations involving one or
.morederivatives of functions of several variables, which are 'continuous and differentiable
over a given domain. Therefore, before studying such DEs you should know certain
s
mgthematical concepts, such as the limits and continuity, partial derivati ~ eand
differentiability of such functions.

,
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Limits and Continuity

5.2.1

I

In the calculus course you have studied the concepts of limit and continuity 0f.a real-valued
function of one variable. Let us now extend these concepts to functions of more than one
variable. We will first consider a function of two variables and understand what is meant by
its limit.
Suppose f (x, y) is a real single valued function of x and y. L is said to be the limit off (x, y)
. as the point (x, y) approa'ches (xo, yo), iff(x, y) approaches the value L, as (x, y) approaches
(xg,yo). It is written as
lirn

.f

Recall that a function of one variable
is defined as follows:
If A and B are two sets, a functionf
from A to B is a rule which connects
every member of A to a unique
member of B. The set A is called the
domaln and B, the co-domain of$
f (x) denotes that unique element of
B which is associated with the
element x to A.

Now (x, y) can approach (xg,yo) along any one of an infinite number of curves passing
through (xo, yo); The limit (L) of a function fix, y) is said to exist, only if the function
always approaches the value L, irrespective of the curve along which (x, y) approaches
(q,,yo). Thus intuitively, we can say that L is the limit offlx, y) as (x, y) approaches (xo, yo),
ifflx, y) is as close to L as we wish whenever (x, y) is close enough to (xo, yo). You may like
to study Fig. 5.2 which shows the geometric interpretation of this limit.

If A and Bare both subsets of the set
of real numbers R. thenf (x) is called
a real-valued function.

This concept can be extended to functions of three or. more variables. For instance,
intuitively L is the limit offlx, y, z) as (x,y, z) approaches (xo, yo, zO)iffix, y, z) is as close to
L as we wish whenever (x, y, z) is close enough to (xo,yo, zO).It is not passible to represent
this limit pictorially because that would require four dimensions.
A natural question follows: When can we say that the limit of a functionf does not exist?
Let us find the answer. Letf be a function of two variables and let lim f (x, y) = L. Then
(x, Y) -4(xo,Yo)

the concept of the limit as explained above.impliesthatflx, y) must approach L as (x, y)
approaches (%, yo) along each line (or curve) through (xo, yo). Thus, to show that
lim flx, y) = L does not exist, it is enough to show thatflx, y) approaches different
(x*Y)+ cxo*Y,,
numbers as (x, y) approaches (%, yo) along different lines (curves) through (xo, yo), This idea
can be extended to functions of more than two variables.

/
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Note that the limits
lirn
J-?.

A rigorous mathematical treatment of these concepts is given in an appendix to this unit.
You should go through its contents to understand the mathematical basis of these ideas.
However, you will not be examined on the material presented in the appendix.
Let us now consider an example to illustrate the concepts you have studied so far.

I
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Example 1
a)

Evaluate lirn
Cr.y)+(-f,2)

2 +y3
2 +y2

Solution
Using the results given in Eq. (A.l) of the appendix, we have
lim

x=-1 and

(x,Y)+ (-1,2)

lirn

.

y=2

(x,y)'+(-1,2)

.

r
,,

.

Using the product formula [ (Eq.(A. 3) of the appendix)], we get^:
.. .

2 =- 1

and

liin

y3 =8

(x,Y)-+ (-1,2)

.(x. Y) -+ (-192)
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l i m , 2 = 1 and
(X.Y)+ (-li2)'
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(x, y) = L

(x. Y)+ (xo,Yo)
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(x, Y)3 (-192)
2-.

.

, k, ,

lirn f (x, y)
[Y--

,

]

and
termed the repeated llmits are not
lim f (x, y) which
the same as
( J ~ Y) ILr0.m)
is called the aimultPneouslimit. For
a more detailed study in this regard
you may like to go through Block 2
of MTE-07 (Advanced Calculus).
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Combining the sum and quotient formulas'[Eqs.(A.2 and 4 ) ] we get

X7 t

lim
lim
(x,Y)-4 (-1,2)

b)

2+y3
-)? + y2 -

-

lim

x . 2 1 ; - 1 )

lirn

y3

-

A? +

(x,y)+(-1.2)

2xZY

Evaluate lim

2

2

lim

y2

- -It8 - 7
l+4

5

(x3y)-f(-1,2)

- xz2

y2-xz

Solution
You can see that
lim

lim

x=2,

(x,Y,2) + (2, 1, -1)

y

= 1,

(x,Y,2) 4 (2, 1,-1)

lim

z=-I

( x , Y , z ) + (2,1,-1)

.Using the sum, product and quotient formulas we get
2.?Y-~z2 8- 2
- 2.4.1 - 2 ( - 1 ) ~ ---

lim
( X , Y , Z ) + ( ~1 8,- 1 1

y2--=

- 3

12+ 2.1

- 2.

You can see that we can obtain the limits of these functions at a point (xo, yo) or (xo, yo, zo)
effectively by evaluating the value of the function at these points. The only exceptions to
this practice will be those functions whose limit does not exist at a point. Let us consider
one such function and learn how to find out whether tbe limit of a function at a point exists
or not.

c)

Show that lirnf (x, y ) does not exist forf

-2
Y2+2
y2

(x, y),= -

(x. Y) -+ (0,O)

Solution
Let us set y = m.Then

m 2- 1
The value of will be different for different values of m. This means thatf ,(x, y)
2

m +1

approaches different values along the lines corresponding to different values of m as (x, y )
approac'hes (0,O).
Hence the lirn f (x, y) does not exist.
( x , Y ) + (0.0)
You should now work out an SAQ to concretise these ideas.

Spend5 minutes

SAQ 1
a)

Show $at

lim
x

b)

Show that

-

1

lirn
(x, Y )-+ C0,O)

2 + e + y 4 =o
l+y2
does not exist.

(2
+ 3)

Now that you have understood the concept'of limits of functions of several variables, we
will define the continuity of such functions.

A functionf of two variables is continuous at (xo,yo) if

An Introduction'toPartial
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A functionf of three variables is continuous at (x,, yo,),z, if

A function of several variables is continuous if it is continuous at each point in its
domain.

a The sums, products, quotients of continuous functions are continuous.
The composite of continuous functions is continuous.

In addition to the definitions and rules you have studied so far, you should also.know the
substitution rule for such functions.
Substitution rule
For the two variable case let us suppose that

Consider a pair of functions f and g.
Let the co- domain off be the
domain of g, i.e.,
f:X+Yand
g:Y+Z
The function h : X +Z
defined by setting

f (x, y) ='L

lim

( ~ Y)
7 + (xOryo)

Let g be a function of a single variable t and let g be continuous at t = L. Then

is called the composite off and g.
The function
g(f(x3 Y ) )
is also a composite of the functionsf
and g of two variables.

Let us illustrate these concepts through an example.
Example 2

a)

Show that the function In (xly) is continuous at (e, 1).

Solution
In effect, here we have to show that
lim

ln(x/y) = ln(e/l) = 1.

(x*~)+(e*l)

.

Let f (x, y) =x/y add g(t) = Int.
Using the quotient formula for limits

lim (x/y) = e.
( x . Y ) - ) ( ~ 1)
, .

Since lim g(t) = ln(e) = 1 E g(e), therefore g(t) is continuous at r. = e. Thus it follows from the
t'+ e

substitution rule that
lirn ln(x/y) = g(e) = 1
(x.Y) -) (e. 1)

Hence the function In (xly) is continuous at (e, 1).
b)

Let us consider an exarnple,from physics. The electric field at a point P dve to a
point charge q is given by

E for.a point charge is shown in Fig. 5.3a. You can see that as r -+ 0, the magnitude of the
electric .field tends to infinity. Thus E for a point charge is not continuous at the point r = 0,
i.e., at the location of the charge. This is the reason why we do not talk about the electric
field at the point at which the charge is located. . .

,

.-

Fig. 5.3 : (a) E for a point Eknijge Is
not continuous at the poinwhere
the charge is located; (b) Each
element of the charge distribution
p(x: y', 2') makes a contribution to
the field E at the point ( x m ) .
The total neld at this paint is the
sum of all such contributions.

i
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However, the electric field d~ieto a finite continuous charge distribution is continuous. The
field at a point P(x, y, z) due to a continuous charge distribution p(x', y', z') (Fig. 5.3b) is
given as

Here points from (A', y', z') to (x, y, z). Now you know from Unit 3 of PHE-04 that, in
spherical polar coordinates, dV is given as
dv = Pdr sin 8 d8 d$

This integral is finite at every point in space and in the limit as r tends to any point in space,
the integral tends to the value of E at that point. Therefore, so long as p remains finite , E is
continuous everywhere, even in the interior or on the boundary of a charge distribution.

..You may now by the followingSAQ.
Spend 5 minutes

SAQ 2
Show thatflx, y) = sin

xy

1 +x2+y2

is a continuous function.

So far you have studied the basic concepts of limits and continuity of functions of several
variables. We are now ready to consider the following questions: How do we differentiate
such functions? As an example, consider a vibrating guitar string of length L at time t
(Fig. 5.4). The string is fixed at points A and B, and vibrates in the xy plane in such a way
that each point on it moves in a direction perpendicular to the x-axis (transverse vibratjons).
Suppose u(x, t ) is the vertical displacement of a point P on the string, measured from the
x-axis at time t > 0.We may like to determine how fast the pbint'p'is moving, i.e., the
velocity of the string along the vertical line with abscissa x. We may also want to find the
slope of the curve in Fig. 5.4 at P. In the former case, we keep x fixed and differentiate u
with respect to t. In the latter case, we differentiate u with respect to x, keeping t fixed. Thus,
a function of several variables can be differentiated with respect to one variable at a time
keeping other variables fixed.

'"t
Flg.5.4: The dieplacement u(x, t)
at an
ofa ,.lbratlng pitar
instant t r 0

This example gives us an intuitive idea that the rate of change of a function of several
variables 'is not just a single function. This is because the independent variables may vary in
different ways. All the rates of change for a function of n variables are described by n
functions, called its partial derivatives. Let us learn about partial derivatives in some detail.

In this section we will define partial derivatives and practice computing them. Consider a
function of two variablesf (x, y ) and let (xo, yo) be in the domain off; The first order partial
derivatives off with respect to x at (xo, yo) is defined by

provided that this limit exists. similarly, the first order partial derivative off with respect to
y:at (x,,, yo) is defined by

provided that this limit exists.
derivatives also do
So if these limits do not exist at any given point for a function, its
not exist. The enctionsf, and fy that arise through partial differentiation and are defined by
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(5.3a)
and
fy

(x, Y + A y) -f (x, y)
AY

(x. Y)= lim
Ay+O

hy~~

are called partial derivatives off with respect to x and y, respectively. These are also denoted
by

and

$,respectively. First order partial derivatives of functions of three or more

variables are defined in the same way.

x

We can think of fx(xo, yo) as the rate of change off (x, y) at (xo,yo) with respect to x, when y
is held constant. For example, let T(x, y) be the temperature at any point (x, y) on a flat metal
plate lying in the xy plane. Then TeY(xo,
yo) is the rate at which temperature changes at
(xo,yo) along the line y =yo (Fig. 5.5). Similarly, the partial derivative Ty(xO,yo) is the rate
at which the temperature changes at (xo, yo) along the line x =xo.

(XO.YO)

Y=YO
Fig. 5.5
A notation for partial derivatives
which is frequently used in
applications (particularly in
thermodynamics) is ( a z / a ~ ) ~It.
represents the partial derivative of
z(.r, y) w.r.t, x when y is held
constant. For example, in
thermodynamics we use the notation

Thus, computing partial derivatives is no more difficult than finding derivatives of functions
of a single variable. The following rule will help you compute partial derivatives:
To calculate the pariial deriuative'of a functionf of several variables with respect to
a certain variable
I

I0

I

I

treat the remaining variables as constants

I

differentiatef as usual by using thk rules oione variable calculus.

0

I

elc., where T,p. V uld U are the
thermodynamical variables,
temperature, pressure, volume and
internal energy, respectively. You
can see that these two partial
derivatives are different.

I

The sum, product, and quotient rules for ordinary derivatives have counterparts for partial
derivatives. Thus, iff (x, y) and g (x,y) have partial derivatives then

a
ax

a

and -(ff
JY

-(fig)=$*%

I
I

dfg-f$

a -f - ax
ax -

ax

A

I

,

g2

af
---

-*+&
ay - ?Y

g)-

af

(5.4a)

as

&g-f&
and
aygg2

As an example, considerf (x, y) = x2y3- ~
respect to x to get

15 t

I

r (0)
.

3 We~hold~ y constant
.
and differentiatef with

-

(h)
l5I

Similarly, we hold x constant and differentiate with respect toy and get

Let us consider an example from physics to illustrate these concepts.

1.1

Example 3
Consider the variation ofcurrent i in a circuit as we change the resistance ra for different
values of the applied voltage v (Fig. 5.6). The relation between these quantities is given by
v
the familiar Ohm's law i =
.
r

-.

Now suppose we are asked to find the slope at point P on the curve B (Fig. 5.6 b). Treating v
as constant we get -

y

'

I

7110 1

M

I

z

o

v

c,

0

;%

I

10

20'

r (a>
Fig. 5,6 : The variation of current
in a resistive circuit element with
the resistance for different'values
of applied voltage

is
I

I
t
.

!i

For the curve B, v = 15V and at point P,r = 10R.

Partial Differential Equations

We say that the current varies with resistance at a negative rate of 0.15 ampere per ohm,
other things being equal.
L

'

You will find several other applications of partial derivatives in physics. For example, in the
physics course PHE-06 entitled 'Thermodynamics and Statistical Mechanics' you will study
about thermodynamic potentials (which involve an extensive use of partial derivatives).
However, you musx keep in mind that it is not always possibleto compute partial derivatives
of functions' in this manner. In some exceptional cases we have to use the limiting process.
We shall deal with such cases as and when we come across them. In the study of PDEs, you
will also come across higher order partial derivatives and you should know about them too.

(a)

Higher order partial derivatives
Since the partial derivatives are themselves functions, we can take their partial derivatives to
obtain higher order partial derivatives. There are four ways to take a second derivative offix,
y). Wemay compute

_

(5.5)

.
a if--??
f9(x, Y)= 3 ax = ayax fY.Jx*Y)= & ay - aXaY
a$

a2f

9

fv and& are called mixed partial derivatives or mixed partials.

(b)

Iffix, y) has continuous second partial derivatives then the mixed partial derhatives are
equal, iqe.

Fig. 5.7 : (a) The main rainbow
you see in the sky Is created by
various monochromatlc rays that
have been refracted, retlected and
finally refracted again by water
droplets (b) the angle 0 formed by
the path of a monochromatic ray
before it enters the droplet and the
path after it leaves the droplet
depends on both jt and i

&=&
ax&
YOU

fend I5 mi~rures

ayax

or

fyx=fxy

(5.6)

should now compute some first and second partials.

SAQ 3
Find all the first-order partial derivatives off (x, y, z) = x4- g y 2 z 2+ 3yz4 and
ah
h(x, y, t) = xet - y2e2'. What are the values of (1, 1, 1) and - (4, 1,O) ?
at

a)
i.
,

a~

b)

c)
1

I

.

+

Show that the function z = ln(x2 y2) satisfies the equation .

.

On a rainy day, you may have observed a rainbow in the sky. A rainbow is formed
due to the refraction, reflection and another refraction of various monochromatic
rays in the sunlight by water droplets suspended in air (see Fig. 5.7a). The angle 0
shown in Fig. 5.7b for one monochromatic ray is given as

where p is the index of refraction of water for the ray and i, its angle of incidence.
For any given p, find the angle i, for which

I

The entropy S of a gas is given by

d)

An Introduction to Partlal
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where Cp, C, and A are constants. We can substitute for Vfrom the ideal gas law
PV = RT to obtain
S=(C,-Cp)lnP+CplnT+B
,

(ii)

where B is a constant. Compute dS/dP from (i) and (ii). Why do the two expressions
differ.?

I ,,

Certain results follow logically from the discussion so far. We state them without proof. The
mere existence ofpartial derivatives does not imply the continuity of a function of several
variableS. Also a function of several variables which is continuous at apoint need not have
any of the partial derivatives at the point. You can read about these ideas in detail in Block
2 of the mathematics course MTE-07. With this background we would now like to consider
these questions : When can we say that a function of several variables is 'differentiable'? Is
a continuous function f ( x , y) differentiable at a point ? Or is f (x, y) differentiable at a
point provided its partial'derivatives exist? Let us answer these questions very briefly.

1

5.2.3 Differentiability
Recall that a real-valued kontinuous function of one variable need not be differentiable.
The same applies to functions of several variables. Similarly, since the existence of partial
derivatives daes not even guarantee continuity, it cannot guarantee differentiability, So we
need additional donditions..We will not go into a formal mathematical definition of a
differentiablefunctiod.Instead we state here'the sufficient conditions which, if satisfied,
ensure that a function of several ~ a r i a b i is
~ sdifferentiable.
Iff (x, y) has partial derivatives on a disc centred at (xo, yo),and if fx and fy are
continuohs at (xo, yo), thenf is differentiable at (xo, yo).
However, these conditions are not necessary. Thus, a function can be differentiable at a
point even when none of its partial derivatives is continuous at that point.

I'

Having studied these concepts, you should know what the term 'a real-valued, continuous
differentiable function of several variables' means, whenever you come across it. With this
mathematical background, we are ready to discuss partial differential equations, i.e.,
equations involving the partial derivatives of functions of several variables. .

5.3 PARTIAL DIFFERENTIAL EQUATIONS
I

1

Let us begin by considering examples of how some special partial differential equations
(PDEs) arise in physical situations. We will then classify PDEs and understand what is
,
meant b their solutions. Consider a steadily flowing speam of water with velocity field
v = v l + v2 J + v3 C. Let the velocity field be incompressible and irrotational. Then you
know from Unit 2 (Sec. 2.4) of the c o ~ r s i . , ~ a ~ e i n a t iMethods
cal
in Physics-I (PHE.04) that
for this velocity field V v = 0 and' V,x ir A 0:'i.e: v = V$ Ghere 4 is a scalar field. Now you
can use the definitions of divergence and g;adient to express these relations in a Cartesian
coordinate system in their differentid form

iu

I

!

.

I
I
I

, I

v=V$,i.e.,

v l = ...., v z = ....., v 3 ....
~

(5.7b)

Then, substitute Eq. (5.7b) in Eq. (5.7a) and you will'g'it

I

I

Thus, you ' have set up a well known PDE in physics termed the Laplace equation. This
equation is satisfied by the velocity potential function of any incompressible and irrotational

. '.

flow. It also finds applications in such diverse fields as gravitation, electrostatics, elasticity
and steady state heat conduction. Let us take up another example.

Partial Differential Equations

Consider the flow of heat along a cylindrical metal rod (Fig. 5.8a). We choose the x-axis to
be along the axis of the cylinder. Let us assume that heat can flow only in a direction parallel
to the x-axis. This means that at any instant t, the temperature T is the same at all points of a
cross-section x = constant (see Fig. 5.8a). Then T(x, t) describes the temperature of any
point P(x) in the rod at time t. We also assume lhat no heat is generated within the rod. We
can model heat flow in the rod according to two experimentally verified laws: Fourier's law
and the principle of conservation of heat. Fourier's law states that the rate of heat flow per
unit area, Q(x, t) perpendicular to the flow is proportional to the temperature gradient.
Would you like to express this law mathematically ? Give it a try.
Since the flow is one-dimensional, you should get a relation of the following kind.
Q(x, t) = -AK

aT

(x, t),

where Q(x, t) is the rate of heat flow in the positive xdirection across the section
x = constant at time t, Here K is the thermal conductivity of the metal and A is the rod's
cross-sectional area. The ininus sign appears because heat flows from hotter to colder
regions, so that Q is positive where the temperature gradient is negative, and vice versa.

Fig. 5.8 : Flow of heat in a
cylindrical metnl rod

The principle of conservation of heat states that the rate at which heat accumulates in a
region containing no heat sources is equal to the net rate at which heat enters that region
through its boundaries. Let us apply this principle to a small portion of the rod between
x and x + Ax (See Fig. 5.8b). The rate at which heat accumulates in this portion at a time t is

Now you can write the expression for the heat accumulated in this portion in the short time
interval between t and t + At in the space below :

You know that the heat eneigy required to n i s i the average temperature of a body of
mass m and specificaheats, from T , to T2 is ms (T2- TI). For the small portion of the rod,
we haye rn = ~ A G
yhere
, p is the density of the metal. Let T(x, t) and T(x, t + A )be the
average temperatureqof the portion at time t and (t +At), respectively and let s be the
metal's'specific heat. Then you can write down the heat energy added to the portion between
these times:

.

The principle of conservation of heat demands that the expressions contained in Eqs. (5.10a)
and Eq. (5. lob) shouid be equal. Thus, we have
[Q(x, t ) - Q(x +.Ax,t)] At = (pAdY)s [T(x, t + At) - T(x, t)]

(5.1OC)

Now divide both sides by'(& At) and take the simultaneous limit as Ax and At tend to zero.
What do you get ? Write down the result :

Substituting Eq. '(5.9) in Eq. (5.10d) you should get

On simplifying the equation further we get

K

where k = -is called the,thermal diffusivity of the material of which the rod is made.
ps

u.*

~emernbeithat in writing Eq. (5.11) we hive assumed K fo be a constant, which need not be
true always.

Fq. (5.11) is termed the one-dimensional difsusionequation. It is so called because it
models the 'diffusion' or gradual change of various physical quantities that are continuous
functions of time and space coordinates in one dimension. This equation is aIso used to
describe the diffusion of liquid or gas concentrations. A slight variation of Eq. (5.11)
describes the diffusion of neutrons in a nuclear reactor. In the situations when Eq. (5.11)
models heat flow in a one-dimensional object as in the example considered above it is also
termed the one- dimensional heat flow equation.
Fqs. (5.8) and (5.1 1) are two PDEs which occur quite often in physics. You will come
across other PDEs in Unit 6 of this course and other physics courses. Our main aim,of
course, is to learn the methods of solving the PDEs which occur in physics. However, before
you learn these methods you should know how to classify PDEs. You must also understand
what constitutes the solution of a PDE. mese will be our concerns in the next two
sub-sections.
'

'

5.3.1 Classification of PDEs
We classify PDEs in much the same way as ODEs, i.e., in terms of their order, degree and
linearity/nonlinearity.Linear PDEs are further classified as homogeneous/nonhomogeneous,
and as elliptic, parabolic and hyperbolic PDEs. Let us see what these terms mean.
Order and Degree
Just as in the case of ODEs, the order of a PDE is the order of the highest derivative
occurring in the equation.

+; For example, the equation

is a first order PDE. A first order PDE for a functionf (x, y) contains at least one of the

ax' ay but no partial derivative of order higher than one. A second
order PDE forf (x, y) contains at least one of the partial derivatives f, , fyy, AYor&
pirtial derivatives
,. .

but
no partial derivDives of order higher than two. Eqs. (5.8) and (5.11) are second ordei PDEs.

-Secondorder PDEs may also contain first order terms like

ax * ay3as in Eq. (5.1 I).

The degree of a PDE is the degree of the highest derivative in the equation.
For example, Eqs. (5.8), (5.1 1).and (5.12) are PDEs of degree one. The PDE

is a first'order PDE of degree 3. You may turn to SAQ 4 and write down tlie 6rder of the .
., .
PDEs listed there right away if you so wish.

.

Linear and nonlinear PDEs
.a;, . '
Just as in the case of ODEs, we say that a PDE is linear if (i) it is of the first%$&ee in the
unknown function (the dependent variable) and its partial derivatives, (ii)$d&s not.contain
the products of the unknown functions and either of its partial derivativeg md (iii) it does
not contain any transcendental functions. Otherwise it is nonlinear. For ,example,the PDEs
given by Eqs. (5.8), (5.1 I), (5.12) and the following PDEs are all linear :

and

The PDE given by Eq. (5.13) is nonlinear as it is of degree 3.
A linear PDE can further be classified as homogeneous, or nonhomogeneous.
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Homogeneous and nonhomogeneous linear PDEs
If each term of a PDE contains either the unknown function or one of its partial derivatives,
it is said to be homogeneous: otherwise it is nonhomogeneous. Which of the Eqs. (5.8),
(5.1 I), (5.12), (5.14) and (5.15) are homogeneous and which ones nonhomogeneous? You
are right. All the equations except Eq. (5.15) are homogeneous.
.

You can practise classifying PDEs further by working o h SAQ 4.

Write down the order and degree of each of the PDEs listed below. Determine which of the
PDEs are linear, nonlinear. Classify the linear PDEs as homogeneous, nonhdmogeneous.

In this course we shall restrict ourselves to linear second order partial differential
equations because these occur most frequently in*physics.The most general form of such an
equation, for a function u(x, y) is

where a, 6 , c, d, e and fare functions of (x. y). If the coefficients a, b, c, d, e , f are coristants,
Eq. (5.16)is teqned a linear, second order, constant coefficient PDE.Equations of the
form (5.16) with constant coefficients, are further classified as elliptic, hyperbolic and
parabolic, depending on the relationship between the second- order coefficients a, b, c: .
if ac - b2 > 0, the equation is elliptic,
if ac - b2 c 0, the equation is hyperbolic,
if ac - b2 = 0, the equation is parabolic.
You can verify that the Laplace,equation Eq. (5.8) and Eq. (5.15)*knownas Poisson's
equation are elliptic. The diffusion equation Eq. (5.11) is parabolic and Eq. (5.14), known
as the wave equation is hyperbolic. Check these results before studying further. We have
introduced you to fie PDEs (Eqs. 5,8,5.11,5.14,5.15) that occur most frequently in
physics. You will learn the methods of solving these PDEs under specified boundary and
initial conditions in Unit 6. But before that you must know what is meant by the solution of
a PDE and some properties of the solutions. This is the subject sf Sec. 5.3.2.
,

5.3.2 What is a Solution of a PDE ?
In part (b) of SAQ 3 you have verified that the function u = ln(x2+ y2) satisfies the PDE

The function In (x2 + 9)is a ;elution of this PDF. The process of solving a PDE inyolves
Fnding all the functions which satisfy it. A more formal definition of a solution is as follows.
I

--

-

-- -
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A solution of a PDE in some region R of the space of independent variables is a
function, all of whose partial derivatives appearing in the equation exist in some
domain containing R and which satisfies the equation everywhere in R.
In general, there can be a large number of solutions of a PDE. For example, the functions
u = x2 - y 2 and u = &cos y are also solutions of Eq. (5.17). A unique solution of a PDE
corresponding to a given physical problem is obtained by applying appropriate initial
conditions and boundary conditions.
Let us now ask: What is involved in solving a PDE? Consider the following rather simple
PDE

To find u(x, t) we may keep t constant and integrate with respect to x. We then obtain

However, C i s a constant only if t is kept fixed. For different values oft, C will be different,
i.e., C is a function oft. Thus, the most general solution of Eq. (5.18a) is
U(X,t )= x +f (t)

(5.18~)

wheref is an arbitrary function oft. You can verify that u(x, t) of Eq. (5.18~)does satisfy
Eq. (5.18a).
So you see that while the solution of an ODE involves arbitrary constants, the solution of a
PDE involves arbitrary functions. As we increase the order of the partial derivatives in a
PDE, we introduce more arbitrary functions.
Recall that a linear combination of the linearly independent solutions of'an ODE is also its
solution. The same principle applies to the solutions of a linear homogeneous partial
differential equation. Thus, if ul and u2 are any Linearly independent solutions of a linear
homogeneous PDE in some region then

where CI and C2are arbitrary constants, is also a solution ofthat equation in that region.
This principle is called the principle of superposition and it can be extended to the case
where n solutions of a PDE exist. To sum up, in this section we have studied partial
differential equations, their classification and the meaning of their solutions. We would like
to end this section with an exercise for you.

SAQ 5
a)

Verify that u l = cos x cos cy and u2 = sin x sin cy are both solutions of the PDE

-

Show that cos ( x + cy) and cos (x cy) are also solutions of this PDE.
b)

Show that for each integer n, the function

u = ~k

II'Y

sin

is a solution of the PDE

Deduce that for any positive integer N and real numbers, a l , az, .

.. , a

~the, function

Partial Difrerential Equations

an& n2y sin nr
n=l

is also a solution of'the PDE.

Let us now sum up what you have studied in this unit.

5:4

SUMMARY

We summarise below the concepts for a function of two variables. These can be extended to
functions of more than two variables.

A functionf (x, y) of two variables x and y is one whose value is determined by the
values of x and y. We call x and y the independenr variables:a variable equal tof (x, y)
is called the dependent variable.
The limit lim f (x, y) = L if for every E > 0,there is a 6 > 0 such that
(x, Y ) -f (10,Y,,)

A functionf of two variables is continuous at (xo, yo) if

The limits

if they exist, are called the first order partial derivatives off with respect to x and y,
respectively.,
The partial derivative of a function of several variables w.r.t. a variable is calculated
by differentiatingthe function w.r.t. that vahable alone, treating other variables as
constant.

.

A functionf (x, y) is said to be differentiable at (xo,yo) if it has partial derivatives 'on a
disc cenh'ed at (xo,yo) and if the partial derivatives are continuous at (xo. yo).
Differential equations involving functions of more than one variable are termed partial
differential equations (PDEs).
PDEs occur quite often in physics. In this unit, we have discussed the setting up of
Laplace's equation and one-dimensional diffusion equation.

.

Like ODES,PDEs are also classified by way of order and degree, linearity and
nonlinearity. Linear PDEs are further classified as homogeneous and
nonhomogeneous.

A linear, second order, constant coefficient PDE can also be classified as elliptic,
hyperbolic and parabolic depending on the relationship between the coefficients of
second order partial derivatives occumng in the PDE.
A solution of a PDE in some region R of the space of independent variables is a
function, which satisfies the PDE everywhere in R.
A linear combination of the linearly independent solutions of a PDE is also a
solution of the PDE.

5.5 TERMINAL QUESTIONS
Sl)ct/n/ IS

18

niOrrrlc~s

1)

According to Newton's law of gravitation the magnitude of the force of attraction
between two particles of mass mis
F=-- ~

r n ~

2

-

where r. = d(x -~),x, + (y -yo) 2 + ( 2 - zo)2 is the distance between the two particles.
Determine whether F is continuous and differentiable at a11 point's in space. The
potential of this gravitational force field is given as
~rn'

f (x, y, z) = - ( r > 0)
r

Show thatf satisfies the equation

2)

Given below are some PDEs that appear in physics. Classify them by way of order
and degree, linearity (L)/nonlinearity(NL),homogeneity(H)/nonhomogeneity(NH).
(the telegraph equation)
ii)

aZu a 2 ~
a?-" To

(the wave equation)

-

1

+(

.(Schiudingis time-dependent

=

at

(the continuity equation)
(the two- dimensional
diffusion equation)
vi)

a 2 ~a 2 ~a 2 ~ 1 p(x, Y
a 2 a az2 EO

-+-+-=y2

9

(Poisson's equation)

z)

5.6

SOLUTIONS AND ANSWERS

1)

a)

lim 2 + 2 r 2~ ~ + ~ 4
l+Y

(x,y)+(-l.l)

Using Eq. (A.1) of the Appendix and the sum, product, quotient rules we get
lim
Y

-

X2+2Xy2+y4
1+y2
lirn
,t? + 2

1

= (x?Y) + (-1. 1)

lirn

x

( x , Y ) 3 (-1, 1)

I+

lim

y2 +

( x . y ) A ( - l , 1)

i2

lim

lim

y4

(x.Y) + (-1, 1)

( x , Y ) + (-1, 1)

b)

xy - mxL =- m
Let y = mr, then f (x, y) = 2 + y 2 - 2 + m 2 2 1 +m 2
,

This will have different values for different values of m. This means that
f (x, y) approaches different values along the lines corresponding to diffkrent
values of m as (x, y) approaches (0,O). Hence lim f (x, y) does not exist.
( x , Y ) -) (0.0)

2)

~ 4 %
g(x. Y)= [+land

u(t) = sin t

Then f (x, y) = u(g), i.e.,f (x, y) is a composite of g(x, y) and u. We hav'e shown in
Eq. (A.1) of the Appendix that lim x = xo and lim y = yo. Since xo and yo can be
( X , Y ) + (x,. Y J 0 , Y ) + (xolyo)
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any points in the domain of x and y, p(x, y) = x and q(x, y) = y, are continuous. The
sums, products and quotients of continuous functions are continuous. Hence g(x, y)
is continuous. Similarly, you can verify that u(t) is continuous. Therefore, their
compositef (x, y) is also continuous.

Thus, z = l
n(2+
c)

0 (v, i) = 4 sin-'

a2z+a 2 =~ 0
3)satisfies the equationa2 ay2

An Introduction to hrtial
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,

4cos2 i ' = p.2 -sin2 i,
or 4cos2i,, + 1 - cosz i,, = p2
.

or 3cos2 i,, = lr2

-I

and from (ii)

as

In finding aS'from (i), we keep Veonstant, whereas in computing- from
ap
ap
(ii), we keep T constant. Therefore, these two partial derivatives are different.
4)

5)

We have used the notations L for linear, NL for nonlinear, H for homogeneous and
NH for nonhomogeneous PDEs in the answer. Th'e first term gives the order and the
second, the degree of each PDE.
i)

2,1,L,H

ii)

.2, 1, L, NH

iii)

1,3,NL

iv)

2, 1, L, NH

v)

3,1,NL

a)

The partial derivatives of ul = cos x cos cy and u,= sin x sin cy are

au1
-=-

ax.

sinxcos cy ,

au1
---ccosxsincy,

aY

.

azu, - COS X COS cy

-=

a2

a2~
- - - c cosxcoscy
a?

Substituting the relevant partial derivatives of ul and u,in the given PDE we
get two identities iinplying that both ul aqd u, arc its solutions. Now from the
principle of superposition a linear combination of linearly independent
solutions of a PDE is also its solution. Sirice ul Ad uz are linearly independent
we get that
cos (x+cy)=cosxcoscy- sinxsiney=ul

-

-%

and cos(x cy) =,cm x cos cy +sin x sin cy = u l+ %

are also solutions of the PDE.

Partial Differential Equations

b)

Let us first compute the partial derivatives of u, :

au,

aZu,
ax

Substituting -and in the PDE gives us an identity. Therefore, u, is a
2
JY

a

solution of the PDE. Again, since u,, u2, u3,. . . , U, are linearly independent
functions, we get from the principle of superposition that their linear
combination, i.e. u = alul + a2u2+ . . . + a,un is also a solution of the PDE.
In concise form we may write.
N

N

2

u = E anu, = Z a,emknY sin nx

Terminal Questions
I)

F is not continuous and therefore not differentiable at the point r =.O for reasons
explained in part (b) of Example 2.

$f
301 - yo12Grn2 ~m~
Similarly- =

-

a?

Therefore,f=

2)

? .. I..: +T

a2f

2.,l,L,H
2, 1, L. H

iii)

2, 1, L, H

iv)

1, 1,L,H

-d20m2

a=-

Gm2
-(r > 0)satisfies the giveri PDE.
r

i)
ii)

3(z

J

cm2

+F
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APPENDIX A LIMITS OF A FUNCTION OF MORE THAN ONE VARIABLE
We will give here the formal mathematical definitions of the limits of a function of two or
rnoi-e'variables and state the rules for evaluating limits of such functions.
Recall that the distance between two points (x, y) and (xo,yo) in the plane containing these
points is less than 6 if

Letf (x, y) be a.tea1-valued function defined throughout a set containing a disc centred at
(xo,yo)exceptpossibly at (xo, yo) itself (see Fig. 5.2). Let L be a real number: Then L is the
limit off at (xo,yo) if for every E > 0, there is a 6 >.0 such that

Then we write
lirn Ax,y) = L
( 4 Y) -t (x0,yo)

and say that lim Ax, y) exists.
(x, Y) -t ( ~ 0Y&
,

Fig. 5.2 shows the.geometric interpretation of the limit.
We can extend the definition to a function of three variables.
Once again, recall that the distance between the points (x, y, z) and (xo, yo, zo) is less than 8 if

.Theformal definition of the limit offlx, y, z) is then given as follows:
Letf be defined throughout a set containing a ball centred at (xo, yo,zO)except possibly at
(xo,yo, zo) itseli. Then L is the limit off at (no, yo, zo) if for every E > 0, there is a 6 > 0 such
that

~ i f ~ < ~ ( ~ - x ~ ) ~ + ( ~ <6.
- ~ then
~ ) I ~f (+x ,(yr, z-) -z~~I < )E ~
In this case we write

lirn f (x, y, z ) = L
$,*4( ~ 0yo,
% ~d

(x*~

and say that lh f (x, y, z) exists.
(x, Y* 2 ) -,(xolYo: 20)
Let us consider a simple example to evaluate the limits using these basic definitions. l e t us
show that
lirnx=xo
Y) -) (xor YO)

( ~ 9

and

limy=yo
(

~

(A. 1)

Y) 3 (xgc YO)

9

Therefore, if we let 6= E, it follows that
i f 0 c d ( ~ - x ~ ) 2 + ( v - ~ <~ 6) ,2then I f ( x , y ) - ~ I = 1 x-xo

1=

w < $ ( * >-- 1 6 = ~ ) .
I

i

This proves that lirn x = xo, You can prove the second limit in a similar way.
(x*Y ) -,(x0,Y&
The result of Eq.(A.1) and the following limit formulas for the sum, products and quotients
of functions of several variables will enable you to determine the limits of a variety of
functions. We state the f o k u l a s for functions of two variables. Similar formulas would
apply to functions of three and more variables.
-.

I

-
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If

lim f (x, y ) and lim g(x, y) exist, then
'

tx. Y ) 4 (xo*YO)

i)

Y ) 4 (xi,~d

lirn (of+ bg) (x, y) = a lim f (x, y) f b lim g(x, y)
(4Y) -+ (x09Yo)

(xr Y ) -t (x,. Yo)

(A.2)

(x, Y ) -,(10, YO)

where a and b are constants.

ii)

lim (fg)(x,y)= l i m f ( x , y )
(1.
Y ) 3 (10. YO)

(1.Y ) 4 (xOI
yd

lim g (x,Y )
(xt Y) + (xOv
YO)

In Example I, we have determined the liniitsof some functions using these formulas.
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6.1 INTRODUCTION
In Unit 5 you have learnt the basic concepts of order, degree, linearity, and type of partial
differential equations (PDEs). Such equations arise for systems whose behaviour is
governed by more than one independent variable. We come across PDES in such diverse
fields as meteorology, structural engineering, fluid mechanics, elasticity, heat flow, pollutant
and neutron diffusion, wave propagation, aerodynamics,electromagnetics and nuclear
physics. Most applied problems in physics are formulated in terms of second-order PDEs.
From PHE-02'course on Oscillations and waves, you are familiar with the wave equation
which governs wave propagation-a phenomenon responsible for hearing, seeing, music
and our communication with the world at large. In your course on electric and magnetic
phenomena, you would have come across Laplace's and Poisson's equations. These
equations can also be used to determine gravitational potential, steady- state temperature etc.
A particularly useful method employed frequently to solve several second-order partial
differential equations is the method of separation of variables. Depending on the number
of independent variables, this method facilitates to reduce a linear PDE to two or more
The rcrm separation of variables was
ordinary differential equations, which you already know to solve. This methpd is illustrated i15ci-i ill Unit 1 of this course in il
in Sec. 6.2. Boundary value problems in physics invariably exhibit rectangular, spherical or ci~mplc~ely
different context.
cylindrical symmetry in one or more dimensions, In Sec. 6.3 we illustrate the above said
method to obtain a unique solution, subject to the given initial and boundary conditions.
Sirlce the same PDE may apply to many problems, the method discussed here can be used to
solve many more problems than are illustrated here.

-

Objectives
After studying this unit you should be able to

e solve a given PDE using the method of separation of variables
e obtain a unique solution to a given physical problem.

.

6.2 THE METHOD OF SEPARATION OF VARIABLES
Linear second order PDEs form the backbone of theoretical physics, Apart from Laplace's
equation and Poisson's equation, the most impoftant of these are the Helmholtz equation,
Telegraph equation, wave equation, Klein-Gordon equation, Schrodinger equation and
Dirac's equation.

Nonlinear PDEs are encountered in
the study of shock wave
phenomenon, atmospheric physics
and turbulence. Higher order PDEs
occur in the study of viscous fluids
and elasticity..

The first question that should logically come to your mind is: How-to solve a P D Y AS a
I first strategy, we would like to reduce the given PDE to simpler differential equations

II

containing fewer variables. ( m e process rnaibe continued until a set of ordinary differential
equations is obtained), Next, we put the ODESso obtained in easily solvable form using
methods discussed in Block 1 of this course. The simplest and most widely used method
for reducing common and physically important PDEs is the method of sepsrnfoo of
variables. Let us now learn how it works.,
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