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b) from Eq. 6.17, we get

where M is the mass of the sun. So on putting the values of a, G and M, we get
T =2n

(2.7 x 1 0 t 2 ) h 3
(6.673 x 10-ll N m 2 kg;') x (1.99

= 2.42 x logs = 7 c 7 years.

x 10") kg)
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7.1 INTRODUCTION
So far you have studied the motion of single particles. In Unit 6 we did take up the example
, assumed that the sun was at
of a planet moving in the sun's g~avilationalfield. ~ o w e v k rwe
rest. You may have wond,ered as to why only the planet moves due to their mutual
gravitational attraction. Should not the sun also move ? Indeed, as wc shall find in this unit
the sun also has a motion. Then why did we neglect it in Uljit 6 '?We can answer this
question if we analyse the motion of the two-body system of the sun and the planet.
In this unit we shall first study the motion of two bodies moving under the influence of their
mutual interaction force. We shall, of course, bc appljling the basic concepts of mechanics to
this system. In addition, you will learn the concepts of the motion of centre-of-mass and the
re1ativ.e coordinates and apply them to two-body systems. We shall then determine the other '
dynamical variables hke the linear and the angular momenta and the K.E. ofleach system.
We shall next extend these concepts to study .the moti'on of many-particle systems. The
Solar System made up of planets and their'satellites, asteroids and comets is one such
syste~h.Gas filled in a cylinder, is also a many-particle system if its molecules can be
regarded as point masses in a given problem. Objects such as explodilig stars, an acrobat, a
javelin thrown in air, a cup qf tea, a planet, a car, a ball arc all systems cornposed of many
particles. In some systems, e.g. a solid metallic sphere the dislances between the particles
remain fixed. We shall study the motion of such systems in Unit 9. In other systems the
.constituent particles move with respect to one another. In this unit yqu will learn lhc basic
concepts needed to understand these more complex and realistic syslcms. However,
predicting the motion of evcn more complicated many-particle sysrenls, such as air masses
that determine earth's weather, is still very difficult. We need superconipulers t~ apply these
r
coneepts to such systems.
In the next unit we shall use the concepts of mechanics to study the phenomenon of
scattering,

Objectives
After studying this unit you should be able to
define the centre-of-mass and relative coordinates, and reduced mass
0

solve problems involving motion of two-body systems

0

derive and explain the physical significance of the expressions of linear and angular
momonca nncl K.E. ol'a many-particle system.
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7.2 MOTION OF TWO-BODY SYSTEMS
The motion of a planet around the sun is an example of a two-body motion. In Unit 6 we
had approximated this motion as a one-body motion around a stationary sun, for reasons you
\
will study in this section. However, when the masses of the two bodies are comparable, such
an approximation cannot be made. Such is the case for the earth-moon system or the system
of two charges. For these systems we need to soIve the equation of motion of both the
bodies moving under each other's influence. In this section we wiIl study a method of
solving these equations.

mi

xP
Fig. 7.1: A two-body system

Let us consider the motion of a system of two particles 1 and 2 of masses m , and m2,
respectively. Let their position vectors be r, and r, at time t with respect to an origin 0 in
an inertial frame of reference (Fig. 7.1). We will study the case when no external force acts
on the system. The only forces responsible for their motion are the mutual action and
reaction forces. For example, planets interact via gravitational attraction and molecules
interact via inter-molecular forces. Two charged bodies carrying Iike charges repel each other.
In all these cases no external force acts on the systems.
Let the force on 1 due to 2 be F2,, then the force on 2 due to 1 is F,, (= - F2,, from
Newton's third law of motion). The equations of motion for the two particles are

(7.la)

(7.1b)
We need to solve these two differential equations in order to determine the path of the two
particles. However, we can reduce these two equations to a single differential equation of
motion. We will use another set of coordinates, namely the cenee-of-mass and relative '
coordinates to arrive at that single equation of motion.
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7.2,l

Equation of Motion in Centre-of-mass and Relative Coordinates

Refer to Fig. 7.2a. We define the position of the centre-of-mass (c.m.) of this system to be

R is referred to as the centre-of-mass coordinate. The relative coordinate of m, with
respect to m2 is defined as

r=rl-r2

(7.3)

The position vectors (Fig. 7.2b) of the particles with respect to the c.m. are given by

r, = r , - R =

m2
M r'

6 = r 2 - R = - M3 r'
x

;

1

Fig. 7.2: (a) The centre-of-mass
of o two-body system: (b) Position
vectorsof the two bodieswithrespect

Eq. 7.2 defines the centre-of-mass coordinate which together with the relative coordinate of
Eq. 7.3 constitutes a new coordinate system to study the two-body motion. Let US now

to the cam.

express the equations of motion in terms of these coordinates,
Adding Eqs. 7.la andT.lb, weget

or

d2

-$( m lr, + m 2 r 2 )= 0.

From Eq. 7.2, we get

I

22

a l*

(7.4b)

where M = m,+ m,.

I

,,

(7.4a)

L-

d2
2

dt

I(m, + m2)R ) = 0,

I
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Again from Eqs. 7.1 a and 7.1 b, we get

From Eq. 7.3 we can see that r = ?,

-'i,.

Let us now introduce a quantity p such that

p is called the reduced mass of the system. So Eq. 7.5b becomes

The equations of motion for particles 1 and 2 given by Eqs. 7.la and 7.1 b are thus equivalent
to

and 1.~2= F2,.

(7.8)

Let us now study the significance of these two equations.
1

i
1

Centre-of-mass motion
Eq. 7.7 describes the motion of the centre-of-mass. This can be integrated to give
M R = constant.

I

I

!

I
I

(7.9)

Since M is a constant, we have R = a constant, i.e. the centre-of-mass moves with constant
velocity. Let us now choose an inertial frame of reference which is moving with respect to
the present frame with a velocity R . Using Eq. 1.37 of Unit 1 we find that the c.m. will be
at rest in this new frame.
So we have found an inertial frame in which the c.m. is at rest. Such a frame of reference is
called the centre-of-mass frame of reference. Its origin lies at the c.m. In this frame
we need not solve Eq. 7.7. So it is very convenient to describe the motion in the cam.frame
of reference. The position vectors of 1 and 2 with respect to the c.m., are given by rll and r2'
as given by Eqs. 7.4a and 7.4b. Now, if we want to arrive at the solution in any other frame
of reference we may use Eqs. 7.4a and 7.4b to find r, and r2 in terms of rll, r; and R. These
may also be used for determining the velocities i, and i,.

Relative motion
In the c.m. frame we have to solve only Eq. 7.8. It is the equation of motion for a single
fictitious particle of mass p moving under the force F,, . If we solve this differential
equation, we get r(t), which describes the relative motion of particle 1 with respect to the
particle 2. We can also determine the paths of the two particles 1 and 2 by solving for r, and
r, using Eqs. 7.4a and 7.4b.
So, by introducing the concept of c.m. we have reduced the task of solving two second order
differential equations (7.la and 7.1 b) to solving a single equation 7.8. If we can solve this
one-body problem then we can also solve the two-body problem. Thus, the motion of a twobody system is equivalent to a one-body system. All the concepts and laws concerning single
particle motion which you studied in Block 1 can now be applied, once the mutual

.
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interaction force is known. If it is a central conservative force then the concepts that you
have studied in Unit 6 will apply. Note that a mutual force need not always be central as you
have worked out in the SAQ l(c) of Unit 6 .
You .may now like to work out an SAQ.

SAQ 1
a) Verify the relations (7.4a) and (7.4b).
b) Write down Eqs. 7.1a and 7.1 b when an external force alongwith the mutual forces of
interaction, acts on the system. Recast these equations using the centre-of-mass and
relative coordinates. Does it still reduce to an equivalent one-body problem ?
c)

What happens if the external force in (b) is the force of gravity ?

Now that you have solved this SAQ, you must have realised the following fact. The
reduction of two-body problem to an equivalent one-body problem is possible if no external
force acts on the system. The farce of gravity, of course, is an exception.
Let us now consider a system in which the mass of one particle, say m l , is very large
m2

compared with the other, so that -<< 1 as in the case of the earth and the sun. Then
rnl

P=

m1m2

-

--.d

m 1 + ~ 2

m2

,+"2

-

m,, and

So, the reduced mass is equal to the smaller mass. And the centre-of-mass is located almost
at the position of the greater mass, which can then be regarded as fixed. The motion of the
two-body system is thus equivalent to the motion of the lighter body around the heavier one.
Let us consider the example of a planet orbiting the sun. In Unit 6 , we should have, in
principle, determined the planet's orbit by solving Bq. 7.8. Instead we regarded the sun as
fixed and solved the equation of motion of the planet with respct to the sun. Can that
method be criticised? We know that the sun is much more massive than any other planet,

'

m2

the ratio - being 2.5 x 10-4for the most massive planet Jupiter. So you can apply

m,

Eqs. 7.10a and 7.10b, and see that the approximate method which we adopted in Unit 5 is
quite valid.
However, even when one particle is very heavy, its motion should be considered and we
should use Eq. 7.8. Note that if m land m2occur in the expression of the force Fzl,then ;:ley
should be retained as such and no replacement with p is to be made ! Let us now work out an
example to have a comparative study between the use of Eq. 7.8 and the method adopted in
Unit 6 towards the analysis of the planetary motion problem.
*

Example 1
Write down Eq, 7.8 for the case of a two-body system comprising a planet of mass rn and
the sun of mass M. Hence explain how Eq. 6.17 (Kepler's third law) of Unit 6 will be
modified.
Let the relative coordinate of the planet with respect to the sun be r. Then Eq. 7.8 takes the
fom

where
So we get,

5 =*- G 1.planet and the sun.

$, wherelMo= M

+ m = the sum of the masses of the
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This is similar to Eq. 6.9b of Unit 6 with M replaced by Mo. So we can solve this equation
in the same way as we did in Sec. 6.3.
Then in place of Eq. 6.17 we shall obtain the following :

where a. is the semi-major axis of the relative orbit (Fig. 7.3) and Mo = M + m.
So the orbital period does not depend only on the semi-major axis. It also depends on the
mass of the planet. Hence, Kepler's third law is only approximately true.
You may now like to work out an SAQ on these concepts.

SAQ 2
One of the most massive stars known at present is a binary or double star, i.e. it consists of
two stars bound together by gravitation. It is known from spectroscopic studies that
(a) The period of revolution of the stars about their c.m. is 14.4 days (1.2 x 10%).
(b) Each component has a velocity of about 220 km s-I. Since both components have
nearly equal, but opposite velbcities we may infer that they are at nearly the same
distance from the centre-of-mass, and so their masses are nearly equal.

(c) The orbit is nearly circular.
From this data calculate the reduced mass and the separation of the two components.

1

!

I
I

i

We have thus seen that a two-body motion can be reduced to the centre-of-mass and relative
motion. In such cases, various kinematical quantities, like linear and angular momenta and
kinetic energy of the two bodies can also be expressed in terms of c.m. and relative
coordinates. We can also say that these quantities are redislributed in the centre-of-mass and
relative motion. Let us see how this is done.

I

1

7.2.2 Linear and Angular Momentum and Kinetic Energy

i

From Eq. 2.20 of Unit 2, the total linear momentum of the two-body system of Fig. 7 , l is
given as

I

p = p, + p,, where p, and p2 are the linear momenta of 1 and 2,

Differentiating Eq. 7.2 with respect to time we get

i
f

I
I

!

(m, + m2) R = m1rl+ m,r, ,

According to Eq. 7.9, h,i.e. p is a constant provided no external force acts on the system,
Thus, we arrive at the principle of conservation of linear momentum for a two-body system
which is as follows:

The total linear momentum of a two-body system remains constant
provided no external force acts on it. If the mass of the two-body system remains
constant, then it leads to the following statement:
The velocity of the centre-of-Mass of a two-body system remains constant provided no
external force acts on it.
Let us now work out a simple example on this concent

Fig. 7.3: Orbits of a planet and the
sun,OP=al,O S =- ~ ,
SP=o, cq=ag.
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Example 2
A 70 kg man tries to step out of a 35 kg boat, initially at rest, onto a platform P beside a
lake (Fig. 7.4). What happens if he tries to step l m sideways from the boat without holding
on to the platform ?
The boat has no keel. So we can assume that the reaction of the water on the boat, sideways
to it is negligible for the brief time in which the action takes place. Thus, the net external
force on the two-body system (man and boat) is zero and the yelocity of c.m; of the system
remains constant. Before the man jumped from the boat, thC c.m. of the system was at rest.
Therefore, it should remain at rest, i.e.

where m,, m2and r,, r2 are the masses and position vectors of the man and the boat,
respectively.

If we select the origin of the coordinate system at the position of the c.m.{ as in Fig. 7.2b,
then R = 0, i.e.

m,rl + m2r2= 0.
Substituting the values of m,, m2and r, we get
A

(70 kg) (lm)r, = - (35 kg) r,, where PI is the unit vector in the direction of r,.
A

or r2= -2m r,.
The boat will thus move 2 m in a direction opposite to the man. So the man has to hold on
to something or bring the boat nearer, otherwise he will be in danger of falling in the lake.
You may now like to work out an SAQ.

SAQ 3

YQ
Fig 7.5

Suppose in a nightmare you find yodrself locked in a light cage on rollers on the edge of a
cliff (Fig. 7.5) ! Assuming that no external forces act on the system consisting of you and
the cage, what could you do to move the cage away from the edge ? What must you avoid
doing ? If you weigh 60 kg and the cage weighs 90 kg and is 2m long, how far can you
move the cage ?
So far we have discussed the linear momentum of a two-body system. Let us now find an
expression for the angular momentum of a two-body system.
The total angular momentum of the two-body system is the vector sum of the angular
momentum of each body.

or L = m l r l

x v l + m 2 r 2 x v2.

Substituting rl and r, from Eqs. 7.4 a and b, we get

= R x (m,v,

2(r

+ rn2v2) + m m

X

vI - r X v2).

Using Eqs. 7.3,7.6and 7.11 we get

L = M ( R x R ) + - P ~ XV ,

:.
where

L=RxMV+krxv,

.

(7.12)

.

~ = R a n d v = =i r , - r 2 .

You may now try an SAQ. The first part is concerned with Eq. 7.12 and the second part is
associated with the K.E.of the two-body system.
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$AQ 4
a) Use Eq. 7. .L to prove that the angular momentum of a two-body system is conserved
provided that no external fnrce acts on i t and they move only under their mutual
interaction force which is central.
1
rn,;.;
b) Express the K.E. of the two-body system as T = 2

+ -12 m2r; and use the relevant

equations to show that

You can see from Eqs. 7.1 lb, 7.12 and 7.13 that to obtain the values of dynamical variables
in any frame from those in c.m. frame, we only need to add the contribution of a particle of
mass M located at the cam.R.
So far we have.analysed the motion of a two-body system. We saw that the introduction of
.he centre-of-mass and relative coordinates made it easier to study this system. We could treat
the motion of individual bodies as equivalent to the motion of one body relative to the
.entre-of-mass. Can we extend such an analysis to a many-particle syatem ? Let us find out.

7.3 DYNAMICS OF MANY-PARTICLE SYSTEMS
To begin with,let us consider a system of three particles A, B, C of masses m,, m2 and m3
and position vectors r,, r2, r,, respectively,at a time t with respect to an origin 0 in a given
frame of reerence (Fig. 7.6). We will analyse the motion of this system and extend each
result to an'?kparticle system. We define the position vector of the c.m. of the three-body
system as

z

4

rc

3

I

1

Cmi ri
m ~ r +l 3712r2 + m3r3 - -i = I
,
R = m ,+ m 2 + m 3
M

(7.14a)

where Z, as you lu~ow,represents the sum over the three terms in the numerator of Eq. 7.14a

and

iu/
Fig. 7.6: Three-particle system

We also define the relative coordinate of the jttl particle with respect to the Sh particle as
r.11= rI - r.1 =-r.~l (7.14b)
Let us now write down the equation of motion for particle 1 of the system. In general this
particle may be subjected to an external force F,, and the mutual forces of interaction due to
the other two particles in the system (Fig. 7.7).
. Fe3

m1
Fig 7.7: Forces acting on a three-particle system

So the net force experienced by particle 1 is
(7.15)
F, = F,, + F2, + P,,.
Since the particle does not exert a force on itself, the term F, does not appear in Eq. 7.15.
The equation of motion for particle 1 then becomes

,

m,rl = F,, + F,,

+ F,,.

.v
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:
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You can now work out the following SAQ to obtain the equations of motion for particles 2
and 3.

SAQ 5
a) Write down the relative coordinates of each particle with respect to the other for the
three-particle system of Fig. 7.7.
b)

Let the external forces acting on the particles 2 and 3 be Fezand F,,, respectively. Write
down the equations of motion for these two particles.

Now that you have written the equations of motion for the other two particles, let us add the
equations of motion of all the three particles. This gives

Now the mutual forces of interaction between each pair of particles are equal and opposite, so
that

F,, = -F2,, F,, .= -F31r FZ3= -F32 and we get

where F, is the net extemal force acting on the system. Now if w e differentiate Eq. 7.14a

m iii , provided m,.m2, rn, are constant.

twice with respect to time, we obtain MR =
i= 1

Eq. 7.17a then becomes
MR = F,.

lCP
I

M:SCI
I

Q'

s---4

-Q

C

q\

9

\
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(7.17b)

This is the equation of motion of a single particle of mass M situated at R under an extemal
force F,. So, the introduction of the centre-of-mass allows us to apply Newton's second law
to the entire system rather than to each individual particle. As far as its overall motion is
concerned, the system acts as if its entire mass were concentrated at the centre-of-mass.
However, using Eqs. 7.17a and b we cannot obtain a. general analytical solution for the
individual motion of the three bodies.
However, we can use the concept of the centre-of-mass to explain many important features of
the motion of a three-body system. We will illustrate this with the three-body system of the
earth, moon and the sun.

Example 3: A three-body system-earth, moon and sun
Recall your study of the Lwo-body problem. If we consider the earth-moon (E.M.) system
only, then both the bodies would execute elliptical motion about their centre-of-mass
(Fig. 7.8). Let us see what happens when we include the sun in the system. The c.m. of the
earth-moon-sun system lies at

Fig. 7.8: The earth and the moon
execute elliptical motion about their
c.m.

28

where Me, M,, M, are the masses and Re, R,,,, R, the position vectors of the earth, moon
and tlle sun, respectivelb Dividing the numerator and denominator by M,, we can show that
R = R,, since M, is much larger than Me and M,, Thus, to a good approximation, the c.m.
of this three-body system lies at the centre of the sun (Fig, 7.9a). NOW,the external forces
due to the gravitational attraction of other celestial bodies are negligible. So, the c.m. moves
with a constant velocity. We have seen in Sec. 7.2.1 that the c.m. will be at rest in an
inertial frame of reference moving with the same velocity as that of the c.m. Thus, in such
an inertial frame, the sun is effectively at rest and we can use a coordinate system with its
origin at the centre of the sun, so that R = 0 (Fig. 7.9b). Then we need to consider the
motion of the earth and the moon about the sun.

Let re and rm be the positions of the earth and moon with respect to the sun. Their c.m. lies
at
'em

=
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Mere +Mmrm
Me+ Mm

The external force on the earth-moon system is the gravitational attraction of the sun given

as

The equation of motion of the c.m. is

(Me+ M,) R e , = F.

1

Now you can verify from the table of physical constants that the earth and moon are very
close to each other when compared with their distances from the sun. So we can assume to a
good approximation that r e = rm= Re,n.
With this approximation the equation of motion of c.m. becomes

(Me + M,)

Re,,

=

9
(MeI , + M,,,
R

), :

em

-

(b)
I

Fig. 7.9: The earth-rnoon-5u11
system.

\

A
= - G M (Mt+ Mnz)'crn+

R2ol

So the c.m. of the earth-moon system moves around the sun like a planet of mass
(Me + M,,). Its orbit can be determined to be an ellipse by the method used in Unit 6 (See
Fig. 7.10).
--

--

N-particle system
Let us now study the motion of a system of N -particles of masses rn,, m2, m3 ...-..,m~
located at positions r,, r2. r3, ...,...,,,rNat an instant t with respect to an origin 0. The
position of the c.m. of this N-particle system is given by

I

I

I

I
I
where

Fig. 7.10: The c.m. of the earthmoon-sun system (Cll lies at the
sun. The c.m. of the earth-moon
system (CZ)
moves around the sun,

N
M = Emi.
i =l

Let F,,, Fe2,...., F, b the external forces acting on the particles 1,2, ..., N, respectively.
These particles are afso'subject to the mutual forces of interaction. We can now write the
equations of motion for all members of the N particle system. Each particle is subjected to
an extemal force, and forces of interaction due to the other (N-1) particles. Thus, we have

-

Y

=

m
=
m
=
m4Y4 =

Fz1
FI2
F,,
F14

+
+
+
+

F,,
F32
F,,
F2,

+
+
+

+

F4,
F42
F,
F3,

mNrN = FIN + FW + F3N
Now, from, Newton's third law we have
Fil = -Fji, for i = 1, 2, 3,

+ ., +

+ ... +

+ ... +
+ ... +

+

FAN

FNI .+
FN2 +
FN3 +
FN4 +

... +

F~t,

Fez,
F,,,
Te4.

FeN

...., N and j = 1, 2, 3, ...., N.

Thus, FI2= -F21, FI3 = -F31, .*., , FIN = - F N I and

SO

on.

(7.20)

1
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Now, if we add all these equations, the terms due to mutual interaction of the particles cancet
out and we get

Using the summation notation we can write Eq.'7.21a in a compact form as

where F, is the net external force on the N-particle system.
These equations may appear difficult to you in the f i s t instance. Do nor feel scared. You
don't have to memorise them. Try to understand the reasoning behind them. The following
SAQ may also help you in this regard.

SAQ 6
Draw the mutual forces of action and reaction acting on each member of the four-particle
system shown in Fig. 7.11. Write down the equation of motion for this system.

Fig. 7.11: A four-particle system

A

We,can again differentiate Eq. 7.19 twice to obtain

N

MR =

2 m ,ri so @at Eq. 7.21b becomes
i=l

M R = F,,

(7.22)

which is the equation of motion of the c.m. of the system, ~ ~ a i n Tlong
a s as we are
interested only in the motion of a body as a whole, we may replace it by a particle of mass
M located at the centre-of-mass. In Fig. 7.12, you can see an example of this result in action
for the external force of gravity. In this case we can apply the Eq. 7.35 from the solution of
SAQ lc. The solution of this equation tells us that the centre-of-mass of a complex object
follows a simple parabolic path under gravity (see Sec. 2.2.2).
diver fo'lows aparabo'ic path,even
though the diver rotates while
moving thmugh the air.

k t US now determine the expressions of the linear and angular momenta and the kinetic
energy of an N-particle system in t e n s of the c.m. coordinate.

7.3.1

Linear Momentum, Angular Momentum and Kinetic Energy of
an N-Particle System

We can extend Eq. 7.11 for a two-body system to express the total linear momentum of an
N-particle system as

Again differentiating Eq. 7.1 9 with respect to time we get
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Now, if the net external force acting on the system is zero then from Eq. 7.22 we get

P = Mk = constant.

(7.24)

This is the principle of conservation of linear momentum which can also be stated as
follows:
The velocity of the c.m. of an N-particle system remains constant provided no externalforces
act on it.
You can now apply these ideas to work out an SAQ.
SAQ 7
Consider a system of three particles, each of mass m, which remain always in the same
plane. The particles interact among themselves in a manner consistent with Newton's third
law. The three particles A,B,C have positions at various times as given in Table 7.1, i.e. it
' shows the (x,y) components (in metres) of their position vectors at three instants.

1

Table 7.1

I

Determine whether any external forces are acting on the system.
The total angular momentum of the N-particle system about any origin 0 is the vector sum
of the angular momenta of individual particles about that origin, i.e.

The value of L depends on the choice of the origin 0,just as it did for a single particle. We
can express L in terms of R by subtracting and adding the quantity mi R X vi from
I

Eq. 7.25. Thus,

(ri - R)= ri', say, is the position vector of the rfh'particle about the cam.So mir[x vi is
the angular mamentum of the ih particle about the c.m. Thus, the first term is the sum of
the angular momenta of the particles about the c.m. It can be denoted by L,.
Since R is constant, from Eq. 7.23a the second tern can be expressed as

Therefore, the total angular momentum of the N-particle system can be expressed as

L = LC, + R x P.

(7 -26)

If no net external force acts on the systerm, then as we have seen in Example 2, the c.ni. can
,'betaken to be at rest. So we can choose the origin of the coordinate system at the c.m., i.e.
R = 0. In this'case the expression of L further simplifies to
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Note that in the Eq. 7.27, riis the position vector of the it" particle with respect to the
centre-of-mass. We can make use of the expression to estimate the angular momentum of the
Solar System.

.

'

Example 4: Angular momentum of the Solar System
The sun is very massive when compared with the planets. So according to Example 3, the
c.m. of the Solar System is very nearly at the position of the sun. Thus, according to
Eq. 7.27 the total angular momentum of the Solar System is the sum of the angular
momenta of the planets and that of the sun ahout the centre of the sun. Let us make an
estimate of the angular momentum of one of the planets, say Jupiter. Since Jupiter's orbit is
very nearly circular, the magnitude of its angular momentum about the centre of the sun is

,

where M j , wj,rj are Jupiter's mass, angular speed and mean distance from the sun,
respectively. But o,= 2n/Tj,where Tj is the time period of revolution of Jupiter around the
sun. Substituting the numerical values Mi= 1,.90x lo2' kg, Tj = 11.9 years,
rj = 7.78 x 10I1m,we get

L~= (1.9 x 1027kg) x

)

211
x (7.78 x 10llm)~
(( 1 1.9)~(36525)x(86400)s

Likewise, the angular momenta of other planets can be estimated by assuming circular
orbits. .
The angular momentum of the sun about its axis is approximately 6 x 1d4lkg m2s-l. NOW,
all planets move in the same sense around the sun and the sun moves in that sense about its
axis. So the directions of the angular momenta of the planets and the sun are the same.
Therefore, the magnitude of the total angular momentum of the solar system about the centre
of the sun is obtained by simply adding the magnitude of the planets' and the sun's angular
momenta. It is 3.2 x 1 W k g m2 s-l, which is a constant. Jt can be seen that a huge torque
(which may act for a small duration of time) will be required to disrupt this system. You can
also see that the sun's angular momentum about an axis through its centre is less than 2%
of the total angular momentum of the Solar System. A typically hotter star may carry about
100 times as much angular momentum as that of the sun. Thus the process of formation of
a planetary system is apparently a mechanism for carrying off angular momentum from a
cooling star.
The total kinetic energy of the system of N particles is

We can express the total kinetic energy in terms of the c.m. coordinates. In our discussion
on angular momentum we have defined the position vector of the ith particle with respect to
the c.m. as

r f i = r i - R , i = 1 , 2 ,.....,, N.

(7.29)

From the definition of the .c.m, we yet the condition
N
N
Emiri = C m , R ,
i=l
i= 1

Differt:ntiating Eqs. 7.29 and 7.30 with respect to tinne, we also get

and

V;=V~-R,

(7.3 la)

xi miv{ = 0 .

('7.31b)

,

Substituting (v:

+ R) for vi (from Eq. 7.3 la) in Eq. 7.28 we get

(': R is a constant independent of
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i.)

The last term in this expression is zero in view of Eq.7.31b. Again as R does not depend on
1
i the second term is simply 5M R ~ .
Hence we can express total kinetic energy as

The first t e n in Eq. 7.32 depends on the total mass M and on the motion of the c.m.
The second term depends on the internal coordinates and velocities of the system. Eq. 7.32
implies that a certain amount of K.E. is locked up, as it was in the motion of c.m, In the
absence of external forces, R remains constant and thus the first term does not change. This
means that during the collision of two objects, only a certain fraction of their total K.E.is
available for cohversion to other purposes. Let us now consider a simple example to explain
the above fact.

Example 5
Show that if a moving object of mass ml (=2 units) strikes a stationary object of mass m2
(= 1 unit), then 66.7% of the initial K.E. is lockedup in the motion of c.m, and only the
remaining is available for the purpose of producing deformations and so on,when the objects
collide.
We have from Eq. 7.32 that

where the underlined part is the contribution of the first term.
Here

m l = 2 , m z = 1 , vl=v(say),vz=O.

Again from Eq. 7.3 la,

I

:.

From Eq. 7.33,

Hence the Erst term is equal to 213 of the total. o r in other words (213) x 100, i.e. 66.7 per
cent of the initial K.E. is locked up in. the motion of c.m. and the remaining is available for
conversion to other purposes.
While studying this unit you must have noticed the remarkable similarities between the
results for a single particle and a many-particle system. The analogy is direct for the
expression of linear momentum and equations of motion under an applied force. In the
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expressions for angular momentum and K.E. of a many-particle system we find an additional
term for each. We are presenting these similarities in a compact form in Table 7.2.

Res~~lts

Single particle

Many-particle system

Linear momentum

p = m :I

P=M R

Equation of motion

p=mr=P,

P = M R=F,

Equation of motion when
external force is absent

(

I

Angular momentum

L=RxP+Lcm

I

Kinctic Energy

Let us now summarise what you have learnt in this unit.

7.4 SUMMARY
e

For two bodies of masses ml,m2and position vectos r l , r2,respectively, the
coordinates of c.m. and the relative coordinate of m, with respecCto m2are given by

e

The differential equation of motion for each particle in a two-body system under their
mutual interaction force can be expressed as

m l i l = F2,. m2 r2 = F~~ = - F21
These can be reduced effectively to a single differential equation of motion given by

p is known as the reduced mass of the system.
e

The expressions of linear and angular momenta and K.E. of a two-bodv system are given
/by

where

M =ml +mz,

mli-, + m i - the velocity of c.m.
v=--ml

v = 'rl

+

m2

- i2 = the relative velocity of m, with respect to m2.

The c.m. coordinate of an N-particle system having masses m,, m,, m3,..... and
position vectors r l ; r2,r3, .... is given by

e

The differential equation of motion of an N-particle system under the influence of a total
forces is given as
external force F, and mutual intqaction
'r
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N

M R = F, where M =

I:rn
i =l

This indicates that the motion of the system is equivalent to the motion of its c.m, with
mass M under the influence of the external force only.
e

The linear and angular momenta and K.E. of an N-particle system are given ,by

where L, = Angular momentum of the System about the c.m. and
1

T, = 2

M R +~ 1

-

N
Ernivy where v; = v i- R
i=l

7.5 TERMINAL QUESTIONS
I . Two particles P and Q of masses 0.1 kg and 0.3 kg, respectively, are initially at rest Irn
apart. They attract each other with a constant force 1 N. No external force acts on the
system. Describe the motion of the c.m. At what distance from P ' s original position do
the particles collide?
2. a)

Two astronauts (Fig. 7.13) each having a mass of 80 kg are connected by a light
rope 8 m long. They are isolated in space, orbiting their c.m. (C ) at a speed of
5ms-I. Treat the astronauts as particles and a) calculate the angular momentum and
K.E. of the system.'

Jl

Fig. 7.13

By pulling the rope, the astronauts move closer to each other and their separation
becomes 4 m.
b) What is the present angblar momentum of the system ?

c) What are their new speeds ?
d)

Does the K.E. of the system remain the same as that in case (a) ?

3. Two identical balloons are joined by a thin membrane (Fig. 7.14). Initially one is filled
with gas while the other is in a collapsed state. The mass of the material of the balloons
is negligible in comparison to the mass of the gas. At a certain instant the membrane
ruptures, allowing the gas to fill the balloons equally. Assuming that there is no
friction and that only horizontal motion can occur, determine which way (left or right)
must the balloons move.

Fig. 7.14

i
I

7.6 ANSWERS
SAQs
1. a) Using Eq. 7.2, we get

-
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r2'= r2 -

and

m l r , t m,r2 m 2 v 2 - r l J = - - mlr
rnl + m 2
m 1t m2
M

b) If there is an additional external force then Eqs. 7. la and 7.1 b take the following
forms :
m2r2= F l z+ Fep

(7.34b)

rl + m, r2= F,,

Adding Eqs. 7.34a and 7.34b and using Fz1= -FI2 we get m l
where F, = FeI + Fe2= the net external force.
Herice using Eq. 7.2, we have

~ i= F,i
M = m l + m,.

where

Again,'frorn Eqs. 7.34aand 7.34b, we get

So, we get two equations (7.35 and 7.36). Thus the case cannot be reduced to an
equivalent one-body problem.
c) If the external force is that of grhvity then FCl/ml= F,,Jm2 = g. Hence Eq. 7.36
can be simplified to = F2, which is the same as Eq. 7.8. The right-hand side of
Eq. 7.35 still remains non-zero. But in this case it reduces to k = g whose solution
is quite well-known (see Eq. 2.9 of Block 1). It is given by R = v,t

1 2
+2
gt + B,

where the symbols have their usual meanings. So effectively, this reduces to a one-.
body problem where we have to solve Eq. 7.36 only.

A

/.

\

\

2.

\*-/

0

V

'

Refer to Fig. 7.15. The two stars A and B are moving in uniform circular motion about
their common centre-of-mass C . Let their masses be m ,and ml. According to condition
(b) ml = mz = m (say), AC = BC = r and the separation between the stars = 2r.
Now, if T be the time period of rotation of a star then

Our next task is to calculate the reduced mass p

Again 'using Eq,7.8 we may write that

.

pa =

G nt lnrz
(2r )'

(7.37)

where a =the magnitude of the relative acceleration of A and 8.At any instant their
and opposite in
accelerations are directed towards C. They are equal in magnitude (=\s2/r.)
direction. So using Eq. 1.36 of Unit I , we understand o = 21"/r.. So on putting
n11 = m2 = m = 2p and r1 = 2nr/T, and using Eq, 7.37, we get
G 4 p 2 2j.i4rc'r2
36

4,'

.-

7?!

Many-Particle Systems

n 2 x ( 8 . 4 ~1 0 l O m ?
=(6.673 x lo-" Nm2 kg-') x (1.2 x 10'

..

= 6.1 x 1031kg.

II

3. As we have assumed that no external force acts on the system, the c.m. of yourself and
the cage will remain at rest. Thus in order to take the cage away from the edge of a cliff
you must move towards the edge. You must avoid moving towards the other side as in
this case the cage will move towards the edge of the cliff.

i

For the final part of the problem we shall apply the equation nllvl + m2v2= 0,
(
the velocity of the c.m. is zero), where ml and m2 are the masses of the cage and
yoursqlf, respectively. Now, your speed v, = x2 It , where x2is the maximum distance
that you can move in the cage, say in a time t , i.e., 12 = 2m. Then v , = xl/t, where x l
is the maximum distance through which the cage can be moved in the opposite direction
(as v, must be opposite to v2) during the same time t. Thus

I

I

d
dA
From Eq.7.12 on applying the result - (A X B) = - x B
dt
dr

m,

-=RXMV+RX M

dt

+A

cm . we get

X -

dl

v + + ~ xv + p r x 4.

Now since R = V and i = v, the first and the third term vanish.
Again as no internal
- force acts on the system, the velocity of c.m. is constant and

V = 0. So the second term also does not survive and we are left with

m,
-- r xp v ,
dt

Now pv = =
From Eq. 7.7 it is given that F a l is centra1:So F z l is either
parallel or anti-parallel tor. Hence the cross product of r with F2, vanishes.
"

dL
= 0 which means that L is conserved.
dl

We know from Eqs. 7.4a and 7.4b that

m,
rl-R=-r
M

. m7
S o r l = R +-i
M

.:

and

\

m~
and in2= R - - r.
a

M

1
1 MI*,2
T = ~ ( r n 1 1 + m 2 ) 2~ 2M
+ - ia(rnl+ma)

1
1 m1m2\,~
or T = - M R 2 + - 2
2 M

Nowas

*I

r 2 - R = - r .
M

('.'m,+m2=M,

:=I*)

1 MR",
. 1 pv2.
p=-mlml , we get T = 2
2
M

FromEq.7.14,wegetrlz=ra- r l , rz3 = r 3 - r 2 and r3, = rl-r.7.
The equation of metion for particles 2 and 3 will be as follows :

and

m3r3= FO3
+ F1.3+ F23.
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Pig. 7.16: The forces acting on each member of the four-particle system

The equation of motion for this system is

7. We shall first construct a Table (7.3) following Table 7.1 to indicate the position
vectors r,, r, and rc of A, B, and C and the position vector Rt of the c.m. at t = 0, .I
and 2s, respectively. Remember that m, = m, = m, = In.
Table 7.3

Now the average velocity of the c.m. during the interval

R-R

-2

t = O ~ O ~ S 11= OR=3(

and that during the interval t = 1 to 2s -

4

I +

I

4
J )

R 2 - R L -I
=,(i+
2-1

A

A

j).

This indicates that the velocity of the c.m, has changed. Hence, some external force has
acted on the system.

Terminal Questions
1.

Im

b

4
I

I

X

P
,

i:

Fig. 7.17

Q

Since there is no external force, the velocity of the c,m. remains constant. In other
words, the c.m. remains at rest as its initial velocity is zero.
Since the c.m. remains at rest, its position must coincide with that of the particles at
the instant of their collision. So they collide at the position of their stationary c.m. C
(Fig.7,17). Our task is now to obtain PC.
Let PC =.r m.

Then CQ =.(I-x ) m. As C is the c.m. we have
mp (PC

= me (CQ

or (0,l k g ) x x m = ( 0 . 3 k g ) x ( l - x ) m

38

or 4x= 3,
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2a) Refer to Fig. 7.13. The angular momentum vectors of the astronauts are parallel
(perpendicular to the plane of the paper and pointing towards us) and equal in
magnitude. The magnitude of the angular momentum of the system is given.by
L = L1 + L2 = mvr + rnvr = 2rnvr,
where

m = 8 0 k g , ~ = 5 r n s - ~ a n d=(8/2)m
r
=4m.

:.

L = 2 (80 kg) (5ms-I) (4m) = 3200kg m2s-1
1

The. K.E.of the system = 2(- mv2) = (80 kg) (5ms-I)* = 2000 J .
2
b) The astronauts move close to each other due to equal and opposite internal forces
that act along the line joining them. This means that the mutual force is central.
And there is no external force. Hence the angular momentum of the system remains
conserved, i.e.3200kg m2 s-' in the same direction as that stated in (a).

c)

+

Let V and R be the new speed and radius, respectively.
Then we have,
2mVR = 3200 kg m2s-I, where m = 80 kg and R = 4m/2 = 21n.

:. v = 3200 kg m2s-I =

ms-'.
2(80kg) ( 2 m )
1
The new total K.E. = 2 ( ~ m p =) (80kg) (10ms-1)2= 8 0 J .
'

d)

1

So the new K.E. is greater than that in (a).

3 . Refer to Fig.7.18. Here the net external force is zero. So the velocity of c.m. remains
invariant. Before the rupture (Fig.7.18a) the c.m. is at rest roughly at the centre of the
gas filled balloon. S o after the rupture (Fig. 7.18b) the c.m. must remain at the same
position. Now, after rupture, the position of c.m. is at the meeting point of the
balloons. The arrows in Fig. 7.18 indicate the positions of the c.m, before and after
rupture. In order to maintain this fixed position o.P c.m, the balloons must move to the
left.

n
/
c
\

Fig. 7.18

