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12.1 IN TRODUCTION

In Unit 11, we have discussed the finite difference method for finding solutions of
partial differential equations. - In particular, we have solved the Laplace equation,
Poisson equation and one- -dimensional heat and wave equations. In this unit, we shall
introduce another popular numerical method called finite element method for solving
partial differential equations. Finite element methods are applicable to both initial and
boundary value problems of ordinary and partial differential equations. However, we
shall confine our discussion to the boundary value problems and in particular, discuss

finite element methods for solving Laplace and Poisson equations in two dimensions.

Finite element methods have some advantages over finite difference methods. One
advantage of the finite element method over finite difference method is the relative
ease with which the boundary conditions of the problem are handled. Irregularly
shaped boundaries are handled in a natural manner by the finite element method in
comparison to the finite difference method; where special formulas have to be
developed for the boundaries.

In Sec.12.2, we have started the discussion by defining triangular and rectangular
finite elements usually used in the case of two-dimensional problems. ‘In Sec.12.3
Galerkin’s finite element method which is a weighted residual method is discussed
and its application to the Dirichlet boundary value problem for Poisson equation and
Laplace equation is illustrated. Variational formulation of the Laplace and Poisson
equations are also given in this section.

Objectives
After studying this unit you should be able to

¢ discretize a given two dimensional domam usmg triangular and rectangular finite
elements;

o derive finite element Galerkin method for the solution of Laplace and Poisson-
equations with Dirichlet boundary conditions.

12.2 FINITE ELEMENTS

In finite element methods, we generate difference equations by using the variational
principle or weighted residual methods. The closed domain R; where the given partial
differential equation holds is divided into a finite number of non-overlapping
subdomains R,,R,,...,R. These subdomains are called the finite elements. We
use the straight line elements in the one dimensional case (see F1g 1), that is in solving
ordinary differential equations. In Fig.1, the interval [a, b]is subdivided into three
straight line elements ¢,,¢,,¢,. Generally, in two dimensions, we use the triangular or
rectangular elements (see Figs.2, 3). In Fig.2, we have eight triangular elements
numbered €,,¢,,...,¢5. In Fig.3, we have four rectangular elements numbered

€,,€,,€5,€,. The curved boundaries are handled in a natural manner.
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In each of the elements e, we approximate the solution by a function say w , which is
continuous and defined in terms of the nodal values belonging to that element. At the
boundaries of the clements called the interfaces, the inter element conditions are to be
satisfied. The general requirement at the interface is that the approximating function
and its partial derivatives upto order one less than the highest order derivative
occurring in the partial differential equation or its variational form must be continuous.
The approximate solution w is then substituted in the differential equation and the
weighted residual method is applied. Alternatively, solution w is substituted in the
variational form of the partial differential equation. This gives rise to a system of
linear or non-linear difference equations. The solution of this system gives the
approximate solution of the partial differential equation at the nodal points in R . For
simple networks, the difference equations derived by the finite difference and finite
element methods are identical. As we have mentioned earlier, in this unit, we shall
consider only the solution of Laplace and Poisson equations in two dimensions. The
simple finite elements that can be used in this case are triangular and rectangular
elements.

Triangular and Rectangular Elements

As you know, line segment elements (see Fig.1) are used to solve ordinary differential
equations. For solving partial differential equations, the two basic elements that are
used are triangular or rectangular elements. That is, the two dimensional domam Ris
subdivided into triangular or rectangular elements.

Assemblage of triangles can always represent a two dimensional domain of any shape.
Normally, we use equilateral triangles.

Triangular element

Consider the triangular element with comners at (x;,y;),(X;,¥;),(X,,Yy), taken in the

anti=clockwise direction. This type of element is called a three node triangle. We
have three degrees of freedom (three nodal values at the corners), (see Fig.4). We
write a linear approximation inside each element of the form

u® (x,y)=a,+a,x+a,y 1)
At the nodes, we get

u, =a, +a,x; +a;y;

u;=a +a,x;+a,y;

u, =a, +a,Xx, +a;y,

For the solution of a,,a,,a;, we have the system

1 x; yi||a i
1 Xj yJ az = Uj
1 x, yella, u,

Using Cramer’s rule, the solution of this system is obtained as
A A

LTI .

28 2A 2A

where A is the area of the triangle and

a, =
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: Xi Y
2A =2(area of triangle)=|1 x; 'y,
7 1 xk. Y
=(Xi“xk)(}’j“}’k)_(xj_xk)()’i_Yk)
u; Xy

s
i
=

i Xj Yj=ui(xjyk—xk)’j)‘uj(xi}’k"Yixk)+u.k(xi}’j—xj}’i)

u, Xy Yy

1 i Y

Ay=|1 uy vy, =ui(Yj—Yk)+uj(YK—Yi)+uk(Yi_Yj)
1 ou vy
1 x; i

Ay =1 x; vy =ui(xk—xj)+uj(xi—xk)+uk(xj—xi)
I X, uy

Substituting the values of a,,a,,a, in Eqn.(1) and simplifying we obtain the
approximation as

. 1
u’ ’(x,y)z—(A, +A,Xx+AyY)

(2)
=N (x,y)u, +N(e’(x Yy, + N (x,y ),
where,
N{(x, Y)—_[(X iYk — ij)*'(Yj*Yk)x*'(xk"xj)Y],
Nﬁe)(x’}’):_[(xk}’i =X Y) H (Y YD x+H(X, _Xk))’], (3)

N©(x, y)=—[(xy, Xy + (¥ —yx+(x; - x)y].

N N N{* are called the shape functions of the approximation. Setting
X =X;, y=y, in Eqn.(2), we get

u(e)(xi’Yi) =,

:N:e)(xiin)ui + Nge)(xn}’i)uj + N(ke) (x;,y)uy
Hence, N¥(x,,y,)=1,

Nje)(xi,yi):o )

NP (x;,y1)=0.
Similarly, substituting x =x;,y=y; and x =x,,y =y, in Eqn(2), we find that the
shape functions satisfy ,

Nﬂe)(xi ¥i)=1= Nge)(xj,}’j) = N{(e)(xk Y
and N9(x,,y,)=0,form=r,r=1ijk.

We can verify these results directly from Eqn(3) also.

In vector notation, we can write Eqn.(2) as

u;
u®(x,y) =[Ni” NP Ni&J
Uy

where [N']=[N® N N7 and u®}=[u, u; u,]".

=[NYT{u} 4

If the domain contains K elements, the representatlon of the solution variable over the
whole domain is given by
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e=] e=1
On the interfaces, that is, the sides of the triangles, u(x,y) has no discontinuities. The
elements that we are considering here are called conforming elements. Two
adjoining elements are conforming if the value of u is determined uniquely on their
common edge.

Rectangular element

Let the domain R be divided into rectangular elements. Assume that the sides of the
element are parallel to x and y axes respectively. Since there are four vertices for a

y . rectangle a piecewise lihear approximation of the type (1), (which has only three
m k parameters) is not possible. Hence, we choose the piecewise polynomial in the form
Siym)  ROpYL) u(x,y)=a, +a,Xx+a, y+a,xy (6)
P(xvj) Qv ) Let i,j,k and mdenote the corners P(x;,y;), Q (x;,y;), R(x;,y,)and S(x;,y.),
i j P (see Fig. 5). We call these the nodes of the rectangle. At the
0 nodes, (setting (X,¥) =(x;,¥;), (X, ¥) =(x;, ¥ (X, ) =(X;,¥n), 06¥)=(X;,¥y),
Fig.5: Rectangular element Eqn.(6)), we get
u; =a, +a,X; +a,;y; +a,X;y; - @)
U; =2, +3,X;+3,;Y; +a,XYy; (8)
u, =a, +a,X; +a,y, +a,x;y, : )]
u, =a, +azxi tay, taXiyy, (10)

Subtracting Eqn.(10) from Eqn.(7), we get
(Yi =Ym) 33 +X(y; —¥qn) 34 =U; ~ Uy,
Ui —Up
Yi = ¥m
Subtracting Eqn.(9) from Eqn.(8), we get
a;(y; = Ym) +X;(¥i —Ym) 3, =4 - U,

an

of, a,t+a,x; =

u;—u,

Yi ™ ¥Ym ‘

Subtracting Eqn.(12) from Eqn.(11), we obtain

u;-u, -u;+u,
Yi=Ym

u;—u, —u;+u,

(X ~x;) (Y = Yu)
u;, —u,
Hence, a, =——™ ~a x;.
Yi —_ym
Subtracting Eqn.(8) from Eqn.(7), we obtain
az(xi .;xj)+a4yi(xi -)(j)zui —u;.

(12)

or, a,+a,x;=

a,(x;~x;)=

or, a,

u; —u;

Hence, a, = -a,y;.

X; = X;
From Eqn.(7), we get
8 =U; =8, X —23 Y, —3, XY '
Substituting these values of a,,a,,a,and a,in Eqn.(6) and simplifying, we get
u(x,y)=a, +a,x+a,y+a, xy

—N© (e) () (e)
=N; ui+Nj uj+Nk u, + N> u,

(13)

where,
| N© = (x"xj) (y-)’m)

44 X =% (Yi —Ym)

& _ (x=x) (Y-Yu)
o (xj_xi)()’i—bym)
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N© - x-x)(y-vy:) N© = (x-x;) (y-vy;) ' _

‘ (xj_xi)(ym—yi)’ " (xi_x_j)(ym_yi)-
Note that the nodes are P(xi,yi),Q(xj,y,»),R(xj,ym)and S(Xi,¥m)-

(14

At the node P(x;,y;), we have

N (x,y) =1L N (x;,y,) =0, N{¥(x;,y,)=0, N& (x;, y,)=0.
At Q(x;,y;), we have

N{(x;,y) =0, NS (x},y ) =1, NP (x;,y,) =0, N& (x;, y;) =0.
At R(x;,y,,), we get

N, Ym) =0, N (x,y,) =0, NP (x;,¥,) =L, N&(x;,¥,)=0.
At S(x;,¥,.), We get

N (x,y,) =0, N9x,,y,) =0, N{V(x;,y,) =0, N (x;,y,) =1.

Therefore, the shape functions have the value 1 at the node where it is defined and
have the value 0 at all the other nodes.

In general, when the sides of the rectangle are not parallel to the axes, the shape
functions satisfy the condition

N (x,,y) =1, for r=s
=0, forr=s.

Note that the shape functions derived in Eqn.(14) are the Lagrange bivariate-
interpolations. It is important that the interpolation polynomial u(x,y) is not confused

with the shape or interpolation functions N® . The interpolation polynomial u(x,y)

applies to an element, whereas N (x,y) is the shape functions for u, in an element.

Let R be a two-dimensional domain. Consider a typical node i, called an apex node.
It is the node which is common to all the neighbouring elements. The nodes marked e
in Fig.2 and 3 are apex nodes. In Fig.2, the apex 1 is common to six triangular
elements. In Fig.3, the apex iis common to four rectangular elements. The piecewise
approximating function u(x,y) over the whole domain R can be written as

M

u(xy) = Y Nixy)u, (15)

i=1
where M is the number of nodes contained in R, N; are the interpolating functions
and u; are the values at the nodes. The shape functions N;(x,y)are defined by

N; (x,y) = N® (x,y), given by Eqns.(3) or (14) if (x,y) isin € and has ias an apex
=0, otherwise. : :

Since we have defined some elements that can be used in the two dimensional domain,
we are ready to introduce finite element methods for the solution of Laplace and
Poisson equations. Finite element method can be applied-either to extremize the
variational form of the partial differential equation or directly through the use of a
‘weighted residual method. Galerkin’s method uses the weighted residual approach.

In the next section, we shall discuss the Galerkin method and derive the finite element
Galerkin method. Here we shall be giving the method for two-dimensional boundary
value problem although the method can be generalized to any dimension.

12.3 GALERKIN METHOD

Consider the boundary value problem
L(w)=f(x,y); x,yeR : - (16)
B[u]=g;(x,y); x,yel (17)
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where L is the second order linear differential operator, I is the boundary of R and
B, are the boundary conditions. We assume the solution of the partial differential
equation in the form

U(X, Y) ~ W(X, Y’al’ab'--’am) =¢0 (X, Y)+Zai¢i (xsy) (18)
i=1

which depends on the parameters a,,a,,...,a,, and ¢;(x,y) are basis functions

satisfying the boundary conditions and taken from a complete set of functions (can be
taken as polynomials, orthogonal functions etc).

Normally, ¢,(x,y) satisfies the inhomogeneous boundary conditions and
¢;(x,y)i=12,...,m satisfy the homogeneous boundary conditions

Bi[¢o]=8; , Bi{$;]=0,j=12,...m
The error in satisfying the differential equation is given by

E(x,y, a)=L[w(x,y, a)]-f(x,y) (19)
where a=[a,a,,...,a ] .
In the Galerkm method, the error is made orthogonal over the whole domain, to the
functions ¢,(x,y), i=12,...,m. In other words,

[J By, 000, (xy)dx dy =0, j=1,2,...,m (20)
% \ ;
This gives a m x msystem of equations for the solution of a,,a,,...,a .

Let us now consider the application of the method to the solution of the boundary -
value problem defined by Eqns.(16), (17). Let k be the number of nodes in an
element. We write the approximation in an element e as

K
u(x,y) = ZNiu,- =N©@y® [¥3))
i=1 :

where N =[N, N,...N,] and u® =[u, u,...u,]". The residual is
E=L(u)-f

Here, we choose the weight function as N,. Therefore, we require
J’J’ [L(u)-f] N, dxdy=0,i=12,...k (22)

Since the region is divided into M elements, similar equation holds for cach element
j [L(u)-fIN, dx dy=0,i=12,... .k, j=1,2,..,.M (23)
€

where N; are now the shape functions in the element and u; are the values of the

variable at the nodes in the element. The elemental equations are assembled (the
contribution of all the common elements at an apex i) and the fixed boundary
conditions are applied.

Let us consider the application of this method to the Dirichlet boundary value problem
for the Poisson equation défined by .
Lu+G(x,y)=u,, +u,, +G(x,y)=0 in R (24)

u(x,y)=0 onT (25)

Let R containM elements, each element with k nodes. We write the approximation
in the whole domain as (see Eqn.(15))

M
ux,y) = ZN,- (x,¥) u; (26)

Substituting u(x,y)in the Eqn.(24) and using Eqn.(22), we obtain
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H{(N Do + (N, IN dxdy | u, +IG(x YN dxdy=0,j=1,2,...,M (27)
1

i=

Let R bc the domain as given in Fig.6.

R is bounded by the curves CDA and ABC.

Equation of curve CDA : x=h,(y).
Equation of curve ABC: x=h,(y).
Therefore, R is defined as
‘ R: p,sysp,, h(y)sx<h,(y) (28)
We can also say that R is bounded by the curves DAB and BCD.
Equation of curve DAB : y=g,(x).
Equation of curve BCD : y=g,(x). x
Therefore, R is also defined as
R: q,£X5q,, §(X)sysg,(x) 29)

Integrating the first term of Eqn.(27) and using the definition of R as given by
Eqn (28) ,we get (see. Fig.6)

”(N) N dxdy= jj:”y (N,). N,dxdy
y=m
1

j[(N N T dy - ﬂ(N ), (N;), dx dy

P,

= (N N;dr - [fg), Ny, dx dy (30)

r R
The first integral is integration along the boundary I (line integral).

Similarly, using the definition of R as gwcn by Eqn.(29), the second term of Eqn.(27)
gives

[N, N dxdy =N, N, dr - [[N), (N, dxdy 31)

R
The contributions of the first term on the right hand side of Eqns(30) and (31) are zero
for all the elements inside. Only the elements which have a part of the boundary as its
sides, have contributions from the natural boundary conditions. When no natural
boundary conditions are given, the contributions of the first terms are taken as zero.
For the boundary value problems that we are studying, we take the contribution of
these terms as zero. Thus, from Eqns.(27), (30) and (31), we obtain

H{(N) (N)), +(N;),(N)), }dx dy |u; —J'J'GN dxdy, j=1,2,....M.  (32)

For the Laplace equation VZu =0, we have G(x,y) =0 on the right hand side of
Eqn.(32). The integrals are evaluated for each element. The element equations are
then assembled. The equation at each node i (apex i) is written from the contribution
of all the elements common to it. The coefficient matnx of the final system is a band
matrix.

We shall now illustrate the method through examples.
Example 1: Find the solution of the boundary value problem
Viu=x*+y* 0sxsl, 0<ys<l
= -113()(4 +y*) on the boundary
using the Galerkin method with (i) triangular elements, (ii) rectangular elements and

one internal node (h=1/2). 47
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Solution: (i) Triangular elements: The mesh is given in Fig.7. At the apex 1, six
triangular elements ¢,,€,,€;,e,,€; and €, contribute. '
The boundary values are :

u, =u(0,0) =0, u, =u(%, O]:-———:us’

1y 17 : 1
u, =u l, = |=——=u;, vy =u(l,l) ==
¢ [ 2] 192 ¥ tLh=5

Comparmg the gwen equation with Eqn (24) we have 1in this case

G(x,y)=— (x? +y?). We use Eqn. (32) for obtaining the difference equation at 1he
node 1. We have

g
M

z“j{(Nm)x(Ni)x +(Nm)y(Ni)y}dxdy}um + [fex? +y N dxay (33)
R

m=1 R

Let us now obtain the contribution of each element. The apex node is always denoted
by iand the remaining nodes are numbered as j, k' in the anti-clockwise direction.

The shape functions N, NJ and Nk are given as follows (see Eqn.(3))

1 - .

N; = 2~A—[(x Y =X Y )+ (Y — YO X+ (X = x5)y]
1

N;= _X[(XRYI xi)’k)""(yk_yl‘)x"'(xi‘—x‘k))']
1

N, = A —I(xy; - Xj}’,‘)"’(Yi‘Yj)’“‘“j“"i)Y]

where A =area of thc trlangle

Now, we evaluate the mtegrals in Eqn.(33) for each element

Element ¢,: i=(1,l), i=(0,0), k:(l, o) A=
22 2
i 1 1Y (1) (-1
N7 9]-2 NJ‘-:“MEJ (50

We have (N,), =0, (N,), =2, (N}), =-2, (N}), =0

1 X
—. (see Fig.8
2 ( g.8)

(N, =2, (N, =-2.

Substituting the above values in Eqn(33), we obtain

. L" 4dx (ti}’}l]. .+ {jf(())dx dyi\ug + {J.J‘—- 4dx dylu, + ‘( (x.?‘ + yz)(zy) dx dy‘ N
Now, J.J.f(X, y)dx dy = lf{ ]'f(X, y) dyjdx

¢ x=01\ y=0

Carrying out the integrations, we get

1 1 3 1 1 11 301 13
d=lu, 4 =+ 2= || —= =W S| "o s s M Y Toon
8 8 4 0160, 2 2\192) 320 2 1920




Element ¢, : i =[15J JZ(% , 0), k :[1, —;—J A =%. (see Fig.9)

We have, (Ni)‘=;2,(Ni)y=2,(Nj) =0,(N)), =-2,(Ny), =2.(N,), =0.

Substituting these values in Eqn.(33), we’obtain y
{ [[-2 2+ @ @1 dy}ul + [[e2 @ dy}u; |
-{J (2) (—2)dxdy}u6 + J (x? +y?) (1-2x +2y)dxdy
. 1 112
Now, ”f(x, y)dxdy = j If(x, y)dy |dx
e- x=1"2] y=x-1:2
Carrying out the integrations, we get , :
’ e 3
(S)L}-Ju' _4Ll ) [_1_]_4(1J ij+i =u, - 2.
8 8,\192 8§/ 192) 480 960
11

Element ¢,: [—2— —Z—J j= ] k= (1,1),-'A =—;~. (see Fig.10)
.

= [ ——-+ ——l x}—Z(l—x)

[1—— ( H=2<x—y),
(L)L Lo

We have (N;), =-2, (N)), =0, (N)), =2,(N;j), =-2,(N,), =0,(Ny), :'2_.

l |

N;

Substituting these values in Eqn.(33), we obtain

{'Uétdx dy}ll +['U— 4dx dy}u6 +(O)u, +2 II(XE +y)(1-x)dxdy

€z €3

Now, ”f(x,y)dxdy: T{]f(x.y)dy}dx |

€3 x=1 2| v=1 2

Carrying out the integrations, we get

] 1 [39Y 1 1/17) 39 1 7
A
3 8 %60, 2 ' 21192, 960 2" 1920

Finite Element Methods

] Fig.9

Fig.10
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Element ¢, : |=G-;-) j=(,1), k=(%,l), A=%. (see Fig.lrl)
We obtain .
N;i=2(1-y), N; =-1+2x, N, =2(-x +Y)
and (N;)y =0, (Nj), ==2, (N;), =2,(N}), =0,(N;), ==2,(N,), =2.

Substituting the above values in Eqn.(33), we obtain
”4dx dy]u, + (O)U{ H— 4dxdy}us + J' I(xz +y%)2 (1-y)dxdy
€4 €4

Now, Hf(x, y)dxdy = ‘I { ‘If(x,y)dy}dx.

x=]/21 y=x

Carrying out the integrations, we get
S CA MR ETAA NE N T
8 8)\192, 960 2 1920

(11 1 1 1 .
El teti=|—~|j=|=,1,k=]0,~], A=~. Fig.12
ement €: 1 (2 2)_1 (2 J ( 2) . (see Fig.12)
We obtain o
N; =1+2x -2y, N;=-1+2y, N, =1-2x.

and  (N)), =2, (N)), ==2, (N;), =0,(N,), =2,(N,), =-2,(N,), =0.

Substituting these values in Eqn.(33), we obtain

Hmdy}u, [ 1o dy}us [ j -Wdy}us

[ es

+ -U(xz +y?)(1+2x - 2y)dx dy

€s

1/2) (1+2x)/2 )
Now, ”f(x,y)dxdy= _|' [ J)f(x,y)dy}dx
s

x=20| y=1/2

Carrying out the integrations, we get
1 1Y 17 1 1 11 23
= -4 =||—|-4 == |+—=u, ——.
“(8)"' (8)(192) [3](192) 480 ' 960

1 1 1 1 .
Element e,: i=|— — |, j={0,—=[, k=(0,0), A=—. (see Fig.13
8961(22)1(2] (0,0) 8(elg)
We obtain ;

And  (N)), =2, (N)), =0, (N;), =-2,(N;), =2,(Ny), =0,(N,), =-2.

Substituting these values in Eqn.(33), we obtain

lijj4d)(d)’}u| +|:Ij~4dXdY}us+ (O)u, J‘I(xz +y?)2x dxdy
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Now, j' Jf(x,y)dxdyz | Jf(x,y)dy dx

x=0| y=x

Carrying out the integrations, we get

(4) l u|_4 l _l~ +._9_=lul+_l3__..
8 8/\192) 960 2 1920

Adding all the contributions, we obtain the difference equation at the node 1 as
1 11 1 13- 23 7 7 23 13
—+lt ==+l +|— ===+ ——|=0
2 2 2 2 1920 960 1920 1920 960 1920

or, ,4u,—51‘—4-=0.

Hence, u, =1/96.

It may be noted that for the given problem, u(x,y) = (x* +y*) /12 satisfies both the

differential equation and the boundary condition. Hence, u = x* + y") / 12is the
exact solution. Note that we have obtained (coincidentally) the finite ¢lement solution

which is the same as the exact solution u(-l—,lJ = —1~— .
22, 96

Now we solve Example 1 using rectangular elements.

(ii) Rectangular elements: The mesh is given in Fig.14. At the apex 1, four
rectangular elements contribute. The boundary values are same as earlier, and in

. i . i
addition we have u, =u(1,0) = ' =u,. Let us now obtain the contribution of each 8 9

clement. The apex node is always denoted by i and the remaining nodes “j, k, m are

numbered in the anti-clockwise direction. The shape functions N, N ;» N, and s 6

N, are given as follows (see Eqn.(14)). 5 € )
o 3 4 X

Fig.14: Rectangular clements

N = BTG 7Ya) | RoX) (oY)
(x; =%;)) (¥i = Ym) : (x;=x)(¥; = ¥Ym)

= (x-x;) (y-vy;) _ (x—xj)(y‘Yi)

* " (X =%;) (¥Ym — i)

(X =%) (Y -y

P L D IS P B I _(1 - j i
Elemente,.x—[z,zj,_] (O, 2],1( (0, 0), m (2,0) (see Fig.15) u; u
1
= (y=-0)
(=0 (y-0) _(" 2) 9k -
N2 Ty any NS Oy ary TRy
k m

1 1Y/ | uy Uy
B Y A Fig.15

Ty g S & @y-D

1

X-0)|y-=
) (x-0) (y 2)

" 1/2)(-1/2)
substituting these values in Eqn.(33), we obtain 51

=-2x(2y~-1)
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Numerical Solutions '
of PDE; [f 160 + y?ydxdy fu, +| [[1-4y)@y) - 22x - 1)dx)}ix dy ju,
¥ { [freay-nay +20x - 1)2X}Ju2 + { [ft=22y - 1) @dyy-ax(4x))ax dy}ul
+ J.J.(x2 + yz) (4xy) dx dy |
" ‘ 1/2 i/Z
Now, ”f(x y)dx dy = I jf(x y)dxdy
e[ ' x=0y=0 . ’
Carrying out the integrations, we get
[1] 1(1) 1(1)12 1
16| — Ju, ——| ——= | =0 ~| — |+ —==u, + —.
24 61192 6l192) 64 3 ' 72
u, l - u, Element ¢ 1—(1 l} ):(—1— 0] k=1, 0) mz(l lJ(seeFig 16)
?t 272 27 ) T 2 o
' N; =—4(x -y ,N, =2(x - 1) 2y - 1)
N, ==(2x-1) Qy-1), N, =2(2x - )y.
Eqn.(33), yields '
H j o {J.J.{(—4y)2 +16(x —l)z}dxdy}u, { [[t-2y -1 @y)+ 4x - 1)-4) (x - D)}dx dy}%
Fig.16 €2 e

{J. - 2(2y 1) (~4Y) 2(2x =1 (—4)(X~1)}ddeJU4

<2

n { [[iay-4y)+ 225 1) (-4) (x - D3ax dy}6 + [fo +3°) (4 (x -1y dxdy

€ €2

Now, j'f(x,y)dx dy = f {”f(* y)ddex

€, x=1/2 Ly=0

Carrying out the integrations, we get
2 1{ 1 1)1 ,1(17} 7 2 1
-~~~ || === |t ===y, -
3 6192 3;\12) 6\192,) 192 3 144
Element ¢.: i=[~, + | j=[1, L k=(1),m= L (see Fig.17)
us U, 3«17 2’2 ’J'_ ’2 s =\ 4 - 2, g.

N, =-4(x-D)(y-1) ,N;==2(x-1) (y -1

=(2x-1) 2y-1, N, =-2(x-1) 2y -1).
Eqn.(33), yields

: ;o “J' 16(y -1)2 +16(x-1)2}dxdy}ﬁ, +[U{—16(y—1)2 -2 (2x«1)(4)‘(x—1)}dxdy}uﬁ

Fig.17
+ Ii ” 2Ry~-1)4) (y-1D+22x-1)(4) (x -Djdx dy}u9
Uf{ 202y -1) @A)y D=4 (x=1) (&) (x~ 1)}dxdy}ug
U(x +¥?) (@ (x =) (y- ) dxdy
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' ' i Finite El t Method
Carrying out the integrations, we get inite Element Methods

2 (17 (1) (17, i 2 1
T%%li02) 3 s) sl 19z, T T2 T3 36

1 )
Element €: i [1 1) j= [%,1),}; =(0,1), 1n= [0, Ej (see Fig.18).

22
We obtain u7k j N
N, =—4(y-D) (y-1 ,N;=2Qy-D
=—(2x-1)Q2y-1), N, =22x-1) (y - D).

Eqn.(33) gives B |
Us 1

[ fJasty-17 +16x° }dxdy]ua +[ [[r2@y -4 (/- +ax (~4x)3ax dy]us - !

r * Fig.18

+ [ f _[ =22y —1)(=4) (y 1)~ 2(2x — 1) (~4x) }dx dy]u7

[ jjwy 1) (<8)(y -1) + 2 (2x ~ 1) (~4x)}dx dy}us

j (x7+y") (-4 (y-1) dxdy

Carrying out the integrations, we get

2, - (17] 1[L]_1(L A A
370 6\192 12 6l192) " 102 T3 T Taa

Adding all the contributions, we obtain the difference equation at the node 1 as

(2 2 2 2] 1 1 11
+or =+ b ——— o ———=0
72 144 36 144

. 1 o .
We obtain u, = % which is the same as the exact solution.

Remark: In Example 1, coincidentally, the finite element solution obtained in both
the cases are the same as the exact solution. However, in practice, large number of
elements (triangular or rectangular) are required in order to obtain accurate solutions
which in turn, increase the number of computations and level of difficulty for
obtaining the elemental equations manually. Normally, we solve the problem with
say, M elements. We compute the problem again by increasing the number of
elements. Convergence of the solution values at the nodes can be studied to stop the
computations.

As we have mentioned earlier finite element methods can be applied to extremise the
variational form of partial differential equations. We now give here the variational
form of Laplace and Poisson equation.

Variational Forms

First, consider a functional in one independent variable X in the form

I(w)= [Fuu,,u,)dx (34)
The problerﬁ is to find u(x), called an extremal, so as to extremise the functional in

Eqn.(34). From the theory of variations, we can show that u(x) that extremises (34)
53
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Numerical Solutions 1s also the solution of the Euler-Lagrange equation
of PDEs - @ B —d— aF . dZ aF B 0
u  dxlou, ) dx*léu, ) (33)

Therefore, the solution of the partial differential Eqn.(35) extremises the functional
(34) and the function extremising (34) is the solution of the partial differential
Eqn.(35). Geometric considerations can be used to find whether it gives a minimum
of Eqn.(34) or not, Now, consider a functional in two independent variable X,y in the
form

I(u):.”.F(X’y’u’ux’uy’uxx’uxy’uyy) dA (36)
A .
The corresponding Euler-Lagrange equation can be written as

gg_i{g_}__a_ Ok | o (oF ) o [0F ) & [0F | o
au oxl\ou, ) oylam, ) ox*lu, ) ay*lou, | axdylon,, | G»

XX

In deriving the variational form and hence the Euler-Lagrange form , we require that
the following conditions are satisfied.

oF d oF 7 oF |
= =) 2 -0 and =0.
fiaux dx(&uxxﬂ o {au“:! 0
X

X1

These conditions are called the natural boundary conditions of the problem.

Example 2: Consider a functional as

I(u):‘[fl:[%] {g"y-} —2uf(x,y)}dA (38)

Then, using Eqn.(37), the Euler-Lagrange.equation is given by

d{,0u) 0O},0u
2 . - —
- f———{Z——}——{Z-——}-O oru, +u, +f(x,y)=0 39)

which is the Poisson equation.
If we set f =0, then we get

= ] jﬂ%}z +(%ﬂdA | (40)

and its Euler-Lagrange equation is the Laplace equation u,, +u w =0.

Eqns.(40) and (38) are respectively called the variational formulations of the Laplace -
equation u,, +u, =0and the Poisson equation u,, +u,, + f(x,y)=0. -
) *kok

Note that the variational form contains partial derivatives that are one order lower than
the order of the partial differential equation. This is an advantage of the variational
formulation. However, in practice, it is not easy to write the variational form of a
given partial differential equation. In the case of a boundary value problem as defined
by Eqn.(16) if the operator L is self adjoint, then application of the classical
variational principle and the Galerkin’s method lead to the same matrix system.
Thus, for the Laplace and Poisson equations, both these methods yield the same result.
However, if the differential equation considered is not self adjoint, then the difference
equations obtained by the two methods are different. In this unit, since we are
discussing the solution of only the Laplace and Poisson equations, application of
Galerkin’s method 1s sufficient for our purpose. ‘

You may now try the following exercises.

E1) Find the solution of the boundary value problem
Viu=4, 0<x<1, 0<y<1

54 u=x?+y?, on the boundary
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E2)

E3)

E4)

using the Galerkin method with (i) triangular elements, (ii) rectangular
elements and one internal node (h =1/2).

Find the solution of the boundary value problem
Phu=x%+2y%,0<x<1,0<y<]
u= Tli(x4 +2y*), on the boundary
using the Galerkin method with (i) triangular elements (i1) rectangular

eléments and one internal node (h = %] .

Find the solution of the boundary value problem
Viu=x+y, 0sx<},0<y<l

u= %(x3 +y*), on the boundary

using the Galerkin’s method with rectangular elements and one internal node

" (h=1/2).

Find the solution of the boundary value problem

Viu=0,0<x<1,05y<1
u = x + y, on the boundary

using the Galerkin method with triangular elements and one internal node
(h=1/2).

We now end this unit by giving a summary of what we have covered in it.

12.4 SUMMARY

In this Unit, we have learnt the following points.

1.

_ In finite element methods of solving a partial differential equation in 2 domain

R, we generate difference equations by dividing R into a finite number of non
overlapping sub-domains called finite elements.

Straight line elements are used in the case of one-dimensional problems
whereas, triangular or rectangular elements are used in two dimensions.

The required solution is approximated by piecewise continuous polynomials
defined in terms of nodal values at the vertices. At each nodal point, difference
equation is obtained. The solution of these equations gives the numerical
solution of the differential equation.

In finite element methods, difference equations can be generated by using the
variational principle or weighted residual methods.

Finite element Galerkin method is a weighted residual method and does not
require the variational form of the given differential equation.

If the given pde is self-adjoint then application of the variational principle and
the Galerkin’s method lead to the same matrix system.

12.5 SOLUTIONS/ANSWERS

El)

E2)

(i 1\ 1
U, =u| =, = |==.
2°2) 2

[1 1 1
u, =ul —,—|=—.
2'2) 64

Finite Element Methods
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2) 247
E4) u,:u(i,-l-]=l
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