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10.1 INTRODUCTION

In Units 8 and 9, you have studied numerical methods for solving initial value
problems where the conditions are given at a point called the initial point. The
solution is obtained in some given interval in a step-by-step manner, that is, the
solution is obtained at one nodal point at a time.

In many physical problems, the conditions are given at two points say x =a and

x =b. The differential equation together with these conditions is called a boundary
value problem. The points x =aand x = bare called boundary points and the solution
is obtained at nodal points inside the interval {a,b]. In this unit we shall consider
second order boundary value problems and discuss two numerical methods viz; ﬁmte
difference and shooting methods for solving them.

In Sec.10.2 we shall start with introducing three kirids of boundary value problems and
then discuss the finite difference methods of solving them. Shooting method in
which the given boundary value problem is converted to an initial value problem and
then solution is obtained in a step-by-step manner, will be discussed in Sec.10.3.

Objectives

After studying this unit you should be able to

e identify a second order boundary value problem of first, second and third kind;

e obtain the solution of a given boundary value problem using finite difference
methods; s

e obtain the solution of a given boundary value problem using shooting method.

10.2 FINITE DIFFERENCE METHODS

You may recall that in Unit | we introduced you to the boundary conditions associated
with a differential equation and boundary value problems. Here we give you three
kinds of boundary conditions for a general second order ODE.

Consider the second order differential equation

y" =f(x,y,y") ‘ e)]
For Eqn.(1) we can have the following three types of boundary conditions:
Boundary conditions of the first kind

y(@=r, yb)=r (2)
where 1, and r, are given constants.
Boundary conditions of the second kind

y@y=r, y'(®)=r 3
where 1, and r, are given constants.,
Boundary conditions of the third kind (mixed conditions)

a, y(a) -2, y'@)=r, ]

by ¥(®)+b, y'(b)=1, 4)
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Numerical Solutions where ag,a;,by,b,,1, and r, are given constants such that
of ODEs a,a, 20, ~ [ag|+|a, =0
b, b, 20, [by[+(b, [#0

The differential Eqn.(1) together with the boundary conditions (2) or (3) or (4) is
called a boundary value problem (bvp) of the second order.

The points x =a- and x =b are the end points of some interval in which the solution
is to be obtained.

We shall now discuss finite difference methods of solving these bvp’s.

We divide the interval [a,b]into N + I subintervals of equal length h by the points
=Xy <X, <...<Xpn, =D '

where
X; =Xo +ih, i=0,1,..., N+1
and
_b-a
TN+l
The points x,,X;,...,X ., are called nodal points and we determine the solution

values y; ~ y(x,)at these points. For a boundary value problem of the first kind, we
.obtain solution values at the interior points Xx,,X,,...,X . Whereas, for the boundary

value problem of the seéond or the third kind we determine the solution values at the
interior points as well as at the boundary points x, and x,,.

In finite difference method, we have the foliowing three steps:

Step‘l: Discretize the differential equation at each nodal point, that is

yi =f(x;, ¥,y )»1=12,...,N %)
For boundary value problem of second or third kind, we discretize the differential
equations at x, and/ or x,,, also.

Step 2: Replace the derivatives y’ and y” in the differential equation and the

boundary conditions by the difference approximations. We know that
2

y'(%,) =% [¥(Xiy) = 29(x) + Y(Xi) 1 - T—zy"(é), X,y <E<Xy. (6)

Y =1 (Y)Y 2V O X, <E <K G

V() =3 ) -Yx) 1+ 2@, K <E<x,. (7ii)
2

YO =3 Y0 =YE) 1= @), Xy <E<xyye (i)

The approximations (6) and (7iii) are of second order, whereas the approximations (7i)
and (7ii) are of first order. Thus we can replace y" and y’ in the differential
equations and the boundary conditions by the difference approximations

, 1
Yi =h—2(yi_| =2Y; +Yiu) (®)
, 1 .
yi = 'ﬁ Yiu = Yi) (91)
.1 .
Yi=y vi-vyia) (9i1)
, 1
Yy = E Y1 = Yia) (9111)

When we use the approximations (8) and (9iii), we obtain a second order finite
difference method. When we use the approximations (8) and (9i) or (9ii), we obtain a
58 first order finite difference method.
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a of th f the difference ximations used for y' and y’
Note that the lower e orders of the difference appro i y y Value Problems

gives the order of the finite difference method.

For boundary value problems of the first kind, we obtain a system of N algebraic
equations in N unknowns y,,y,,....Yy, since y, =1, and yy,, =1, are known. For
boundary value problems of the second and third kinds, we obtain a system of

N + 2 algebraic equations in N + 2 unknowns y,,¥;,...,¥nu - '

If the function f(x,y,y’) is linearin y and y’ we obtain a system of linear equations.
If f(x,y,y') isnon-linearin y and/or y’, we obtain a system of non-linear
equations.

Step 3: Solve the resulting system of algebraic equations by direct or iterative
methods. For system of non-linear equations, we generally use Newton-Raphson
method.

We illustrate the method with the help of examples.

Example 1: Solve the boundary value problem
y"—4y'+3y=0
y0=1, y1)=0

. o oy . i
using second order finite difference method with (i) h = %, (ii) h =3~ . Compare the

numerical results with the exact solution y(x) = [e”z ~e™ ]

e2
Soiution: (i) For h = —;—, we get three nodal points x, =0, x, =-1i-and x, =1. The

boundary conditions give y, =1and y, = 0. We need the solution value y, =~ y(x,).

From the given differential equations, we get
yi—4yi +3y; =0, =l (10)
Using the approximations (8) and (9iii) for 1 =1, we obtain from Eqn.(10)

] 4 ‘

F(yo—ZY. +)’2)‘E()’2")’0)+3YI=0

Using hz—;—, y, =1 and y, =0, we get
4(1-2y, +0)-4(0-1)+3y, =0

or, -5y, +8=0

or, Y = y[%j =1.6

The exact solution is y[—;—) =1.20531

. 1 .
(ii) For h =—3—,we get four nodal points x, =0, x, =%, X, =-§— and x, =1. The

boundary conditions give y, =1and y, = 0. We need the solution values
y, # y(x,)and y, = y(x,). We discretize the differential equation at the points
X,and x,. We get
yi~4y; +3y, =0, i=12
using the approximations (8) and (9iii), we get

1 4
h_z(yi-l -2y, + yi+l)—"2—h'(yi+l =Yi)+3y; =0, i=12
Using h =%, we get

9(Yia =2y, +Yin) = 6(Yi —¥in ) *+3y, =0, i=1,2 (11)
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From (11), we obtain

Ci=1r 0 9(y, -2y, +y,)-6(y, ~¥,)+3y, =0

i=2: 9(y; =2y, +Yy;)-6(y, ~y,)+3y, =0 _
Using the boundary conditions y, =land y, = 0, we get the system of equations
9(1-2y,+y,)-6(y, -D+3y, =0
9(y, ~2y, +0)-6(0~y;)+3y, =0
or, -15y,+3y, +15=90
15y, =15y, =0
whose solution is y, =y, =1.25

Exact solution is y (-;:) =1.188591, y (-;—J =1.096071.

e ol e

Example 2: Solve the boundary value problem
A+x?)y"+4xy' +2y=2
1
y(0)=0, y()= 3

using the
(i) first order finite difference method (approximations (8) and (9i))
(ii) second order finite difference method (approximations (8) and (9iii)) with

h =—;— in each case.

Solution: For h =%,wc have four nodal points x, =0, x, =%, X, =§ and

- . 1 .
x; =1. The boundary conditions give y, =0, y; = 3 We need the solution values

y, and y,. From the given differential equation we get
(A+x{)yf+4x, ¥ +2y; =2, i=12 (12)
(1) Using the approximations (8) and (91) in (12), we get

1 4x; )
D) i =2y i)+ i —y) 2y =2, =12
Using h = —13-, we obtain

9(1+x|‘2) i 2 + Y ) 12X, (Vi ~ ¥ + 2y, =2
Fori=1and i=2, we get
i=1: 9(“”‘12)(YO‘2Y|+)’2)+12X|(YZ“Y!)‘*'z)'\ =2

i=2: 9(1+x2) (y, ~2y, +Y3)+12x,(y; ~¥,) +2y, =2

. 1 2 1
Using X, =§, X, =§, ¥o=0, v, =5,weget

1 1
9(1+-9~) (0-2y, +)’z)+12[§) (Y2—y)+2y, =2

4 1 231
9(1+-9-J (y, -2y, +5)+12[§) [5 —y2)-+-2y2 =2

or, -22y,+14y, =2

17
13y| -32y, =~ "2—

whose solution is

y, = y(—;—) =0.105364, y, ~ y[%) =0.308429 .

(ii) Using the approximations (8) and (9iii), we obtain from Eqn.(12)




1 4x. Second Order Boundary
h_2(1+xi2) (yio =2y, +Yi+l)+2—hl'(yi+| -y.a)+2y; =2, i=12. . Value Problems

Using h =§, we get
O+ x]) (Vi —2¥i +Yiu) +6X,(Yis —Yiz) +2y; =2, i =12
Fori=1and 1=2, we get
i=1: 9(1‘”‘12)(}'0_2)'1+YZ)+6X|(Yz")'0)+2)'l=2
i=2: 9(1+%3) (¥, =2y, +Y3)+6x,(y; ~y,) +2y, =2

: 1 2 1
Using x, =3 & =3 Yo =0, y; =—2-,we get

9(1+§1‘-] (0-2y, +yz_)+6[§] (y;-0)+2y, =2

4 1 2)(1
9(1+6] (y, -2y, +5j+6[3} (—2- —y|]+2y2 =2

or, —18y, +12y, =2
- 13

Oy, -4y, =~ —

Y Y, >

whose solution is y, = y(—;-) =0.092593, y, = y(%) =0.305556.

k%

Example 3: _Solve the boundary value problem
y'=xy+1

yO+y©@=1, y@=1

using the second order finite difference method with h = % .

Solution: For h = %, we have the nodal points x, =0, X, '=% and x, =1. From

the boundary conditions we get y, =1. We need to determine y, and y,. From the
given differential equation we get

yi=x;y;+1, 1i=0,1
Using the approximation (8) , we obtain

Lo ~2y ) =Xy 41 P20
h2

Using h = —;— , we get

i=0:  4(y, -2y, +y)=X,¥, +]1
i=1: 4(y, =2y, +Y,)=%x,y, +1

Using x, =0, x, =-;— and y, =1, we get
4(y_ =2y, +y,) =l
4(y, -2y, +1)§%y, +1

or, 4y, -8y, +4y, =1

17
4Y()—"2_Y1=“3 (13)
Using the approximations (9iii) with i =0, we obtain from the first boundary

condition

1
Yo +%(?’x -y,)=1
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for h=—21-,weget

Yoty -y, =1
or, Ya =Yooty -1 (14)
Eliminating y_, from Eqn.(13), we get the system of equation
-4y, +8y, =5
17
4y, - _2‘ y, =-3
whose solution is y, = y(0)=-9.25, y, »y(1/2)=-4.

ok

Example 4: Solve the boundary value problem
y'-3y'+2y=2
YO -y'©)=-1, yD+y@d=1

using the second order finite difference method with h =

N |-

Solution: For h= %, we have the nodal points x, =0, x, = %and x, =1. Since

the boundary value problem is of third kind, we need to determine the solution values
Yooy, and y,.
From the given differential equation, we get
yi=3yi+2y;=2 , 1=0,12
Using the approximations (8) and (9iii), we obtain

1 3
h—z()’i-lb =2y, +Y¥iu)— E(Yin -Yia)+t2y; =2

For h =—;—,we get

4(Yia —2Yi +Yi) =3Vim —Yic) +2Y; =2
or, 7Yiq=6Y¥i +¥ia =2
We obtain for i =0,1and 2
i=0: Ty, -6y, +y, =2
i=1: 7y, —6y,+Yy, =2
i=2: 7y, -6y, +y; =2 ‘ (15)
Using the approximation (9iii), we obtain from the boundary conditions

1
i=0: YO_EE(YI_Y-I)=—1

i=2: y2+—1—

oh (ys-y)=1

For h =-;—,we get

Yo=Y1+Yq=-1
Yo +Y; -y =1
or, Ya=-l-ye+V,
and Yi=l+y, -y,
Eliminating y_,and y, from Eqn.(15), we obtain the system of equations.
T(-1-y, +y,) -6y, +y, =2
Ty, -6y, +y,; =2
7y,-6y, +(1+y, -y,)=2
or, ~13y, +8y, =9




Ty =6y, +y, =2
8y, -7y, =1

whose solution can be obtained by using Gauss-¢limination method. We can write
—y, +0.615385 y, =0.692308

yo, —0.857143 y, +0.142857 = 0.285714
8y, =Ty, =1
Eliminating y,, we obtain
-.241758y, +.142857y, =.978022
8y, -7y, =1
Solving the above system of equations we obtain the solution
y, #y(1)=-14.680011, y, = y(1/2)=~12.720010, y, = y(0) = —8.520006 .

ek

Example §: Using second order finite difference method solve the boundary value
problém

. 1
y'=2y’, y=1,y()=7
with(i) h = % and (ii)) h= é . The exact solution is y(x) = 1 .
X
Solution: (i) For h= —;—, we have the nodal points x, =1, x, =—;-and X, =2. From

the boundary conditions we get y, =land y, = % We need to determine y,. From

the given differential equation we get
yi=2y; , i=l
Using the approximation (8), we get

hlz(yi-, ~2Y; +¥Yi) =2y}
For h =-;—and 1=1, we obtain
4y, =2y, +y,)=2y]
or, 4[yI -2y, 4——;-]=2y,3

or, F(y,) =2y} +8y, -6=0
which is a non-linear equation in y, . Using the Newton-Raphson method

- F(y'™
=y§)_ )

(m+l)

Y, ,m=0,1,...

Lym 20 -8y 6
6(y™)* +8
Since 0.5 <y we may choose y, =0.75.
With y{¥ =0.75, we obtain
_ 0.84375

11.375

y® =0.675824 - 0023941 _ 0.673595
10.740428

y =075 =0.675824

¥\ =0.673595 - 0.000021 _ 0.673593

‘ 10.722381
Hence, y, = Y[%j =0.673593.

. Second Order Boundary
Value Problems
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The exact solution is y [—%} =0.666667 .
i) For h = 1 have th 1 poi _ 4 5
(ii) For —g,we ave the nodal points x, =1,x, =§,x2 =3 and x, =2. From

the boundary conditions, we get y, =land y, = 3 We need to determine y, and vy, .

From the given differential equation we have
yi=2y} , i=12
Using the approximation (8), we write

Flz'(Yi-l -2y, +Yi)=2y; i=12

For h=%, i=1and 2, we obtain

=1 4(y, ~2y,+Y,)=2y;

i=2: 4(y, -2y, +Y;)=2y;

Using ;he boundary conditions y, =0and y, '=%, we get
4(1-2y, +y,) =2y,

l\
4[y1 -2y, +,5] =2y,

AN
Hence, we obtain a system of two non-linear equations
f, ()’1’3’2):2)’1J +8y, -4y, -4=0
f,(y:,Y2)= 2)’2 -4y, +8y,-2=0

we use the Newton-Raphson method to solve this system. If you are not familiar with
this method then you can refer to Appendix given at the end of the unit.
We have

y\,mﬂ =|:y1m]_J:nl [fl(ylm’ yzm)] , m=0’1"“

Y2,mu Yzm £ (Vims Y2m)

where
of,  of
5 |l =[6y12m+8 -4 }
"oy oy -4 6y}, +8
8, %,
J_,z_l_{6y§m+8 4 ]
" D, 4 6y: +8
and

D, =(6y2, +8) (6y2, +8)-16

Since %< Y,y <1, we may choosey,, =0.8and y,, =0.6. We get
[y,, ]_[o.s] 1 [10.16 4 ] [1.024]_[0.699018]
Yo | |0.6] 1042944 | 4 11.84][0.032] |0.557094
l:yn } _[0.699018] _ 1 [9.862122 4 "[0.046885]
v, | 10557094 91.810321] 4 10.931575 || 0.006472
0.693702 -
[0.554281]

_




Second Order Boundary
Yis _ 0.693702 3 1 9.843365 4 000142 Value Problems
Y3 0.554281| 91.168012 4 10.887335 || 0.000021 ’

0.693686
0.554272

Hence, we get y, & y[%} =0.693686, vy, ~ y(%) =0.554272.

Exact solution 1s y[%] =0.75, y[%] ={0.6
e ek

You may now try the following exercises.

E1) Using second order finite difference method solve the boundary value
problem ‘

Y'=y+x,y(0)=0, y1)=0

1 1 1

ith(@ h==, () h=—and h=—.
with (a) 5 () 3 an 2

e

E2) Using second order finite difference method solve the boundary value problem
x}y'=2y-x,y@)=0, y3)=0

1 1
ith(a) h=—and(b) h=—.
with (a) 2an (b) 3

E3) Solve the boundary value problem
y' =-3y'+2y=0

2y(0)-y'(0) =1, yM+y'(1)=2e+3e’

N |-

using second order finite difference method with h =
E4) Solve the boundary value problem
y'=2yy", y(0)=% » y()=1
using second order finite difference method with (a) h =% and (b) h= é— .

E5) Solve the boundary value problem

s 3
y =5y2 ,¥(0) =4 , y()=1

T . 1
using second order finite difference method with h = 3 and h = % .

In finite difference methods for solving boundary value problems, we solve a system
of linear or non-linear algebraic equations. For obtaining accurate results, we keep the
step size h small and we have to solve a large system.

There is another class of methods called shooting methods, in which we convert the
given boundary value problem to an initial value problem and obtain the solution in
step-by-step manner using some singlestep method. In this method we do not have to
solve a system of equations. .

10.3 SHOOTING METHOD

In this method, we convert the given boundary value problem to an initial value
problem by adding sufficient number of conditions at one end and adjust these
conditions until the given conditions are satisfied at the other end. We may write the
second order initial value-problem as a system of two first order initial value problems
and solve this system by using any method given in Unit-8 or solve the second order
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initial value problem directly. For this reason, this method is also called initial value
problem method. We consider linear and non-linear second order boundary value
problems separately.

Ui

Linear second order boundary value problems

First we give you the broad idea used in the method for any kind of boundary
conditions. .
Consider the linear second order differential equation

y'+p(x)y' +q(x}y =r(x) (16)
subject to given boundary conditions which could be of first, second or third kind.
We write the solution of Eqn.(16) as

p———

y(x)=Ay, (x)+(1-2)y,(x) (17)
where y,(x)and y, (x) are respectively the solutions of the differential Eqn.(16) i.c.,
yi +p(X)y; +q(x)y, =1(x) (18i)

~and :
¥: +P(X)y; +q(x)y,; =1(x) (18ii)

with suitable initial conditions. We determine A so that the boundary condition at one

“end is satisfied. Since the initial value problem is of second order, we require two

linearly independent conditions at one end.
We now outline the method for each of the three kinds of boundary conditions.
Boundary conditions of the first kind

Here, we are given the boundary conditions as y(a) =1, and y(b) =r,. Now we have
one condition at x =a . We assume the other condition y'(a) =s, where s is

arbitrarily chosen. Normally we choose s =0 and s=1. We now solve the two

initial value problems

() yi +p(x)y; +a(x)y, =1(x)

subject to "y,@=1, y@=0 (19i)
(i) ¥z +p(x)y; +q(x)y, =r(x)

subjectto  y,@)=r, , yi@ =1 (19ii)

upto x = b, that is, we obtain y,(b)and y,(b).
From Eqn.(17), we get
y(b)=1, =Ay,(b) +(1-2)y, (b)
which gives
L~y (b)
yi(b)-y,(b) ’
Ongce the value of A is obtained, Eqn.(17) gives the solution at various nodal points.

yi(b) # y,(b) (20)

Boundary condition of the second kind

Here, we are given y'(a)=r, and y'(b)=r,. We have one conditionat x =a. We
assume the other condition y(a)=s where s is arbitrarily chosen. Normally we
choose s =0 and s=1. We now solve the two initial value problems

() yr+p(®)y;+q(x)y, =r(x)

v@=0 , y@-=r ' (21i)
(i) Y3 +p(x)y; +a(x)y, =1(x)

y:(@)=1 , y3(@)=r ‘ _(21ii)
upto x =b, that is we obtainy, (b), y;(b)and y, (b), y5(b).
From Eqn.(17) we get ,

Y'(x)=Ay; (x)+(1-2)y3(x) (21iii)

Theret_‘ore, we obtain
Yy =r, =Ly (b)+ (1-1) Y} (b)
which gives



Iy — y+(5) Second Order Boundary
=7 - : ; > Yi(b)= yy(b) (22) Value Problems
y;(b) - y3(b)

We then obtain the solution values from Eqn.(17) and derivative values from
Eqn.(21iii) at various nodal points.

Bbundary conditions of the third kind

Here, we are given a, y(a)—a, y'(a) =r, and b, y(b) + b, y'(b) =r,. We assume the
value of y(a) or y'(a). If we choose y(a)=s, then we get y'(a)=(a,s-r,)/a,,
where s is arbitrarily chosen. Normally, we choose s =0and s=1. We now solve the
two initial value problems

(1) Y1 +p(X)y +a(x)y, =r1(x)

y,@)=0, y(a)=-1/a, (231)
()  y;+p(x)y> +ax)y, =r(x)

y.@)=1, yi(@)=(a,—-r)/a, (23ii)
upto x = b, that is we obtain y,(b), y;(b) and y,(b), yi(b).
From Eqn.(17), we have

y(b) =Ly, (b) +(1-A)y,(b)
and Y'(b) =2y (b)+(1-A)y5(b)
Therefore,
b,y(d) +b,y'(b) =1, =b, [Ay,(B)+ (1 -A)y, (b) ]
+b, Ay ®+Q -2y, ) ]
which gives
3 = r,-[b,y,(®)+b, yi(b) ] .
by y,(b)+b, yi(b) ] - [b, y,(b)+b, ylz(b) i

'We obtain the solution values from Eqn.(17) for various nodal points. We can sum up
the above discussion in the form of following theorem.

(24)

Theorem 1: For a linear second order boundary value problem of the form (16), it is
sufficient to solve two initial value problems with two linearly independent sets of
assumed initial conditions.

Solution of second order initial value problems

As we have mentioned earlier the second order IVP can be solved either directly or, by
resolving it to the system of two first order IVP’s. Accordingly, we give here two
methods for solving the second order initial value problem

Y =X Y), y(Xo)=ye, ¥Y(Xe)=Yo ‘ (25)
where f(X,y,y") can be a linear or a non-linear function of y and/or y’. ,

Method 1

We can write Eqn.(25) as a system of two first order initial value problems

u'=v ; u(x,)=y(x,)

vi=f(x,u,v) V(X)) =y'(xg)
where y(x)=u(x). We can solve this system of first order initial value problems
using Taylor series method or Runge-Kutta method as discussed in Unit 7.

Method 2

We can solve the initial value problem (25) directly by using the m"™ order Taylor
series method.

2 m

= +h 'V+ll_.. e —
Yia =Y, Y; 21 Yi A

m

! ’ " h m+
)’M':)'i*'h)’i‘*“"*ﬁ)’f X (26)
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The truncation error in both y and y’ is of order h™'. If we use Taylor series
method of order p to determine y;,, and that of order q to determine y/,,, then the
final order of the Taylor series method is smaller of p and q. Higher order
derivatives are obtained by differentiating the given differential equation.
We now illustrate these methods with the help of examples.
Example 6: Using shooting method, solve the boundary value problem

y'=y+l, y(0)=0, y(l)=e-1 ’
Use the Taylor series method

2

, h
Yia =Y¥i thy; +—2_}’i
Yin =¥; +hy]
with h =0.25 to solve the resulting second order initial value problems. Compare this

numerical solution with the exact solution y(x)=e* -1.

Solutibn: We solve the two initial value problems
Yi=y,+L y(0)=0, yj(0)=0
Yi=Y2+1 y,(0)=0, y)(0)=1

The given Taylor series method gives
2

, h™

Yiin =Yy thyy, 'fTY|i
hZ

=yli+hy;i+—2_(yli +1)

h? , h?
=[1+‘2—J)’1i+h)’u +T

Yiin =Y thyj
=y, +h(y,; +1)
=hy,;+y;;+h , 1=0,1,23

Similarly we obtain
; 2

p h® ,
Yaia = Y2 thyy, +_2")'2i

, h°
=Yy,; +thy;; +'2_(YZi +1)

( h2 , h2
:[1+7Jy2i +hy’; +-—2—

Yo in =Ya; thys,
=y, +h(y,, +1)
=hy,;+y5;+h

For h:%,wc obtain

Yy =1.03125 y;, +0.25 y,, +.03125

Vi =025y, +y;;+0.25 (27)
and

Ya iy =1.03125 y,, +0.25 ), +0.03125

Y500 =025 ¥, +y5; +0.25 (28)
1=01273.

Using the conditions y,, =0, y;, =0, we get from Eqn.(27)




x=025, 1y, =003125, y!, =0.25
x=050, y,=0.125977, 'y, =0.507813
x=0.75, y,,=0288117, 'y}, =0.789307
x=10, vy, =0525697, vy, =1.111336
Using the conditions y,, =0, y5 =1, we get from Eqn.(28)
x=025, 'y, =028125,  y, =125
x=0.50, y, =0.633789, vy, =1.570313
x=075, y,=1077423, vy’ =1.978760
x=10, vy, =1.637032, vy, =2498116
From Eqn.(20), we obtain

a=2D"Ya _ 6073110

Yia =Y

Hence, we obtain

y(x)=-0.073110 y,(x) +1.073110 y, (x) 29)
Therefore, we get from Eqn.(29)

Numerical solution Exact solution

y(0.25) = 0.299528, y(0.25) =0.284025

y(0.50) = 0.670915, y(0.5) =0.648721

y(0.75) =1.135129, y(0.75)=1.117000

y(1.00) = 1.718282, y(1.0)=1.718282

ok ok

Example 7: - Solve the boundary value problem
y" -3y'+2y=0

2y(0)~y'(0)=1, y()+y'(l)=2e+3e’
using shooting method. Use the Taylor series method
2 3

=y.+h ’+h— ’+h— v
y|+l YI ‘ Y| 2 y| 6 Y|

h2
Yia =Yi +hyi + Tyi” (30)

with h =0.25 to solve the resulting initial value problems.

Solution: We have
y'=3y'-2y
and
y"=3y"-2y' =33y -2y)-2y' =-6y+7y

From the given Taylor series method, we get

h?2 h?
Yia =Y; +hy;] +7(3y'—2y)+?(—6y+ 7y")

. 2 3
—(1-h%-h%)y, +[h+32—+ 7'6‘ Jy:

2

’ ’ [ h r
Vi =Yi +h3y' -2y) + 7(—6y +7y")

=(-2h—3hz)yi+(l+3h+%h2] y!

For h =l, we get
' 4

Second Order Boundary
Value Problems




Numerical Solutions Yin =0.921875 y, +0.361979y;

of ODEs Yin = —0.6875y, +1.96875y’
) or,
Yia | _|0.921875 0361979 |y;
{y'm } {- 0.6875 1.96875 } [y; } GD
" Now, we solve the two initial value problems
' yi =3y, +2y, =0
«¥1(0)=0, y1(0)=-1

and

yy —3y3+2y, =0

Y.(0) =1, y3(0)=1
using the method given in Eqn.(30).
Using y,(0)=0, y;(0)=-1and
(Vi [0.921875 0.3619797
Y. m] ) [-0.6875 1.96875 |

{yfi},ﬁo,l,z,s
Yii

[y, ] _[-0.361975] [y,,] [~-1.046342
_YinJ_[—1-96875} ’ {y{,}_[—3.627119}

[y | _[-2277537] [y, ] _[ -4.424063
_%;}[—6-42,1530] ’ [y;4j|-[-11.076581}

Using y,(0) =1, y5(0)=1
and

we get

Y20 ] _[0921875 0.361979] [,
| Yain | [ ~0.6875 1.96875 ||y},

[ya|_[1283854] [y, ]| [1.647339
_y;,}_[l.zslzs} ’ [y'zz]{lm%u}
yu|_[2112218] [y, | [2.705848
[y’zz}{z.wsm} ’ [y;j’{z.suow]

From Eqn.(24), we get for b, =1, b, =1, and r, = 2e + 3¢’

jl ,1=0,1,2,3

we get

_2e+3¢® —[y, +Yh] 22223865

T (Yis +Yia)~ (Yas + Yh)  —20.880511

=-1.064335
Hence, we get '

y(x) =-1.064335 y, (x) + 2.064335 y, (x)

and
y(0.25) = 3.035567, y(0.50)~ 4.514318

y(0.75) = 6.784388,  y(1.00) ~10.294462

ok ok ok
)

Non-linear second order boundary value problem

We now consider the non-linear second order differential equation

y' =f(x,y,y")

subject to given boundary conditions. Since the boundary value problem is non-linear
we cannot write the solution in the form of Eqn.(17). In this case we proceed as

follows:
70




Boundary conditions of the first kind
Here, we are given y(a) =r, and y(b)=r,. We assume y’'(a) = s where s is arbitrary,
and solve the initial value problem
y"=£(x,y,y) ' .
y@=r ,-y'@)=s (32)

upto x = b using any numerical method. The solution of the initial value problem (32)
at x = bdenoted by y(b,s)should satisfy the boundary conditionat x =b. Let

“¢(s)=y(b,s) -, - (33)
Hence, the problem is to find s, such that ¢(s) =0.

Boundary conditions of the second kind

Here, we are given y'(a) =1, y'(b) =r,. We assume y(a)=s, where s is arbitrary,
and solve the initial value problem '

y' =f(x,y,y)

y@@)=s, Y(@)=r (34)
upto x = b using any numerical method. The solution of the initial value problem (34)
at x = b denoted by y(b,s) should satisfy the boundary conditionat x=b. Let

s)=y'(b, s) -1, (35)
Hence, the problem is to find s, such that ¢(s) =0.

Boundary condition of the third kind

Here, we are given a,y(a)—a,y'(a) =r, and b, y(b)+ b, y'(b) =r, we assume the
_ value of y(a)or y'(a). If wetake y'(a) =s, we get y(a) =(a,s+r)/a,. Wenow
; solve the imtial value problem

y' =f(x,y,y)

y@@)=(a;s+1)/ay, y'(@)=s (36)
upto x = b using any numerical method. The solution of the initial value problem (36)
at x = b denoted by y(b,s) should satisfy the boundary condition at x =b. Let

#(s) =bg y(b,s)+b,y'(b,s)-r, (37
Hence, the problem is to find s, such that ¢(s)=0. :
The function ¢(s) in Eqn(33) or Eqn.(35) or Eqn.(37) is a non-linear function in s. We
solve the equation ‘

b(s)=0 (38)
by using any iterative method to get the required solution.
One of the iterative methods, the secant method of solving Eqn.(38) is given by

(kel) _ (k) s stV )
s =g~ o(s"™), k=12,... (39)

o(s™) - 0(s“™)

where s'” and s are two initial approximations to s. To start the application of the
secant method, we solve the initial value problem (32) or (34) or (36) for two values of

s, that is s'” and s'. The iterations are stopped when l ¢ ™) |<e where € is
the given error tolerance.
We illustrate the method with the help of an example.

Example 8: Using the shooting methaod solve the boundary value problem
v . 1
y'=2yy' . yO) =3, yh=1

Use the Taylor series method

h? h?
Yia =Y, +hy; iy yi'+~6—y;”

Second Order Boundary
Value Problems
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h2
Yia =Yi +hyi'+7y;"

with h =0.25 to solve the resulting second order initial value problem and the secant
. : 1 S
method for iteration. Take s =2 s® = 0.1 and perform two iterations of the

secant method. Compare the numerical solution with the exact solution
y(x)=1/(2-x). '

Solution: We solve the initial value problem
y =2yy’

YO =2, YO=s =05

using the given Taylor series method with h=0.25. We get
y"=2(y') +2yy’
1=0: x=0,y,=0S5,y;=05 y; =05, yg =1
2 3
(0.225) yh + (0..’::)5)
(0.25)°

Yy =Yo +0.25y, + y5 =0.643229

y, =y, +0.25y5 + yo = 0.62625
x, =0.25, y; =0.643229, y! =0.65625, y| =0.844238, y7 = 1.947405

' , 0.25)7 . (0.25)°
y2=y,+0.25y,+( 2) y,+( 6) y

]
s

" =0.838736

(0.25)*

Y=y +025 yi+ yy =0.928166

i=2:  x,=050,y, =0.838736, y; =0.928166, y; =1.556972, y7 = 4.334761
0.25?% , (0.25)°
( 2) g L 025

2
¥y =y, +0.25y} + (9'225) y? =1.452870

y7=1.130721

Y=Yy, +025y) +

i=3:  x,=0.75,y, =1.130721, y} =1.452870, y} =3.285581, y} =11.651813
' (0.25) , (0.25)°

2 yat 6 y
0.25)°

7 =1.626956

Ye=Y; +(025)y; +

y, =y, +(0.25) y} + yT=2.638384,
From Eqn.(33), we get
) =y(1,5) -1=0.626956
We now solve the initial value problem
y'=2yy'
Y=, YO = =01
using the given Taylor series method with h=0.25. We get
i=0: x=0,y,=05,y,=01y,=01 y5 =012
025?% , (0.25)°
7 7
0.25)%
2

y7 =0.528438

Y1 =Y, +(025)yo +

Y =Yo+(0.25)y5 + y" =0.12875. |
i=1:  x, =025, y, =0.528438, y, =0.12875, y} =0.136073, y} =0.176965

(025 ., (025
v, =y, +(025)y, + 2) g7+l 6) y” =0.565339




(0.25)° Second Order Boundary
Yy =y +(0.25) yi +— yy =0.168298. : Value Problems

i=2:  x,=05,y,=0565339, y, =0.168298, y; =0.190291, y =0.271806

.2 2 . 3
y, =¥, +(0.25) y5) + © 25) y5 + © 265) y5 =0.614068

(0.25)*

yy=y5 +(0.25)y; + y7 =0.224365

i=3:  x,=0.75y, =0.614068, y; =0.224365, y; =0.275550, y§ =0.439092

0.25)* , (0.25)°
2 T

(0.25)°

y7 =0.679914

Yy, =Y; +025y; +

Y=y, +025y; + y7 =0.306974.
From Eqn.(3 3\), we get »
o(sM)=y(,5")-1=-0.320086

From Eqn.(39), we get

@ _ M s —s© m
§ =57 - m ¢(S )=0235194

Now we solve the initial value problem
y' =2yy’

y(0)=%, y'(0)=s? =0.235194

using the given Taylor series method with h=0.25. We obtain

i=0: Yo =%, y, =.235194, yg =0.235194, yg =0.345826

y, =0.567049,y; =0.304800.
i=1: y, =0.567049, y| =0.304800, y; =0.345673, y7 =0.577833
y, =0.655556, y’, =0.409276.
i=2: x, =0.5, y, =0.655556, y, =0.409276, y5 =0.536607, y; =1.038566
y, =0.777349, y; =0.575883
i=3: x, =0.75, y, =0.777349, y; = 0.575883, y5 =0.895324, y7 =2.055241
y, =0.954651, y, =0.863940
From Eqn.(33), we get
o(s?) = y(1,s?) —1=-0.045349
from Eqn(39), we get

oo |52 = @
s =80~ m ¢(S )=0.257510

Now, we solve the initial value problem
y =2yy’

y(0) =%, y'(0)=s? =0.257510
Using the given Taylor series method with h =0.25. We have
1 .
i=0: Xe =0, ¥, =5’ yo =.257510, y5 =0.25751, y7=0.390133

y, = y(0.25) = 0.573441,y} = y'(0:25) = 0.334079.
i=1:  x, =025y, =0.573441, y} =0.334079, y| =0.383149, y{ = 0.662645
y, = y(0.50) =0.670660, y} = y'(0.50) = 0.450574.
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Numerical Solutions i=2:  x, =050, y, =0.670660, y, =0.450574, y] =0.604364, y" =1.216679
of ODEs y5 = y(0.75) = 0.805358 y' ~ y'(0.75) = 0.639686

i=3: X; =075, y, =0.805358, y3 =0.639686, y; =1.030353, y7 = 2.478002
Y4 = y(1.0)=1.003931, y, = y'(1.0)=0.974712.
Exact solution is given by

= d
y(x)=——an

y(0.25) =0.571429, y(0.50) =1
y(0.75)=0.8, y(1.0)=1
The exact value of s =y’(0) is 0.25.

You may now try the following exercises.

E6) Find the solution of the boundary value problem
xX2y"-2y+x=0
y(2)=0, y(3)=0
using the shooting method. Use the Taylor series method
h 2
Yin =Y +hy; +7 i
Yia =¥i +hy{
with h =0.25 to solve the resulting initial value problems.
E7) Find the solution of the boundary value problem
y"=2y-y'
y()=2e+e2, y(2)=2e*+e™*

using shooting method. Use the Taylor series method
h? h?
=Y. +hyl +—vy'+— y7
YIH y' YI 2 Y1 6 B Y|

2
"

! ! L4 h
Yia =Yi +hyi+—y;
2
with h =% to solve the resulting initial value problems.

E8) Using shooting method solve the boundary value problem
Y=y, Y0)=3, y()=e+2/e
Use the Taylor seties method
h 2 h 3 .
=y, +hy +—y  +— y7”
y|+l YI Y| 2 Y| 6 yl

2
"

’ f L4 h
Yin =Yi +hyi+—y;
2
with h = 2 to solve the resulting initial value problems.

E9) Solve the boundary value problem
y =xy+1 )
yO)+y'(0)=1, y1)=1

using shooting method. Use the Taylor series method
2 3

Y, —y.+hy’+h; ”+h_ ”
i+1 i i 2 Y| 6 YI

hZ
Yin =yi+hyi’+7yi"

74 with h =0.25 to solve the resulting initial value problems.




E10) Use shooting method to solve the boundary value problem Second Order Boundary

2 100 Value Problems
"=6y’ , y(0)=1, y(0.3)=—
y'=6y” , y(0) ¥(0.3) T69
use the Taylor series method
h2 3
o =Y.t+thy +—yl+—vy7
Yist =Y Yi 2 Yi 6 Y;

’ ' " hz ”m
Yin =Yi thyi + TYi
with h = 0.1 to solve the resulting initial value problems and the secant method
for iteration. Take s'® =-1.8, s =-1.9 and perform two iterations of the
secant method. Compare the numerical results with the exact solutions

1
yix)= 1+x)?

We now end this unit by giving a summary of what we have covered in it.

10.4 SUMMARY

In this unit we have discussed the following points:

1. A second order differential equation
y =f(x,y,y")
with one of the three kinds of boundary conditions
(i) firstkind: y(a)=r,, y(b)=r,
(i) secondkind: y'(a)=r,, y'(b)=r,
(iii) third kind (mixed kind): ayy(a) —a,y'(a) =T,
boy(®)+b,y'(b)=r,
is called a boundary value problem (bvp) of first kind, or second kind, or third
kind respectively. The points x =a and x =bare called boundary points.
2.  Thebvp is linear if f is linear in yand y'. The bvp is called non-linear if it is

non-linear in y and/or y’

3.  We divide the interval [a,b] into N + 1 subintervals of equal length h = ;—a] .
: +
We obtain the nodal points x,,X,,...,Xy,, » Where
X, =2

X;=X,+ih, i=12,...,N, x,, =b
The solution of the bvp is obtained at these nodal points.
4.  In finite difference methods of solving a bvp, we replace y'and y” by some

difference approximations at each nodal point. In corporating the boundary
conditions, we obtain a system of N equations for bvp of first kind and a system
of N + 2 equations for bvp’s of second and third kind. The system of equations
is linear for a linear bvp and non-linear for a non-linear bvp. We solve this
system of equations using some direct or iterative method.

5. In shooting method of solving a bvp, we convert the given bvp to an IVP by
assuming one of the following conditions:
(i) y'(a)=s, forbvp of first kind
(i) y(a)=s, forbvp of second kind
(i) y(a)=s, or, y'(a)=s, for bvp of third kind
we generally take s=0 or s=1
For linear bvp’s, we solve two IVP’s
yi +p(x) ¥ +4(x) y, =r(x)

and y3 +p(x) y; +q(x) y, =1(x) 75




Numerical Solutions with the associated initial conditions
of ODEs (i) bvpoffirstkind: y,(a)=r,, y;(a)=0
y.(@)=r , ylz(a)=1
(i) bvpofsecondkind: y,(a)=0, y;(a)=r,
y.(@)=1, y3(@@)=r,
(iii) bvpofthirdkind: y,(a)=0, y,(a)=-1,/a,
y.(@)=1, y3(@)=(a, -1)/a,
using any singlestep method.
We write the solution of the bvp as
y(x) =4y, (x) +(1-2)y,(x)
and determine A, so that the boundary condition at x = b s satisfied. We then
determine the solutions values from the above equation for y(x).

For non-linear bvp’s, we again assume y(a)=sor y'(a) =s and solve the

given differential equation upto x = b using two different values of s, say s

m

and s® . We use secant method iteratively to determine s, k=2,3,..., so

that the boundary conditions at x =bis satisfied to the required accuracy.

10.5 SOLUTIONS/ANSWERS

El) We obtain from the differential equation
Yia —(2+h))y, +y,, =h’x;, i=12,...

1 1 .
a) h=3’ Xo =0, X, =-5’ X2 =1, Yo =0, y2 =0,1=1

y; = y(1/2)=-1/18=-0.055556.

b) h=1/3,x,=0,x,=1/3,x,=2/3,x,=1,y,=0,y,=0,
i=1and i=2; :
y, = y(1/3) =-0.044048, y, ~ y(2/3) = —-0.055952

¢) h=1/4,x,=0,x,=1/4,x, =2/4,x,=3/4,x, =1, y,=0,
y,=0,1=1,23; i
y, = y(1/4) =—-0.034885, y, =~ y(2/4) =—0.056326,
y; = y(3/4)=-0.050037.

E2) We obtain from the differential equation
X} Vi - 207 +h?)y +xfy, =—xh?, i=12,..
a) h=1/2,x,=2,x,=5/2,x, =2,y,=0,y, =0,i=1;
y, = y(5/2)=1/8=0.125. ‘
: b) h=1/3,x, =2,x,=7/3,x, =8/3,x, =3,y, =0,y, =0,i=1,2;
1 y, #¥(1/3)=0.140777, y, = y(2/3)=0.165049 .

E3) We obtain from the differential equation
3h .
Yin = 2Yi +Yia “7()’“1 —Yia)+ 2h2)’i =0,1=0,12,... (40)

!

For h=1/2, we get x, =0,x, =1/2,x, =1. We need to determine y,,y,,y,.

From boundary conditions, we get y_, =1-2y, +Yy,, ¥; =¥, =¥, +2¢e +3e?.

We obtain on eliminating y_, and y, from the equations obtained from

5 Eqn.(40) for i = 0,1,2 and solving the resulting system of equations
1 Yo =y(0)=1.593159, y, = y(1/2)=3.107898,y, = y(1) =7.495274 .
} E4) We obtain from the differential equation

(Yies =2Y; +¥ia) ~hyi(Yiny —yi0) =0, i=12...

§ 76 a) Forh=1/2, weget x,=0, x,=1/2,%, =1y, =y(0)=1/2,
] ~




= =li=1: i ~ =7 Second Order Boundary
y, =y(l)=1i=1;we obtain y, = y(1/2) =2/3. T iy

b) For h=1/3, we get x, =0,x, =1/3,x, =2/3,x, =1,
=y(0)=1/2,y, =y(l)=1,i=1,2. We obtain the system of non-

linear equations
fy,,y,)=2y,y, +11y, -6y, -3=0

£,(71,¥2) =YY, +3y, =7y, +3=0
Using Newton-Raphson method with y® =0.6,y =0.8, we obtain
vy =06, yP =0.75, y? =06, y¥ =0.75
Hence,
y, =y(1/3)=0.6, y, ~y(2/3)=0.75.
E5) We obtain from the differential equation

3h? .
Yiet = 2¥; +Yia =Tyf, i=12,...

a) For h=%,weget X, =0, x, =-;—,x2 =1,

=y(0) % 4,y, =y(l)=1, i=1. We obtain the non-linear equation
f(y,)— y. +8y,-20=0

Using Newton-Raphson method with y(o) 2, we get
y{" =1.857143, y!» =1.854887, y{” =1.854887

Hence y, =y(1/2)=1.854887 .

1 1 2
b) For h=§,weget Xo =0,X, =3 X, =§,x3 =1

=y(0)=4, y, =y(l)=1,i=1,2. We obtain the system of non-linear
equations
f,(y,,¥,)=yi +12y, -6y, —24=0
f,(y,,y,)=y; -6y, +12y,-6=0
Using Newton-Raphson method with y{¥ =2.5, y =1.5, we obtain
y{" =2.302455 , yi’ =1.469866;
"’ =2.295044 , y'¥ =1.467949,
“’ =2295040 , y{’ =1.467947.

Hence, 'y, ~y(3J 2295040, vy, ~y(§]—1.467947.

E6) We solve the two initial value problems

. . 2 '
v (1) y1=x_2yl—x s YI(2)=0’ YI(2)=0

i) yi=Zy-x. $@=0 Y@=

using the given method with h =0.25. We obtain
y,(2.25)~-0.0625 , y;(2.25)=-0.5
y,(2.50)~ -0.258584 , y(2.5)=-1.068673
y,(2.75) = =0.606463 , y;(2.75)~-1.714360
y,(3.0)=-1.126003 , y;(3.0)=-2.441957

and
y,(2.25)~ 0.1875 , ¥5,(2.25)=0.5

v,(2.50) ~ 0.244502 , y,(2.50)=-0.043982 N
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:fu(l;);g:al Selutions y,(2.75)=0.157827 , y,(2.75)=~-0.404920
y,(3.0)~-0.028036 , y,(3.0)~-1.081985
From y(3)=0=21y,(3)+(1-1)y,(3), we obtain A =-0.025534.
From y(x) =2y, (x)+ (1-A)y,(x), we obtain
y(2.25)~0.193884 | y(2.50)=0.257384 ,
y(2.75)~0.177342 , y(3.0)~0.

E7) We solve the two initial value problems
() yi+yi-2y,=0 , y()=2e+e” , yi()=0
() yi+yi-2y,=0 , y,()=2e+e? , y)()=1

using the given method with h = % . We obtain

y,(4/3)=6.122210 , y;(4/3)=3.095499
y,(5/3)=7.644058 , y;(5/3)=5.980810

y,(2)=10.171119 -, y{(2)=9.230707
and
y,(4/3)~6.418506 , y;(4/3)=3.928833

y,(5/3)~ 8216531 , y’,(5/3)=6.839864
y,(2)=11.054667 , y5(2)=10.264626
From Eqn.(20), with r, = 2e? +e™*, we obtain A =-4.23927. Using
y(x) =Ay, (x) + (1-1)y,(x) we obtain |
- y(4/3)~7.673298, y(5/3)~10.640912, y(2)~14.796428 .

E8) We solve the two initial value problems
@ yi=y, » »(O®=0 , y(0)=3
i) yi=y, ., y,(0=1 , y30)=3

using the given method with h = % We obtain

y,(0.25)=.757813 , y,(0.25)=3.09375
y,(0.50)~1.562989 , y}(0.50)~3.379883
y,(0.75) = 2.465605, y,(0.75) ~3.876252

y,(1.0)~3.521813 , y;(1.0)=4.613796
and
y,(0.25)~1.789063 , y5(0.25)= 3.34375

y,(0.50) ~ 2.689616 , y}(0.50)=~3.895508
y,(0.75) = 3.757688 , y,(0.75)=4.689647
y,(1.0)=5.059740 , Y,(1.0)=5.775620
Using Eqn.(22) with r, = ¢+ 2/e = 3.454041, we get
_ 5-y30.0)
y1(1.0) - y4(1.0)
Hence, from y(x) =AYy, (x) +(1-1)y,(x), we obtain
y(0.25)~-0.271600 , y(0.50)~0.438369
y(0.75)~1.175823 , y(1.0)~1.986625

=1.998219

E9) We solve the two initial value problems
@  yi=xy,+l, y0)=0, y(0)=1
(i) y;=xy,+1 , y,(0)=1 , y3(0)=0
using the given method with h =0.25. We obtain

y,(0.25)~0.28125 , y;(0.25)=1.25
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y,(0.50) ~ 0.628745 , y;(0.50)~1.536148 Second OJ;lle']reB‘)?;:cll:';ys
y,(0.75) ~1.057494 , y;(0.75) ~1.908392 :
y,(1.0)=1.597108 , y,(1.0)=2.434447

and
y,(0.25) = 1.033854 , y,(0.25)=0.28125

¥,(0.50) =~ 1.146369 , y',(0.50) = 0.630371
y,(0.75) = 1.356930 , y,(0.75) ~1.069341
y,(1.0) =1.692941 , y,(1.0)=1.641232
Using Eqn.(24) with by, =1, b, =0 and r, =1, we get
__ Ly, (D
C -y, ()
Hence, from y(x)=Ay,(x)+(1-2) y,(x), we get
(0.25)~ —4.408010 , y(0.50) ~ ~2.596422
y(0.75) = —-0.808206 , y(1.0)=1

=7.230714

E10) We solve the two initial value problems
G yi=6y; , y(0=1, y(0)=s=~18
(i) yi=6y: . ¥,(0=1, y,(0)=s"=-19
using the given method with h =0.1. We obtain
y,(0.1)=08464 , y;(0.1)~-1308
y,(0.2) = 0.734878 , y;(0.2) ~ —0.94459
y,(0.3) = 0.655232 , y,(0.3) = —0.578913

100
Oy =y (0.3)- —=0.063516
d(s*) =v,(0.3) 169

and
y,(0.1)~0.8362 , y,(0.1)~-1.414
¥,(0.2)~0.713412 , y,(0.2) ~ -1.065405
y,(0.3) = 0.620620 , y5(0.3)~-0.805635
(s")=y,(0.3) - % =0.028904

From Eqn.(39), we obtain s'? =—-1.983504.

We now solve the initial value problem
Yi=6y; . y:(0)=1 , yj(0)=s?

and obtain .
y;(0.1)=0.835616  , y}(0.1)~~1.502520
y,(0.2)=0.703801 , ¥3(0.2)=-~1.158899
¥;(0.3)=0.601140 , ¥3(0.3)~-0.910636

O 100

o(s')=y,(0.3) - Teo 0.009424

From Eqn.(39) we obtain s’ =-2.023909

Exact value of y'(0)=-2.

Finally, we solve the initial value problem .
y' =6y’ , y0)=1, y'(0)=-2.023909

and obtain
y(0.1)~0.823561, y(0.2)~0.686829 , y(0.3)=0.577837.




Numerical Solutions
of ODEs

APPENDIX

Newton-Raphson Method for System of Nonlinear Equations

We now extend the Newton-Raphson method derived for the single eqution f(x)=0
to a system of nonlinear equations. We first consider a system of two nonlinear
equations in two unknowns as

f(x,y)=0

g(x,y)=0 (A1)
Let (x,,y, ) be suitable approximation to the root (&, 1) of the system (A1). Let Ax
be an increment in x, and Ay be an increment in y, such that (x, + Ax,y;~+Ay) is
the exact solution, that is /

f(x, +Ax, y, +Ay)=0

g(x, +Ax, y, +Ay)=0

-Expanding in Taylor series about the point (x,,y, ), we get

. 2
0 0 1 0 0
f(xk,yk)+|iAXg+A}’g} f(xk,yk)+z |iAX-a—x—+A}’g:| f(Xk,yk)+---=0

2
03] 0 ' 1 5] 03]
g(xk,yk)+{Axg+Ayg} g(xk,yk)+a [Axg+Ayg} g(x,,y,)+--=0

Neglecting second and higher powers of Ax and Ay, we obtain
- f(xLy0) +Ax £ (X, Y ) + Ay £(x, Ly, ) =0
g8(X,, Y )+ Ax g, (X, ¥, ) + Ay g, (X, ¥, )=0 (A2)
where suffixes with respect to x and y represent partial derivatives. Solving .
Eqn.(A2) for Ax and Ay, we get

1
AX=—D—[f(xk,yk) gy (X, ¥i) - 8(X Ly £, (X, y,) ]
k

Ay=—DL[g(xk,yk) £, (X ¥) - FoYi) £ (Ko ¥i) |
k

W}}eié Dy =f, (X, Y1) 8, (X, Yi) — 8, (X6 ¥) fy (X6 yy) -

- We obtain Xy =Xy +Ax,and y,,, =y, +4y.

Writing the Eqns.(A2) in matrix form, we get

f,(x,y) f (X y) |:AX:|____|:f(Xk,)’x)j‘
g, (x,Y) 8,(X,yW)| [AY g(x\,¥y)

or, J, Ax=-F(x,,y,) . (A3)
fx fy f AX
where J, = , F= , AX=
Ex & o) | 8 Ay
The solution of the system (A3) is ‘ \
Ax=-J;' F(x,,y,)
-l
f, f -f
where J;l=|: X y} =L|:g)’ fy:|
Ex & (X2 ¥x) D" ~ Ex X d(xpy)

Therefore, we can write

l:Ax:| —_J |:f(xk 'Yk ):(
=-Jdy
Ay g8(X,Yy)

f
wo [T ) o
; Y+t Y Ay Y gx,,yy)

or, x® D =x® _ g Fpx®) (A4)




Second Order Boundary

where x(k) =[x(k)ay(k)]Ta F(x(k))= [f(xk’yk)s g(xk’yk)]T Value Problems

This method can be easily generalized for solving a system of n equations in n
unknowns

(AS)

f,(x,%,5,...,%x,)=0
or, F(x) =0
T T
where x=[x,,X,,...,x,] ,F=[f,f,,...,f,]
©) _[y O (O (01T ; s P .
If x* =[x,"",x, ',...,%, '] isaninitial approximation to the solution vector x,
then we can write the method as . ‘

x®0 = x® _ g7 Fx™), k=0,1,... | (A6)
where
af,/ax, afl/axz afl/axn
J. = afz/ax, "afz/axz afz/axn

n _(x®)

. =
N\ | of, /0%, of, /ox, - Of, /0x
~ is the Jacobian matrix of the functions f 1»f5,...,f, evaluated at x* .

~ . - . . .
Note that the matrix J,' is to be evaluated for each iteration. We can also write the

method as .

I, Y —x®) = -F(x¥) (A7)
or, J, e®=-Fx"¥) (A8)
where, e®=x®" _ x® {5 the error vector.

We solve it as linear system of equations (by a direct method if the system is small and
by an iterative method if the system is large) for each iteration.
_x—




Numerical Solutions
of ODEs

PRACTICAL ASSIGNMENTS

1.

- Session 3:

Write a program to solve the boundary value problem
y'+p(X)y=r(x), y@)=a, y(b)=P,a<x <b, using a second order ﬁmte
difference method. Input h.

Write a program to solve the boundary value problem

a(x)y" +b(x)y’ +c(x)y =r(x), y(a)=a, y(b)=p, a<x<b, using second order
central difference approximations to both y” and y’'. Input h. Test your
program on exercises E4) and ES).

Write a program to solve the boundary value problem

a(x)y" + b(x)y' + c(x)y =r(x), y(a)=a, y(b)=pB, a <x <b, using shooting
method. Use Taylor series method of second order to solve the corresponding
initial value problems. Test your program on Example 6 and E6).






