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10.1 INTRODUCTION 
In Units 8 and 9; you have studied numerical methods for solving initial value 

I problems where the conditions are given at a point called the initial point. The 
solution is obtained in some given interval in a step-by-step manner, that is, the 
solution is obtained at one nodal point at a time. 

In many physical problems, the conditions are given at two points say x = a  and 
x = b .  The differential equation together with these conditions is called a boundary 
value problem. The points x = a and x = bare called boundary points and the solution 
is obtained at nodal points inside the interval [a, b ]  . In this unit we shall consider 
second order boundary value problems and discuss two numerical methods viz; finite 
difference and shooting methods for solving them. 
In Sec. 10.2 we shall start with introducing three kinds of boundary value problems and 
then discuss the finite difference methods of solving them. Shooting method in 
which the given boundary value problem is converted to an initial value problem and 
then solution is obtained in a step-by-step manner, will be discussed in Sec. 10.3. 

Objectives 
After studying this unit you should be able to 

identify a second order boundary value problem of first, second and third kind; 
obtain the solution of a given boundary value problem using finite difference 
methods; i f  
obtain the solution of a given boundary value problem using shooting method. 

10.2 FINITE DIFFERENCE METHODS 
You may recall that in Unit 1 we introduced you to the boundary conditions associated 
with a differential equation and boundary value problems. Here we give you three 
kinds of boundary conditions for a general second order ODE. 

Consider the second order differential equation 
Y" = f(x,y,yl)  ( 1 )  

For Eqn.(l) we can have the following three types of boundary conditions: 

Boundary conditions of the Arst kind 

y(a)=r , ,  y(b)=r,  
where r, and r, are given constants. 

Boundary conditions of the second kind 

yt(a) = r, , yr(b) -= r, 
where r, and r, are given constants. 

Boundary conditions of the third kind (mixed conditions) 

a, y(a) - a,  yt(a) = r, 

b, y.(b)+bI y'(b)=r, 
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Numerical Solutions where a,, a, ,b,, b, ,r, and r, are gven constants such that 
of ODES a,a, 2 0 ,  1% I+la, ( $ 0  

b o b l  2 0 ,  IboI+Ib, I $ 0  
The differential Eqn.(l) together with the boundary conditions (2) or (3) or (4) IS 

called a boundary value problem @vp) of the second order. 

The points x = a and x = b are the end points of some interval in which the solution 
is to be obtamed. 

We shall now discuss finite difference methods of solv~ng these bvp's. 

We divide the interval [a, b] into N + 1 subintervals of equal length h by the points 
a =x ,  < x ,  <...<x,+, = b  

where 
x, =x ,  + ~ h ,  i =0,1, ..., N + l  

and 
b - a  h=- 
~ + 1 '  

The points x, , x, , . . . , x ,+, are called nodal points and we determine the solution 
values yi y(x,) at these points. For a boundary value problem of the first kind, we 

obtain solution values at the interior points x, , x2 , . . . , x , . Whereas, for the boundary 
value problem of the sedond or the third kind we determine the solution values at the 
interior points as well as at the boundary points x, and xN+, . 
In finite difference method, we have the following three steps: 

step.l: Discretize the differential equation at each nodal point, that is 
y:=f(xi,yi,yi), i =1,2 ,..., N (5) 

For boundary value problem of second or third kind, we discretize the differential 
equations at x, and / or x,+, also. 

Step 2: Replace the derivatives y' and y" in the differential equation and the 
boundary conditions by the difference approximations. We lcnow that 

The approximations (6) and (7iii) are of second order, whereas the approximations (7i) 
and (7ii) are of first order. Thus we can replace y" and y' in the differential 
equations and the boundary conditions by the difference approximations 

When we use the approximations (8) and (9iii), we obtain a second order finite 
difference method. When we use the approximations (8) and (9i) or (9ii), we obtain a 
first order finite difference method. 



Note that the lower of the orders of the difference approximations used for y' and y" Second Order Boundary 
Value Problem 

gives the order of the finite difference method. 

For boundary value problems of the first kind, we obta~n a system of N algebraic 
equations in N unknowns y ,  , y,, . . ., y, , since yo = r, and y ,+, = r, are known. For 
boundary value problems of the second and third kinds, we obtain a system of 
N + 2 algebraic equations in N + 2 unknowns yo,  y, , . . . , y,+, . 

If the function f(x, y, y') is linear in y and y' we obtain a system of linear equations. 
If f(x, y, y') is non-linear in y and / or y' , we obtain a system of non-linear 
equations. 

Step 3: Solve the resulting system of algebraic equations by direct or iterative 
methods. For system of non-linear equations, we generally use Newton-Raphson 
method. 

We illustrate the method with the help of examples. 

Example 1: Solve the boundary value problem 
y"-4y1+3y = o  
~ ( 0 )  =I, y(lI=O 

1 1 
using second order finite difference method with (i) h = - , (ii) h = - . Compare the 

2 3 
1 

numerical results with the exact solution y(x) = ?[ex+* -elx ] 
e -1 

1 1 
Solution: (i) For h = - we get three nodal points xo = 0, x, = - and x, = 1. The 

2 ' 2 
boundary conditions give yo = 1 and y, = 0 .  We need the solution value y, = y(x, ) . 
From the given differential equations, we get 

yy -4yI+3y i=0 ,  i = l  (10) 
Using the approximations (8) and (9iii) for i = 1, we obtain from Eqn.(lO) 

1 
Using h = - ,  yo = I  and y, =O,weget  

2 
4 (1-2y, +O)-4(0-])+3y1 = O  

Or, -5y, + 8 = 0  

The exact solution is y - = 1.2053 1 (3 
1 1 2 

(ii)For h=-wegget fournodalpoints x, =O,x ,  = - , x ,  =-and x, = l .  The 
3 3 3 

boundary conditions give yo = I and y, = 0 .  We need the solution values 

y, y(x, ) and y, = y(x,) . We discretize the differential equation at the points 

x,and x,. We get 
yy-4y; +3y, = 0 ,  i =1,2 

using the approximations (8) and (giii), we get 

1 
Using h = - , we get 

3 
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From (1 I), we obtain 
i = l :  9(yo -2y, + y 2 ) - 6 ( y 2  -yO)+3yl  = O  
i = 2 :  9 ( ~ , - 2 ~ 2 + ~ , ) - 6 ( ~ 3 - ~ 1 ) + 3 ~ 2 = 0  

Using the boundary conditions yo = 1 and y, = 0 ,  we get the system of equations 

9(1-2yl + y2)-6(y2 -1)+3yl = O  

9(y, -2y2 +o) -6 (0 -y r )+3y2  = o  
or, - 1 5 ~ ~  +3y2 + 1 5 = 0  

15y1 - 1 5 ~ ~  = o  
whose solution is y,  = y,  = 1.25 

Exact solution is y (i) = 1.188591, y(f) = 1096071 . 

Example 2: Solve the boundary value problem 
( 1 + ~ ~ ) ~ " + 4 ~ ~ ' + 2 y  = 2  

1 
~ ( 0 )  = 0, ~ ( 1 )  = 7 

using the 
(i) first order finite difference method (approximations (8) and (9i)) 
(ii) second order finite difference method (approximations (8) and (9iii)) with 

1 
h = - in each case. 

3 
1 1 

Solution: For h = - , we have four nodal points xo = 0, x, = - x, = - 
3 3' 

and 
3 

1 
x, = 1. The boundary conditions give yo = 0, y, = - . We need the solution values 

2 
y, and y, . From the given differential equation we get 

(1 + xT)yY + 4xi y: + 2yi = 2, i = 1;2 (12) 
(i) Using the approximations (8) and (9i) in (12), we get 

1 
Using h = - , we obtain 

3 

9 ( 1 + ~ 2 )  ( ~ ~ - 1  -2yi  + yi+1)+12xi (Yi+l -Yi)+2Yi = 2  
For i = l  and i = 2 ,  weget 
i = 1 :  9(1+x:) (yo -2y, +y2)+12x, (y ,  - Y , ) + ~ Y ,  = 2  

i = 2 :  9(1+x;) (Y, - 2 ~ 2  + Y , ) + ~ ~ x , ( Y ,  - Y 2 ) + 2 ~ 2  = 2  

1 2 1 
Using x, =- x 2  = -  yo=O,  y -- ,weget  

3 '  3 ' 3 - 2  

whose solution is 

(ii) Using the approximations (8) and (9iii), we obtain from Eqn.(l2) 
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--;-(I + x;) (yi-, - 2yi + yi+,)  +-(yi+, - Yi-l f 2 y i  =2,  i =1,2. Value Problems 
h - 2h 

1  
Using h = - , we get 

3  
9(1+x:) (yi-, -2yi  + y i + , ) + 6 x i ( y i + ,  -y , - , )+2yi  = 2 ,  i =1,2 

For i =land i = 2 ,  weget 
i = l :  9(1+x:) (yo -2y, + y 2 ) + 6 x 1 ( y 2  - Y O ) + ~ Y I  = 2  

1  2  1  
Using x,  =-, x, =- yo =0 ,  y3 =-,weget  

3 3 '. 2 

whose solution is y ,  = y = 0.092593, y, = y 

Example 3: Solve the boundary value problem 
y" = x y + l  

y(0) + ~ ' ( 0 )  = 1 , ~ ( 1 )  = 1 
1  

using the second order finite difference method with h = - . 
2 

1 1  
Solution: For h = -, we have the nodal points xo  = 0, x,  = - and x, = 1 .  From 

2  2  
the boundary conditions we get y, = 1 . We need to determine yo and y, . From the 
given differential equation we get 

y , "=xi  y i  + 1 ,  i =0,1 
Using the approximation ( 8 ) ,  we obtain 

1  
Using h = - , we get 

2  

1  
Using xo  = 0, x ,  =- and y, =1 ,  we get 

2  
4(y-, - 2 ~ 0  + Y , )  = 1 

1 
4(yo  -2y ,  + I ) = - y ,  +1 

2  
or, 4 y - , - 8 y o + 4 y l = 1  

17 
4 y 0  --y, =-3 

2  
(13) 

Using the approximations (9iii) with i = 0 ,  we obtain from the first boundary 
condition 
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1 
for h = - ,  weget 

2 
Yo + Y ,  -Y-, =1 

or, Y - , = Y o + Y I - ~  
Eliminating y-, from Eqn.(l3), we get the system of equation 

-4y0  +8y1  = 5  

whose solution is yo a y(0) = -9.25, y, = y(l / 2) = -4 .  
*** 

Example 4: Solve the boundary value problem 
y a - 3 y ' + 2 y = 2  

y(0) - y1(0) = -1 , y(1) + yl(l) = 1 
1 

using the second order finite difference method with h = - . 
2 

1 1 
Solution: For h = - , we have the nodal points x, = 0, x, = -and x, = 1. Since 

2 2 
the boundary value problem is of third land, we need to determine the solution values 
Y o , Y ,  and Y 2 .  

From the given differential equation; we get 
y f - 3 y I + 2 y i = 2  , i=0,1,2 

Using the approximations (8) and (giii), we obtain 

1 
For h =-,we get 

2 
4(yi-l -2yi + Yi+l)-3(yi+l - Yi-I) + 2 ~ i  = 2 

or, 7 yi-, - 6 yi + yi+, = 2 
We obtain for i = 0,l and 2 
i=O: 7 y - , - 6 y o + y , = 2  

i = 1 :  7y0 -6y l  + y 2  = 2  

i = 2 :  7yl  -6y2 + y 3  = 2  
Using the approximation (giii), we obtain from the boundary conditions 

1 
i = o :  y o - -  (y, -y-,)=-I  

2h 

1 
For h =-,we get 

2 
Y o  - Y ,  +Y-I  =-1 

Y 2  + Y 3  - Y ,  =1' 
or, y - , = - 1 - y 0 + ~ ,  
and y3 = l + y l  -y2  

Eliminating y-, and y3 fiom Eqn.(lS), we obtain the system of equations. 

7 ( - l - ~ o  + Y , ) - ~ Y ,  + y 1 = 2  

 YO - 6 ~ 1  + Y 2  = 2  
~ Y I  - 6 ~ 2  + ( l + ~ l  - y 2 ) = 2  

Or, - 1 3 ~ ~  +8y,  = 9 



7 ~ 0  - 6 ~ 1  + Y 2  = 2  
8y,  - 7 y 2  = l  

whose solution can be obtained by using Gauss-dimination method. We can write 
- yo + 0.615385 y, = 0.692308 

yo - 0.857143 y, + 0.142857 = 0.285714 

8y1 -7y ,  = l  
Eliminating yo,  we obtain 

- .241758yl + .142857y2 = .978022 

8y,  -7y2 =1 
Solving the above system of equations we obtain the solution 

y2 "Y ((1) = -14.68001 1, y, *: ~(112)  = -12.720010, yo "Y y(0) = -8.520006. 
*** 

Example 5: Using second order finite difference method solve the boundary value 
problem 

1 1 1 
with (i) h = - and (ii) h = - . The exact solution is y(x) = - . 

2 3 X 

1 3 
Solution: (i) For h = - , we have the nodal points x, = 1, x, = - and x 2  = 2. From 

2 2 ,  
1 

the boundary conditions we get yo = 1 and y2 = - . We need to determine y, . From 
2 

the given differential equation we get 
3 y L 2 y .  , i = l  

Using the approximation (8), we get 

1 
For h=-and i=l ,weobtain 

2 
 YO - ~ Y I  + y,)= 2y: 

or, F(y,) = 2 ~ :  + 8yl - 6 = 0 
which is a non-linear equation in y, . Using the Newton-Raphson method 

Since 0.5 < y we may choose y, "Y 0.75. 

With y,'O' = 0.75 , we obtain 

Hence, y, *: (+) = 01673593. 

Second Order Boundary 
Value Problems 
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4 2 
(ii)For h=',wehavethenodalpoints xo =l ,x ,  =-,x -- and x, = 2 .  From 

3 3 , - 3  
1 

the boundary conditions, we get yo = 1 and y3 = - . We need to determine y, and y, . 
2 

From the given differential equation we have 
3 y:=2yi , i=1,2 

Using the approximation (8), we write 

1 
For h= - ,  i = l  and 2,weobtain 

2 
i = 1 : .  4(yo -2y, +y2 )=2y i  

i = 2 : ,  4(y, -2y, +y3 )=2y i  
1 

Using the boundary conditions yo = 0 and y3 = - , we get 
2 

4(1-2~1 +Y, )  =2y: 

Hence, we obtain a system of two non-linear equations 

we use the Newton-Raphson method to solve this system. If you are not familiar with 
this method then you can refer to Appendix given at the end of the unit. 

We have 

where 

- -  
a ~ ,  a Y 2  = 6y;m +' Jm=[El - -- El] [ - 4  6y;:+d 

and 

1 
Since -cy , ,y ,  c 1 ,  wemaychoosey,, =0.8and y,, =0.6. Weget 

2 



Hence, we get y, 6 y ( t )  =0.693686 Y 2  a Y(+) = 0.554272 . 

Exact solution is y - = 0.75, y - = 0.6 (3 ' (3 
*** 

You may now try the following exercises. 

E l )  Using second order finite .difference method solve the boundary value 
problem 

y R = y + x  , y(O)=O , y(l)=O 

1 1 1 
with(a) h = - ,  (b) h = -  and h = - .  

, 2  3 4 

E2) Using second order finite difference method solve the boundary value problem 
x2 yR=2y-x , y(2)=0 , y(3)=0 

1 1 
with (a) h = - and (b) h = - . 

2 3 

E3) Solve the boundary value problem 
yR-3y'+2y = O  

2 y(0) - y'(0) = 1 , y(1) + yl(l) = 2e + 3e2 
1 

using second order finite difference method with h = - . 
2 

E4) Solve the boundary value problem 

1 1 
using second order finite difference method with (a) h = - and (b) h = - 

2 3 

E5) Solve the boundary value problem 

1 1 
using second order finite difference method with h = - and h = - . 

2 3 
I 

In finite difference methods for solving boundary value problems, we solve a system 
of linear or non-linear algebraic equations. For obtaining accurate results, we keep the 
step size h small and we have to solve a large system. 

There is another class of methods called shooting methods, in which we convert the 
given boundary value problem to an initial value problem and obtain the solution in 
step-by-step manner using some singlestep method. In this method we do not have to 
solve a system of equations. 

10.3 SHOOTING METHOD 

Second Order Boundary 
Value Problems 

In this method, we convert the given boundary value problem to an initial value 
problem by adding sufficient number of conditions at one end and adjust these 
conditions until the given conditions are satisfied at the other end. We may write the 
second order initial value.problem as a system of two first order initial value problems 
and solve this system by using any method given in Unit-8 or solve the second order 
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Solutions initial value problem directly. For this reason, this method is also called initial value 
problem method. We consider linear and non-linear second order boundary value 
problems separately. 

\, 

Linear second order boundary value problems 

First we give you the broad idea used in the method for any kind of boundary 
conditions. 
Consider the linear second order differential equation 

Y" + P(X) Y r  + q(x) Y = r(x) (16) 
subject to given boundary conditions which could be of first, second or third kind. 
We write the solution of Eqn.(l6) as 

Y(x)=hY,(x)+(1-h)Y,(x) (17) 
where y, (x) and y2 (x) are respectively the solutions of the differential Eqn.(l6) i.e., 

Y: + P(X) Y: + 4 x 1  Y I  = r(x) (18i) 
and 

Y i + P(X) Y; + 9(x) Y 2 = T(X) (1 8ii) 
with suitable initial conditions. We determine h so that the boundary condition at one 
end is satisfied. Since the initial value problem is of second order, we require two 
linearly independent conditions at one end. 

We now outline the method for each of the three kinds of boundary conditions. 

Boundary conditions of the first kind 

Here, we are given the boundary conditions as y(a) = r, and y(b) = r, . Now we have 

one condition at x = a . We assume the other condition yl(a) = s , where s is 
arbitrarily chosen. Nonnally we choose s = 0 and s = 1.  We now solve the two 
initial value problems 
(1) Y: + P(X) Y I + q(x) Y I = r(x) 

subject to y, (a) = r, , yi (a) = 0 (1 9i) 

(ii) Y; + P(X) Y; + q(x) Y 2 = d x )  
subject to Yz(a) = r ~  , Y;(a) = l  (19ii) 

upto x = b , that is, we obtain y , (b) and y , (b) . 
From Eqn.(l7), we get 

y(b)=r, =AY,(b)+( l -h )~ , (b )  
which gives 

Once the value of h is obtained, Eqn.(l7) gives the solution at various nodal points. 

(2 1 i) 

(2 1 ii) 

(2 1 iii) 

Boundary condition of the second kind 

Here, we are given yr(a) = r, and yr(b) = r, . We have one condition at x = a . We 
assume the other condition y(a) = s where s is arbitrarily chosen. Normally we 
choose s = 0 and s = 1. We now solve the two initial value problems 
(1) YI+P(x)YI+q(x)Y,=r(x) 

y,(a)=O , yI(a)=r, 

(11) Y; + P(X) Y; + q(x) Y 2 = r(x) 
y , (a)=l  9 Y;(a)=rI 

upto x = b , that IS we obtain y, (b), y; (b) and y, (b), y; (b) . 
From Eqn.(l7) we get 

yr(x) = A y; (x) + (1 - A) y; (x) 
Therefore, we obtain 

yr(b)=r, =Ay; (b)+(l-h)y',(b) 
which gives 
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We then obtain the solution values from Eqn.(l7) and derivative values from 
Eqn.(Zliii) at various nodal points. 

Boundary conditions of the third kind 

Here, we are given a, y(a) - a l  yl(a) = r, and b, y(b) + b,  yl(b) = r, . We assume the 

value of y(a) or yl(a) . If we choose y(a) = s , then we get yl(a) = (a, s - r, ) / a ,  , 
where s is arbitrarily chosen. Normally, we choose s = 0 and s = 1 . We now solve the 
two initial value problems 

(1) Y; + p(x) yl + q(x)y, = r(x) 

y, (a) = 0 , y; (a) = -rl 1 a ,  (23i) 

(11) y " z ~ ( x x ) ~ l + q ( x ) ~ ' = r ( x )  

, y2(a )=1  , y;(a) = ( a 0  - r l ) / a ,  (23ii) 
upto x = b , that is we obtain y ,  (b), y: (b) and y, (b), y; (b) . 
From Eqn.(l7), we have 

y(b) = Yl (b) + (1 - A) Y, (b) 
and yl(b) = A yl (b) + (1 - h) y', (b) 
Therefore, 

b,y(b)+b1y'(b)=r2 = b O  [ ~ y , ( b ) +  (1-h)y2(b) ] 
+ b ,  [hyl (b)+( l -h)yi (b)  I 

which gives 

I 
We obtain the solution values from Eqn.(l7) for various nodal points. We can sum up 
the above discussion in the form of following theorem. 

Theorem 1: For a linear second order boundary value problem of the form (16), it is 
sufficient to solve two initial value problems with two linearly independent sets of 
assumed initial conditions. 

i Solution of second order initial value problems 
! r 

As we have mentioned earlier the second order IVP can be solved either directly or, by 
resolving it to the system of two first order IVP's. Accordingly, we give here two 
methods for solving the second order initial value problem 

Y" = f(x,y,y') 9 y(x,) = Y o ,  y1(x,) = Y; (25) 
where f(x, y, y') can be a linear or a non-linear function of y and/or y' . 
Method 1 

We can write Eqn.(25) as a system of two first order initial value problems 
u l = v  u(x,)= Y(xO) 

v f = f ( x , u , v )  , v(x0) = y'(x0) 
where y(x) = u(x) . We can solve this system of first order initial value problems 
using Taylor series method or Runge-Kutta method as discussed in Unit 7. 

Method 2 

We can solve the initial value problem (25) directly by using the m'l' order Taylor 
series method. 



The truncation error in both y and y' is of order hm" , If we use Taylor series 

method of order p to determine yi+, and that of order q to determine yI+, , then the 
final order of the Taylor series method is smaller of p and q . Higher order 
derivatives are obtained by differentiating the given differential equation. 

We now illustrate these methods with the help of examples. 

Example 6: Using shooting method, solve the boundary value problem 

y n = y + l ,  y(O)=O, y( l )=e-1  

Use the Taylor series method 

with h = 0.25 to solve the resulting second order initial value problems. Compare this 
numerical solution with the exact solution y(x) = e x  - 1.  

Solution: We solve the two initial value problems 
Y I = Y I + ~ ,  yl(O)=O, yj(O)=O 

y;=y2+1,  y2(0)=O, y;(O)=l 
The given Taylor series method gives 

Y I , ~ + I  = ~ ; i  + h ~ ; i  

= Y;; + M Y , ;  + 1) 

= h y , ,  + y ; ,  + h  , i=0,1,2,3 

Similarly we obtain 

1 
For h = - we obtain 

4 ' 
y,, i+, =1.03125 y i  + 0.25 y; +.03125 

yi, = 0.25 y, , + yl + 0.25 

and 
y2, i+l = 1.03 125 y z i  + 0.25 Y; + 0.03 125 

y;, i+ l  = 0.25 y, i + y', + 0.25 

i =0,1,2,3. 
Using the conditions y, , = 0, y; , = 0 ,  we get from Eqn.(27) 



Using the conditions yzo = 0, y;, = 1, we get from Eqn.(28) 
x =0.25, y,, =0.28125, y;, =1.25 

x = 0.75, y,, = 1.077423, y;, = 1 .!I78760 

x=l.O, y,,=1.637032, y;,=2.498116 
From Eqn.(2O), we obtain 

(e-l)-Ya =-0,073110 h = ,  
Y14 - Y ? 4  

Hence, we obtain 
y(x)=-0.073110 yl(x)+1.O73110 y2(x) 

b 
Therefore, we get from Eqn.(29) 

Numerical solution Exact solution 

y(0.25) z 0.299528, y(0.25) = 0.284025 

y(0.50) = 0.67091 5, y(0.5) = 0.648721 

y(0.75) = 1.135 129, y(0.75) = 1.1 17000 

y(1 .OO) z 1.7 18282, y(l .O) = 1.71 8282 

Example 7: Solve the boundary value problem 
y ' - 3 y f + 2 y = 0  

2y(O)-yf(0)=l, y(l)+y'( l)=2e+3e2 
using shooting method. Use the Taylor series method 

h2 a yf+] = y f  +hyl+-yi  
2 

with h = 0.25 to solve the resulting initial value problems. 

Solution: We have 
y" =3y1- 2y 

and 
ya=3y" -2y f=3 (3y ' -2y ) -2y f= -6y+7y1  

From the given Taylor series method, we get 

Second O&r Boundary 
Value Problems 

1 
For h = -, we get 

4 
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y;,, = -0.6875 yi + 1.96875 yi 

or, 
0.921875 0.361979 yi 

- 0.6875 1.96875 ] [y:] 
' Now, we solve the two initial value problems 

y; =3y; + 2 y ,  = o  * \  

,.y,(O)=O, ~ ; ( 0 ) = - 1  
and 

y>3y",2y2 = o  
yz(O)=l, y;(O)=l 

using the method given in Eqn.(30). 
Using y, (0) = 0, y; (0) = -1 and 

we get 
- 0.361975 - 1.046342 [ ] = [ - 1.96875 ] [:.I] = [- 3.6271 191 

Using y2(0) = 1, yi(0) = 1 
and 

we get 

From Eqn.(24), we get for b, = 1, b, = 1, and r2 = 2e+ 3e2 

= -1.064335 
Hence, we get 

y(x) = -1 .Of34335 y, (x) + 2.064335 y, (x) 
and 

y(0.25) = 3.035567, y(0.50) = 4.51431 8 

y(0.75) = 6.784388, y(l.00) = 10.294462 

Non-linear second order boundary value problem 

We now consider the non-linear second order differential equation 

subject to given boundary conditions. Since the boundary value problem is non-linear, 
we cannot write the solution in the form of Eqn.(l7). In this case we proceed as 
follows: 



, 

Boundary conditions of the first kind 

Here, we are given y(a) = r, and y(b) = r, . We assume yf(a) = s where s is arbitrary, 
and solve the initial value problem 

yW = f(x,y,yt)  
y(a) = r, , ..yt(a) = s (32) 

upto x = b using any numerical method. The solution of the initial value problem (32) 
at x = b denoted by y(b,s) should satisfy the boundary condition at x = b . Let 

$(s) = ~ ( b ,  s) - r2 (33) 
Hence, the problem is to find s, such that $(s) = 0 . 

Second Order Boundary 
Value Problems 

Boundary conditions of the second kind 

Here, we are given yl(a) = r, , yt@) = r2 . We assume y(a) = s , where s is arbitrary, 
and solve the initial value problem 

yW = f(x,y,yt)  
y(a) = s , yt(a) = r, (34) 

upto x = b using any numerical method. The solution of the initial value problem (34) 
at x = b denoted by y(b, s) should satisfy the boundary condition at x = b . Let 

$(s) = yt(b, s) - r2 (35) 
Hence, the problem is to find s, such that $(s) = 0 .  

Boundary condition of the third kind 

Here, we are given a, y(a) - a ,  yt(a) = r, and b, y(b) + b, y '(b) = r, we assume the 

. value of y(a) or yl(a) . If we take yt(a) = s , we get y(a) = (a, s + r) l a , .  We now 
: solve the initial value problem 

yn = f(x,y,yl)  
y ( a ) = ( a , s + r , ) / a , ,  y1 (a )=s  (36) 

upto x = b using any numerical method. The solution of the initial value problem (36) 
at x = b denoted by y(b. s) should satisfy the boundary condition at x = b . Let 

$(s) = b o  y(b,s)+blyl(b,s)-rz (37) 
Hence, the problem 1s to find s, such that +(s) = 0. 
The function $(s) in Eqn(33) or Eqn.(35) or Eqn.(37) is a non-linear function in s. We 
solve the equatlon 

$(s) = 0 (38) 
by using any iterative method to get the required solution. 
One of the iterative methods, the secant method of solving Eqn.(38) is given by 

S ( k )  - S ( k - l )  
= s ( k )  - I $(s(~)) ,  k = 1,2,. . . 

$(dk') - ( ~ ( s ( ~ - " )  
(39) 

where s"' and s'" are two initial approximations to s. To start the application of the 
secant method, we solve the initial value problem (32) or (34) or (36) for two values of 

s, that is s"' and s") . The iterations are stopped when I $ (s'*+") I <E where E is 

the given error tolerance. 

We illustrate the method with the help of an example. 

Example 8: Using the shooting method solve the boundary value problem 

Use the Taylor, series method 
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with h = 0.25 to solve the resulting second order initial value problem and the secant 
1 

method for iteration. Take s(O) = -, s(') = 0.1 and perform two ~terations of the 
2 

secant method. Compare the numerical solution with the exact solution 
y(x) = 1 /(2 - x) . 

Solution: We solve the initial value problem 
y" = 2yy '  

1 
y(0) = 7, yl(0) = do' = 0.5 

using the given Taylor series method with h = 0.25 . We get 
y" = 2(y')2 + 2y y" 

i = 0 :  x=O, yo =O.5, yb 3.0.5, y: ~ 0 . 5 ,  y r = 1  

(0.25)' 
yI  = y o  + 0.25 yb + - (0'25)3 y; = 0.643229 

2 Y; +6 

From Eqn.(33), we get 
+(s'O') = y(l, S'O)) - 1 = 0.626956 

We now solve the initial value problem 
y" = 2yy1 

1 
y(0) = -, y ' ( ~ )  = s"' = 0.1 

2 
using the given Taylor series method with h = 0.25 . We get 
i = O :  x=O, yo =0.5, yb =O.l, y",O.l, y t=0 .12  

(0.251, 
Y ,  = y o  +(0.25)yb +-y; +Fy; =0.528438 

2 



Second Order Boundary 

(0'25)2 y; = 0.168298. y i  = y; + (0.25) yr + - Value Problems 
2 

i = 2:  x2 = 0.5, y, = 0.565339, y; = 0.168298, y; = 0.190291, Y; = 0.271806 

I 

(0'25)2 y 
= 0.224365 y; = y; + (0.25) y; + - 

2 
- 0.75, y, = 0.614068, y; = 0.224365, y; = 0.275550, Y; = 0.439092 i = 3 :  x, - 

I (0'25)3 y; = o.679914 
y4 = y 3  +0.25y; +- 

2 
Y; +6 

t 
I y& = y; + 0.25 y; + - (".25)2 y; = 0.306974. 

I 
\ 
\ 

2 
From Eqn.(33), we get / 

$(s"') = y(l,s'") - 1 = -0.320086 

i From Eqn.(39), we get 

1 s (2 )  = s ( ~ )  - $(s(')) = 0.235194 
i 
! 
I Now we solve the initial value problem 
i yR = 2yyf 

i 
i 

1 
y(0) = -, yf(0) = s'" = 0.235 194 

2 
using the given Taylor series method with h = 0.25 . We obtain 

1 
i = 0 :  y --, yb = .235194, y i  =0.235194, y t  ~0.345826 

O-2 
y, = 0.567049, yl = 0.304800. 

i = 1 y, = 0.567049, yi = 0.304800, y l =  0.345673, y; = 0.577833 

y? = 0.655556, y; = 0.409276. 

i = 2  : x? = 0.5, y2 = 0.655556, yi = 0.409276, y; = 0.536607, y; = 1.038566 

y, =0.777349, y; =0.575883 

i = 3 :  X ,  = 0.75, y, = 0.777349, y; = 0.575883, y; = 0.895324, y; = 2.055241 

y4 = 0.95465 1, y', = 0.863940 

From Eqn.(33), we get 
$ ( s (~) )  = Y(l,s(2)) - 1 = -0.045349 

from Eqn(39), we get 

Now, we solve the initial value problem 
Y R  = 2y yf  

1 
y(0) = -, yf(0) = so' = 0.2575 10 

2 
Using the given Taylor series method with h = 0.25 . We have 



Numerical Solutions 1 = 2 : X ,  = 0.50, y2  = 0.670660, y; = 0.450574, y; = 0.604364, Y: = 1.216679 
of ODES 

y, = y(0.75) = 0.805358 y; = ~'(0.75) = 0.639686 

y, y(l .O) = 1.00393 1, yl, = y'(1 .O) = 0.9747 12. 
Exact solution is given by 

1 
Y(X) = - and 

2 - x 
~(0.25) = 0.571429, y(0.50) = 1 

~(0.75) = 0.8, y(1 .O) = 1 
The exact value of s = yl(0) is 0.25 . 

You may now try the following exercises. 

E6) Find the solution of the boundary value problem 
x2 y n - 2 y + x = ~  

~ ( 2 )  = 0, ~ ( 3 )  = 0 
using the shooting method. Use the Taylor series method 

YI+, = Y I  + h Y: 
with h = 0.25 to solve the resulting initial value pioblems. 

E7) Find the solution of the boundary value problem 
y " ='2y - y ' 
y(1) = 2e + e-2, y(2) = 2e2 + e-, 

using shooting method. Use the Taylor series method 

1 
with h = - to solve the resulting initial value problems. 

3 

E8) Using shooting method solve the boundary value problem 
y " = y  , y1(0)=3 , y1( l )=e+2/e  

Use the Taylor seties method 

1 
with h = - to solve the resulting initial value problems. 

4 

E9) Solve the boundary value problem 
y R = x y + l  

Y(O)+Y'(O)=~, y( l )=l  
using shooting method. Use the Taylor series method 

L 

with h = 0.25 to solve the resulting initial value problems. 



E 10) Use shooting method to solve the boundary value problem 

use the Taylor series method 

with h = 0.1 to solve the resulting initial value problems and the secant method 

for iteration. Take s(O) = -1.8, s(') = -1.9 and perform two iterations of the 
secant method. Compare the numerical results with the exact solutions 

-- 

We now end this unit by giving a summary of what we have covered in it. 

10.4 SUMMARY 
In this unit we have discussed the following points: 

1. A second order differential equation 
yW = f(x,y,yl) 

with one of the three kinds of boundary conditions 

(i) first kind : y(a) = r, , y(b) = r2 

(ii) second kind : yt(a) = r, , yl(b) = r2 

(iii) third kind (mixed kind): a,y(a) - a,yl(a) = r, 

boy@) + b,y1(b) = r2 
is called a boundary value problem (bvp) of first kind, or second land, or third 
kind respectively. The points x = a and x = bare called boundary points. 

2. The bvp is linear if f is linear in y and y' . The bvp is called non-linear if it is 

non-linear in y andlor y' 

b - a  
3. We divide the interval [a, b] into N + 1 subintervals of equal length h = - 

N + l  
We obtain the nodal points x,, x, , . . . , x ,+, , where 

X, = a  

X ,  =x,, +ih , i=1,2 ,..., N ,  xN+, = b  

The solution of the bvp is obtained at these nodal points. 
4. In finite difference methods of solving a bvp, we replace y' and y" by some 

difference approximations at each nodal point. In corporating the boundary 
conditions, we obtain a system of N equations for bvp of first kind and a system 
of N + 2 equations for bGp's of second and third kind. The system of equations 
is linear for a linear bvp and non-linear for a non-linear bvp. We solve this 
system of equations using some direct or iterative method. 

5 .  In shooting method of solving a b y ,  we convert the given bvp to an IVP by 
assuming one of the following conditions: 
(i) y'(a) = s , for bvp of first land 
(ii) y(a) = s , for bvp of second kind 

(iii) y(a) = s , or, yt(a) = s , for bvp of third kind 
we generally take s = 0 or s = 1 
For linear bvp's, we solve two IVP's 

Y T  + P(X) YI  + q(x) Y1 =r(x) 
and ~2 + P(X) Y; + 9(x) Y 2 = '(XI 
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of ODES ( i )  bvp of first kind : y, (a) = r, , y; (a) = 0 

y,(a)=r, 7 y',(a)=l 

(ii) bvp of second kind : y, (a) = 0 , y; (a) = r, 

y,(a)=l 9 y',(a)=r, 
(iii) bvpofthirdkind: y,(a)=O, yl(a)=-r , /a ,  

y,(a)=l  9 y',(a)=(ao - r , ) / a ,  
using any singlestep method. 
We write the solution of the bvp as 

y(x) = AY , (x) + (1 - A) Y 2 (x) 
and determine h , so that the boundary condition at x = b is satisfied. We then 
determine the solutions values from the above equation for y(x) . 
For non-linear bvp's, we again assume y(a) = s or yl(a) = s and solve the 

given differential equation upto x = b using two different values of s , say do) 
'and s(l) . We use secant method iteratively to determine s ( ~ ) ,  k = 2,3,. . ., so 
that the boundary conditions at x = b is satisfied to the required accuracy. 

10.5 SOLUTIONSIANSWERS 

El) We obtain from the differential equation 
2 2 y i+ , - (2+h  )yi+yi- ,  = h  x i ,  i=1,2  ,.,. 

1 1 
a) h = - ,  xo =O,x,  =-, x2 =1, yo =0,  y2 = O , i = l ;  

2 2 
y, e ~(112)  = -1118 = -0.055556. 

b) h =1/3, x, =0,  x, =1/3, x2 =2 /3 ,  X, = I ,  yo =O, y3 =0,  
i = l  and i = 2 ;  
y , c y(l / 3) = -0.044048, y2 = y(2 1 3) = -0.05 5952 

E2) We obtain from the differential equation 

X: yi+l -2(xf + h 2 ) Y i  + X: Yi-l =-xih2,  i =1,2, ... 

a) h=1 /2 ,xo  =2,x ,  = 5 / 2 , x 2  =2,y0 =0 ,y2  =O,i=l ;  

y, c y(5/2)=1/8=0.125.  

b) h =1/3,x0 ==2,x, = 7 / 3 , x 2  =8/3 ,x3 =3,y0 =0,y3 =O,i =1,2; 
y, ~y(l/3)=0.140777, y2 =y(2/3)=0.165049. 

E3) We obtain from the differential equation 
3h 

yi+, - 2yi + yi-, - -(yi+, - yi-,) + 2h2yi = 0, i = 0,1,2,. . . 
2 

(40) 

For h = 1 / 2 ,  weget x, =O,x, =1/2 ,x2 = l .  Weneed tode tmine  yo ,y , ,y2 .  
2 From boundary conditions, we get y-, = 1 - 2yo + y , , y, = y, - y2 + 2e + 3e . 

We obtain on eliminating y-, and y, from the equations obtained from 
Eqn.(40) for i = 0,1,2 and solving the resulting system of equations 

yo c y(0) = 1.593159, y, = ~(112)  = 3.107898, y2 = y(1) = 7.495274. 

E4) We obtain fiom the differential equation 
(yi+, -2yi +yi- ,)-hyi(yi+,  -yi-,)=O, i=1 ,2  ... 

a) For h = l / 2 ,  weget x, =0,  x, =1/2, x2 = l , y o  =y(O)=1/2, 



y2 = y(1) = 1, i = 1; we obtain y, = y(l12) = 2 13 . 
b) For h = 1 / 3 ,  weget xo =O,x, =1/3,x2 =2 /3 ,x3  =1, 

yo = y(0) = 11 2, y, = y(1) = 1, i = 1,2. We obtain the system of non- 
linear equations 

~ , C Y , , Y , ) = ~ Y , Y ~  +llYI - 6 ~ 2  - 3 = o  

~ , ( Y , , Y ~ ) = Y , Y ~  + 3 ~ ,  - 7 ~ 2  + 3 = O  

Using Newton-Raphson method with y[O' = 0.6, y?' = 0.8, we obtain 

Y i" = 0.6, y;' = 0.75, y12' = 0.6, yy' =0.75 
Hence, 

y, =y(lI3)=0.6, y, =y(2/3)=0.75. 

E5) We obtain from the differential equation 

1 1 
a) For h=- ,weget  xo =0 ,  x, =-, x, =1, 

2 .  2 
yo = y(0) = 4, y2 = y(1) = 1, i = 1 . We obtain the non-linear equation 

3 
f(y,)=-y: +8y, -20=O 

2 
Using Newton-Raphson method with ylO' = 2 ,  we get 

y[" = 1.857143, yl2' = 1.854887, y13' = 1.854887 

Hence y, = y(112) = 1.854887. 
1 1 2 

b) F o r h = - , w e g e t  x o = O , x , = - , x , = ~ , x , = l  
3 3 

yo = y(0) = 4, y, = y(1) = 1, i = 1,2. We obtain the system of non-linear 
equations 

f , (y , ,y , )  = Y: +12Y, - 6 ~ 2  - 2 4 = 0  

f,(y,,Y,)=y: -6Y, +12Y, - 6 = O  

Using Newton-Raphson method with y:') = 2.5, Y?) = 1.5, we obtain 

y:" = 2.302455 , y!' = 1.469866; 

E6) We solve the two initial value problems 
2 

(1) Y ; = ~ Y ,  - x  , y1(2)=0, Y ; ( ~ ) = O  

2 
(ii) , Y " , ~ Y ,  -x  , y2(2)=0,  ~ ; ( 2 ) = 1  

X 

using the given method with h = 0.25 . We obtain 
y, (2.25) = -0.0625 , yi(2.25) = -0.5 

y, (2.50) 2 -0.258584 , y; (2.5) = -1.068673 

y, (2.75) = -0.606463 , y; (2.75) = -1.714360 

y, (3.0) = -1.126003 , y;(3.0) =-2.441957 

and 
y, (2.25) = 0.1875 , y', (2.25) = 0.5 

y, (2.50) = Q.244502 , y', (2.50) = -0.043982 

Second Order Boundary 
Value Problems 
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y, (2.75) * 0.157827 , y; (2.75) * -0.404920 

y, (3.0) * -0.028036 , y; (3.0) * -1.081985 

From y(3) = 0 = h y, (3) + (1 - h) y, (3), we obtain h = -0.025534. 
From y(x) = h y, (x) + (1 - h) y, (x) , we obtain 

y(2.25) = 0.193884 , y(2.50) = 0.257384 , 
y(2.75) = 0.177342 , y(3.0) = 0. 

E7) We solve the two initial value problems 
( i )  y ; + y ; - 2 y l = 0  , yl( l )=2e+e-2 , y;(l)=O 

(ii) y ; + y ; - 2 y 2 = 0  , y2(l)=2e+e-2 , y;(1)=1 
1 

using the given method with h = - . We obtain 
3 

y1(4/3)=6.122210 , , y;(4/3)=3.095499 

y, (513) a 7.644058 , y; (5 13) = 5.980810 

yl(2)10.171119 , y;(2)*9.230707 
and 

y, (413) = 6.418506 , y; (413) = 3.928833 

y, (5 13) = 8.216531 , y; (513) = 6.839864 

y, (2) 2 1 1.054667 , y; (2) = 10.264626 

From Eqn.(20), with r, = 2e2 + e4 ,  we obtain h = -4.23927 . Using 
y(x) = hy, (x) + (1 - h) y, (x) we obtain 
y(4/3) * 7.673298, y(5 13) * 10.640912, y(2) = 14.796428. 

E8) We solve the two initial value problems 
(1) y ; = y ,  , y,(O)=O 3 ~ ; ( 0 ) = 3  

(11) y ; = y ,  9 y,(O)=l ? ~ ; ( 0 ) = 3  
1 

using the given method with h = - . We obtain 
4 

y, (0.25) = .757813 , y; (0.25) = 3.09375 
y, (0.59) = 1.562989 , y; (0.50) = 3.379883 

y, (0.75) * 2.465605, y; (0.75) = 3.876252 

y1(1.0)*3.521813 , y;(1.0)=4.613796 
and 

y2 (0.25) * 1.789063 , y', (0.25) * 3.34375 

y2 (0.50) * 2.689616 , y; (0.50) * 3.895508 

y, (0.75) * 3.757688 , y; (0.75) * 4.689647 

y2 (1 .O) * 5.059740 , y; (1.0) * 5.775620 
Using Eqn.(22) with r2 = e + 21 e = 3.454041, we get 

Hence, from y(x) = h y, (x) + (1 - h) y, (x) , we obtain 
y(0.25) = -0.271600 , y(0.50) = 0.438369 
~(0.75)  * 1.1 75823 , y(1 .O) r; 1.986625 

E9) We solve the two initial value problems 
(i) y ; = x y , + l  , y,(O)=O , yI(O)=l 
(ii) y ; = x y Z + l  , y2(0)=1 , y;(O)=O 
using the given method with h 0.25 . We obtain 

y, (0.25) * 0.28125 , y; (0.25) * 1.25 



y,  (0.50) = 0.628745 , yi (0.50) = 1.536148 

y,(0.75)=1.057494, y1(0.75)=1.908392 

y,  (1.0) = 1.597108 , y; (1.0) = 2.434447 

and 
y, (0.25) - 1.033854 , y\ (0.25) - 0.28125 

y, (0.50) - 1.146369 , yb (0.50) - 0.630371 

~ ~ ( 0 . 7 5 )  - 1.356930 , yi(0.75) - 1.069341 

y, (1 .O) z 1.692941 , y i  (1 -0) - 1.64 1232 

Using Eqn.(24) with b, = 1, b, = 0 and rl = 1,  we get 

Second Order Boundary 
Value Problems 

Hence, from y(x) = h y, (x) + (I - h) y, (x) , we get 
y(0.25) z -4.408010 , y(0.50) z -2.596422 

~ (0 .75 )  - -0.808206 , y(l .O) = 1 

E10) We solve the two initial value problems 

(i) ~ ; = 6 ~ f  , y, (0)=1 , y1(0)=~ '0 '=-1 .8  

(ii) y: = 6 y I  , yl(0) = 1 , y\(O) = s(') = -1.9 
using the given method with h = 0.1. We obtain 

y ,  (0.1) - 0.8464 , y; (0.1) = -1.308 

y, (0.2) - 0.734878 , y; (0.2) - -0.94459 

y ,  (0.3) = 0.655232 , yi (0.3) = -0.578913 

and 
~ ~ ( 0 . 1 )  z 0.8362 , yi(0.1) - -1.414 

y, (0.2) 2 0.713412 , y i  (0.2) = -1.065405 

y, (0.3) = 0.620620 , y; (0.3) 2 -0.805635 

From Eqn.(39), we obta~n s(') = -1.983504. 
We now solve the initial value problem 

y " - 6  3 - ~3 r ~ 3 ( 0 ) = 1  Y ; ( O ) = ~ ( ~ )  

and obtain 
~ ~ ( 0 . 1 )  - 0.835616 , y;(O.1) - -1.502520 

~ ~ ( 0 . 2 )  = 0.703801 , yi(O.2) - -1.158899 

y3 (0.3) = 0.601 140 , y; (0.3) - -0.910636 

From Eqn.(39) we obtain d3' = -2.023909 
Exact value of yl(0) = -2. 
Finally, we solve the initial value problem 

y" = 6 y' , y(0) = 1 , y'(0) = -2.023909 
and obtain 

y(O.1) = 0.823561 , y(0.2) = 0.686829 , y(0.3) = 0.577837 
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Newton-Raphson Method for System of Nonlinear Equations 

We now extend the Newton-Raphson method derived for the single eqution f(x)  = 0 
to a system of nonlinear equations. We first consider a system of two nonlinear 
equations in two unknowns as 

f(x,y)=O 
~ ( X , Y )  = o  (A]) 

Let (x, , y , ) be suitable approximation to the root (6, q) of the system (Al). Let Ax 

be an increment in x, and Ay be an increment in y, such that (x, + Ax, y c +  Ay) is 
the exact solution, that is 

f (x,  +Ax, y, +Ay)=O 

B ( X ~  +Ax,  Y k  + A ~ ) ~ o  
Expanding in Taylor series about the point (x, , y , ) , we get 

Neglecting second and higher powers of Ax and Ay , we obtain 

- f (x , , y , )+Ax  f , (x, ,y ,)+Ay f , (x, ,y ,)=O 

g(x , ,y , )+Ax g , (x , ,y , )+Ay g , ( x k , ~ k ) = O  (A21 
where suffixes with respect to x and y represent partial derivatives. Solving 
Eqn.(A2) for Ax and Ay , we get 

where - -Dk =fx(xk,~k)gy(xk,~k)-gx(xk9~k) f Y ( x k , y k ) .  
i A  

Weobtain x,,, = x k  +Ax,and  y,,, = y k  +Ay .  
Writing the Eqns.(A2) in matrix form, we get 

f x ( x k 9 ~ k )  f y ( x k 7 ~ k ) ]  [ z ]  - - [ f ( x k , ~ x ) ]  

~ , ( x , , Y , )  g Y ( ~ k , y k )  g ( x k , ~ k )  

The solution of the system (A3) is 

AX=-J;' F(x,,Y,) 
- I  

where J;' = f y  ] =$ [!ix 
g y  (, , . ,k)  ( ~ k . Y k )  

Therefore. we can write 



where x'" = [ x ' ~ ) ,  y'k)]T, F(x(~) )  = [ f (xk ,  yk  1, g ( ~ k , Y k ) ] T  
This method can be easily generalized for solving a system of n equations in n 
unknowns 

f l ( ~ , , ~ , , . . . , x n ) = O  

f2 (x I ,~ , , . . . . ,X11)=0  
... ... 

Second Order Boundary 
Value Problems 

f l l (~ , ,XI , . . . ,XI1 )=O 
or, F(x) = 0 

T where x = [ x , , x  ,,..., x,,] ,F=[ f , , f ,  ,..., f,,]' 
If x'O)  = [ X  I(0),  x . . . , x I1(o)]T is an initial approximation to the solution vector x , 
then we can write the method as . 

X ( k + ~ )  = X(k) - J;' F(x(~))) ,  k = 0,1,. . . (A61 
where 

[af, lax, a f , / ax ,  -.. 8, lax.] 

is the Jacobian matrix of the functions f,  , f, , . . . , f,, evaluated at x ( ~ )  . 
\ 
Note that the matrix J;' is to be evaluated for each iteration. We can also write the 
method as 

J k  (x(~+')  - x(k)) = -F(x(~)) w 7 )  

Or, J k  E(k) = -F(x(~)) (AS) 

where, €(k) = X(k++')  - x(k) is the error vector. 

We solve it as linear system of equations (by a direct method if the system is small and 
by an iterative method if the system is large) for each iteration. 

-X- 



Numerical Solutions 
of ODES PRACTICAL ASSIGNMENTS 

;, Session 3: 

1. Write a program to solve the boundary value problem 
yR + p(x) y = r(x), y(a) = a ,  y(b) = P , a  I x I b , using a second order finite 
difference method. Input h . 

2. Write a program to solve the boundary value problem 
a(x) y" + b(x)yl + c(x)y = r(x) , y(a) = a ,  y(b) = P , a 5 x I b , using second order 

central difference approximations to both y" and y' . Input h . Test your 
program on exercises E4) and E5). 

3. Write a program to solve the boundary value problem 
a(x)yR + b(x)yl + c(x)y = r(x) , y(a) = a ,  y(b) = P, a 2 x I b , using shooting 
method. Use Taylor series method of second order to solve the corresponding 
initial value problems. Test your program on Example 6 and E6). 




