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6.1 INTRODUCTION

. d
In the course on elementary calculus you must have studied an operator D = g
X

which when applied to a function f(x) possessing derivative, transforms it to a
function f'(x)=g(x) (say). Further, through your knowledge of differential equations

you could realize the importance of this operator in solving linear differential
equations with constant coefficients. In this unit, we introduce another transformation
that is 2 mapping of functions onto functions that has turned out to be very useful in
solving initial value problems involving linear ordinary differential equations with
constant coefficients and partial differential equation with constant coefficients with
special reference to three fundamental equations of mathematical physics. An
interesting feature of this new operation termed as Laplace transform is that it
replaces a problem of differential equations into an algebraic problem. This transform
was first introduced by Laplace (1749-1827), a French mathematician, in the year
1790 in his work on probability theory. It became popular when Heaviside applied it
to the solutions of the ordinary differential equations representing problems in
electrical engineering. It is also useful in problems where the (mechanical or
electrical) driving forces have discontinuities, forces acting for a short time only or are
periodic and not merely sine or cosine functions.

In Sec.6.2 we start the discussion by giving the definition of Laplace transform. We
have given an integral definition which transforms a given function f(t) into another
function F(s), of the transform parameter s and stated the sufficient conditions for
the existence of the transform. Laplace transforms of some elementary functions as
‘well as some special type of functions and various properties of Laplace transforms
are also discussed here. In Sec.6.3 we have concentrated on the inverse problem i.e.
knowing the transform F(s) of a function f(t), to find f(t). We have defined
.inverse Laplace transform, stated its properties and illustrated them through examples
in this section. Finally, in Sec.6.4 we have discussed the applications of Laplace
transform to initial and boundary value problems corresponding to various physical
situations. At the end of the unit, a table of Laplace transform of commonly used
functions is given in the appendix for ready reference.

Objectives

After studying this unit you should be able to

define the Laplace transform and inverse Laplace transform of a function;
derive the Laplace transforms of elementary functions; ‘

derive general properties of Laplace transform and inverse Laplace transform;

use the Laplace transforms of elementary functions and general properties to
obtain the Laplace transform of a given function;
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_restriction of f(t) being O(e™) one can write

¢ use Laplace transform method to obtain solutions of initial and boundary value
problems.

6.2 LAPLACE TRANSFORMS

We start with the definition of Laplace transform.

Definition: Let f(t) be a function of t defined for t >0. The Laplace transform of |
f(t), denoted by L[f(t)], is defined by the integral operation

LIE(t)]= j e (t)dt. (M

The integral in Eqn.(1) is a function of the parameter s which may be real or complex,
and is denoted by F(s). Accordingly,

LIf(D]= J' e*f(t)dt = F(s). 2

The Laplace transform of f(t) exists if the integral in Eqn.(1) exists, i.e., the integral
converges for some value of s. .

Remark:
(i) Symbol £ is called the Laplace transform operator.
(i)  Generally, the transform will exist for more than one value of the parameter s.

(iii) There is one to one correspondence between f(t) and F(s), and the relation
transform f(t), a function of t into a function of another variable s.

(iv) The operation defined above, which yields F(s) from a given function f(t) is
called Laplace transformation.

The definition of Laplace transform as given in Eqn.(1) involves improper integral that
need not converge. For the purpose of clarity let f(x) be a positive function forx > 0.

b

Keeping in view the geometrical interpretation of Jf (x)dx , we find that for
£(x)>0,x >0, Eqn.(1) represents the area under the positive curve f(x)e ™™ and .
above the x-axis. If this area fails to be finite we remark that the integral

L]

J.e‘“ f(x)dx does not converge. Alternatively, the integral diverges. This can also
0

be expressed by saying that in the divergent case integrand f(x)e™™ fails to approach
zero fast enough to yield a finite area. In order to achieve this we restrict f(x) to be

sufficiently damped. The following definitions help clarify the terminology of
sufficiently damped.

Functions of Exponential Order

Definition: The function f(t) is said to be of exponential order as t — oo, if there
exist positive constants M and o and a number T > 0, such that

[f(t)] <Me®, t2>T (3)
In order to emphasize the occurrence of a in Eqn.(3) we say that f(t) is of the order

of e™ ast—>o . This can also be written as f(t) =O(e™), t - co. Under this

0 T ]
L] = j e f(t)dt = J.e"s'f(t)dt+ J' e f(t)dt

0 T




The first integral on the rhs of Eqn.(4) always exists and the second integral also exists
because of the inequality

mﬂe-“f(t) |dt < ij e¥e™dt =Mexp[- T(s - )]/ (s - ) (5)

T T

For s> a, the expression on the extreme right of Eqn.(5) tends to zero as T—» 0.
Consequently, we have proved the following result summed up in the form of a
theorem.

Theorem 1: If the integral of e * f(t) between the limits zero and T exists for every

finite T and if f(t) is of exponential order f(t)=0(e™) as t —» o, the Laplace

transform of f(t) i.e., L[f(t)]= je‘“f(t) dt = F(s) exists for s >a..

0
Let us consider the following examples.
Example 1: Show that the following functions are of exponential order.
(a) f(t)=t (b) f(t)=7cost (c) 3e ™
Solution: In order to prove that all the three functions are of exponential order we
have to find the values of M,a and T for each of the functions
(a) f(t)=t; |t|<e'; (=1, M=1and T >0)
(b) f(t)=7cost, |7cost| <7e';(a=1, M=7, T>0)

(c) f(t)=3e™ ;]3¢ | <3e' (a=1,M=3,T>0)
sk ak
Example 2: Show that the function e is not of exponential order.
Solution: In this case it is not possible to determine M,a and T e;s the function
grows faster than e for any'positive constant ¢ such that t>c>0.

* ok %k

Thus, you have seen that if the function f(t) is of exponential order then the improper
integral in Eqn.(1) defining the Laplace transform of f(t) converges. However, there
exist the following possibilities under which the integral (1) may not converge:

(i)  f(t) has infinite number of points of discontinuities
(ii)  f(t) may become unboun‘jed near a point of discontinuity

In order to avoid the above two situations we assume f(t) to be sectionally continuous
or piecewise continuous function.

Piecewise Continuous Functions

Definition: A function f(t) is said to be piecewise continuous on an interval [a,b], if

the interval is such that it can be subdivided into a finite number of sub-intervals such
that f(t) is continuous in each subinterval and f(t) has finite limits as t approaches

either end points of each subinterval from the interior.

For the purpose of clarity let t; =0<t, <t, <...t, be the points of discontinuities.
Then f(t) 1s continuous in the open intervals
10,6, 1t 650 15, 5. Ity t [ 1t oo and lim f(t) (i.e., left handed limit), lim

t—>t; . '

(i-e., right handed limit) are finite at each point t; .

.
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_Fig.1(a) gives the graph of piecewise continuous function and 1(b) gives the piecewise
discontinuous function.

£(t), £(t)

1

~Y

@ Fig.1 ®)

The above discussion leads us to the following theorem.

Theorem 2: If f(t) is piecewise continuous for t 2 0 and is of exponential order for

some positive constant ¢ and for t 2T then L[f(t)]= Ie"‘f (t)dt exists for s >c.

0
It is worth remarking here that the conditions of the above theorem for the existence of
L[f(t)] are sufficient but not necessary. This means that even if these conditions are

not satisfied, Laplace transform of functions exists.
—l

For instance, the function f(t)=t 2 which is infinite at t=0 is not p1ecew1se
continuous over the domain t>0 but JL[f(t)] exists:

-1
,[’[tz ]: je‘s‘tZ dt
0
Substituting t=2z2, dt=2zdz, when t=0,z=0,t — 0,z —> 0, we get

I(t;lzij‘e'“
]

Putting u:,[gz, du=\/;dz, z=0,u=0,z—> o0, uam,wéggt

-1 ©
. — 2 2 n
LIt |=—=]e " du=,—-,s>0.
[ ] J?J Vs

Without mentioning, we shall assume function f(t) as piecewise continuous and of
exponential order throughout our discussion in this unit.

Using the definition of Laplace Transform (LT) as given in Eqn.(1) we take up below
the LT of some elementary functions.

6.2.1 Transforms of Some Elementary Functions

As the transforms of some functions such as exponential, trigonometric, polynomial
etc. will be entering into our future discussion quite frequently, we determine the
transforms of such functions, using the definition of the transform.

1. JLe™]

Using the definition of Laplace transform we can write

Le"]= u]‘e'“ (e*)dt= Te‘("')’dt

0 0



For s<a, it is clear that the above integral diverges. For s>a, the integral Laplace Transform
: : Methed

_ a(sma)
converges. In fact, it assumes the value {—:l =0+
[}

s—a s—a
Thus, . L(e™)= , s>a. | ©)
s—a
For a=0,. J(l):(lj, s>0 %)
s
L[cos at]

By definition, .{[cosat]= Ie's‘ cosatdt
0
Integrating by parts, we have

@ . ©

- - asinat —scosat S

Ie st cosatdt=|:e St[———]] =0+—, s>0
2 2

: a’+s 0

Alternatively, through the theory of operator

I e * cosatdt = le"' cosat=¢* cosat=¢ ™ D cosat
D "D-s D? _s?
=e™ ?1—2){—asin at +scosat}
-@°+s
s
ThUS, J[COS at] =m »S >.0 (8)
. e™(acos at +ssin at) | a
Similarly, -{[sin at] = T =——, >0 )
‘ -(@" +s7) o (@ +s%)

L[t"],nel”
By definition, {[t"]= Ie's‘t“dt =1, (say)
0

st \* w n-b g -st ®
I, = [t } _[m (€ 4 0+3Ie"s‘t“"dt, $s>0
=s)), § (9 s

']

- Now, I, = n“11n_2 =["_1] L[t"?]
S

s
continuing, we get
n(n-1)(n-2)...3.2.1

I = Lt°]
S
But,,f[to]:,['(l)——l—
S
!
Therefore, L[t" ]— —»8>0. (10)
f, O0<t<3

o [F(t)] where F(t)={4 ‘s 3

L[F(t)]= ‘]‘ e *F(t)dt = ]e's‘t dt+ ?4e"'dt

(] 0 3




Partial Differential

Equations

F(t)

4J
31
21

1

F(t) =t

—

0

10

1

2 3 4
Fig.2

t

=8) ], ;9 -s ),
e (b 4.
=[e ]—O—F(e )f,-:{o—eﬂ.

1 e -3s e ~3s

—— 48 an
s? s s?

The graph of F(t) is shown in Fig.2,

5.  JL[sinhat]

By definition .{[sinhat]= [ e sinhatdt

1l
NI,_. S 8 © .8
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L)
e Medt - J'e"‘e"" dt}

0

=%’{J[e" ]-Le™ ]}
=l{—1- - —1—}, if s>a and s> -a
2|s—-a s+a
=— , if s> |a|
s"—a
Hence  |sinh at]=———,if s>|a| (12)
$ —a
Similarly, £[cosh at]=———, if ‘s> |a| (13)
S —a

Once we know the transforms of these elementary functions, nearly all the transforms
we shall need can be obtained with the use of some properties which we shall consider
in the next section.

6.2.2 Properties of Laplace Transforms

In order to appreciate the usefulness of Laplace transform we develop below certain
properties associated with it.

—

Linearity property

If £(t) and g(t) are functions having Laplace transforms and a, b are real arbitrary
constants, then

oL [af(t) + bg(t)| =a L [f(t)] + b L [g(1)]. ‘ (14)
Proof: Using the definition of Laplace transform, k

Laf(t) + bg(t)]= °]'[af(t) +bg(t)]e ™ dt

V]
»n

=aje-°"f(t)dt + bje-S‘g(t)dt
[1]

=aL[f(t)]+bL[g(t)].

The above result states that the Laplace transform is a linear operator on the set of
functions possessing Laplace transforms.

_U_




First Shifting Property Laplace Transform
Method
If F(s) = L[f(t)] and a is any real number then
A [e*f(t)]=F(s —a) (15)

Proof: Using the definition of Laplace transform

LI ()] = J' ee* f(t)dt = je““‘”‘f(t)dt, s>a
0 0
Putting (s —a) =r, we get
L[e*f(t)] = j'e‘“f(t)dt =F(r)=F(s - a)
0
In words this property means that the multiplication of a function f(t) by e™ shifts its
transform to F(s —a) . This property is also termed as Translation theorem.

— D ——

4 Second Shifting Property

If L[f(t)]=F(s), then

oL [u, () f(t — a)|=e "F(s) 16)
0, 0<t<a e
i where, u_(t)= {] t>a is the unit step function.
] Proof: Using the definition of unit step function we can write
Of(t-2) 0 , O<t<a
u -a)= ‘

{ ! f(t-a), t>a

The Laplace transform of u, (t) f(t ~ a) can be expressed as
r Lu, () f(t-a)]= j'e“‘ O)dt + Ie““f(t -a)dt

0 a
a0

=0+ J'e‘s'f(t—a)dt
a
Putting c =t —a, we get do =dt, when t=a, 6 =0 and for t - 0, c — o Hence

LIu, ()F(t-a)]= [e " f(c)do=e F(s)
[}

. —o—
Multlplication by Powers of t
If L[f(t)]=F(s),thenfor nel” 20
LIEO1= (D" F 0= ()" SoF) 17)
s

Proof: From the definition of Lapalce transform we have ,

F(s)= J' e M f(t)dt
. : ~
Differentiating the above equation w.r.t. s, we get

dF =F'(s)= J'(—t)e‘“f(t)dt =~ L[tf(1)]
ds ;

:5.2 F(S) = i_ (;[e—Sl f(t)dt = (;[(_t)l C—St:f(t)dt

F'(s)= >
ds”

= [e™ @ r@)de= L1 1(0)]
Q
continuing the above process we obtain 4 11




Partia) Differential d" d"F(s)
Equations ds"

=F"(s)= ()" j "™ f()dt = (-1)" L (D))

—_— D _—
Division by t

If L[f(t)] =F(s) and —= ( ) is bounded for t >0, then

L {;f(t)} = I F(s)ds (18)

Proof: From the definition of Laplace transform

F(s) = LIE(t)] = je'“f(t)dt

o

jF(s)ds = J’ j S (t)dt ds

s 0
Interchangmg the order of integration in the above equation, we get

0]‘ F(s)ds = dj{vj. e's‘dsJ f(t)dt

0 H
Performing integration w.r.t s of bracketed term on the r.h.s, of the above equation,

we get
IF(s)ds— j{ t ] f(t)dt = I(0+e"‘ @J dt

0 0
Thus, from the definition of Laplace Transforms

L [@} = jF(s) ds

Transform of Derivative

~St

This property is summed up in the form of the following theorem: -
Theorem 3: If f(t) satisfies the following conditions:

(i) it is continuous and possesses a piecewise continuous derivative
(ii)) both f(t) and f'(t) are of exponential order as t — o, then

L [F()] =s L [f(©)] - 1(0) (19)

Proof: Using the definition of Laplace transform we can write

LIE(D)]= Ie's‘f'(t)dt
0
Performing integration by parts, we get

B
- m{ =twf +sf e"s‘f(t)dt}
- lim e P£(B)}- £(0) + s LIF(1)]
|£®)|

Since f(P) is of exponential order as B';;oow

Now, lim|e™f(B)|< lim|e™

‘s”M e®® = limMe P [ref Eqn.(3)]

oo

lim| e
Bow
Ifs>a, gimMe (s-a)f —)0

Consequently, gim e *fP)>0
12 —> 0




Hgnce, Laplace Transform
~ LIEM]=sL [1()] - £(0) ; Method

Eqn.(19) is termed as the fundamental operation property of Laplace transform that

can be easily generalized for Laplace transform of nth derivative

L)) =sLf'(1)] - £(0) [using Eqn.(19))
=s{sLf(1)] - £(0)} - £'(0)
=s2L[f(t)] - sf(0) - £'(0) (20)

continuing this process we can write
LI ())=s"Lf(t)]-s"'(0) - s" ' (0) - ~sf*D(@0) - £V (1)

— D —_—
Integral Property
If L[f(t)] =F(s), then

L { Jf(t)dt} e, (22)
. S

Proof: Introduce another function g(t) as defined below:

u

g0 = [flc)dr, g@=0

Differentiating above equation w.r.t. 't', we get

g'(ty=£(t)
.On taking Laplace transform of this equation and using the result of Theorem 3, we
get -
t
L1g ()] =5 Lg(t)] - g(0) = sx{ | f(r)dr} -0=F)
0
Thus,
t
L [f(yde= LON
: s

Convolution Theorem

Definition: If functions f(x) and g(x) are piecewise continuous on [ 0,[, then the
convolution of f and g denoted by (f * g) is given by the integral

(E*8) = [ £(x) glt-x)dx 3)
0

Convolution satisfies the following properties

1.  Commutativity: f*g=g=*f

2. Associativity: f*(g*h)=(fxg)*h

3.  Distributivity: fe(g+h)=(f+*g)+(f*h)

Theorem 4: Let f(t) and g(t) be piecewise continuous functions for t >0 and of
exponential order. Further assume that F(s) = /[f(t)] and G(s)=.L[g(t)]. Then,

Lf(t)*g(t)] = L[f)] L [g(t)] = F(5) G(s) (24)
Proof of Convolution Theorem

Using the definition of the Laplace transform, the product of the Laplace transform of
two functions f(t) and g(t) can be expressed as

F(s)G(s) = I e ¥f(z)dz J' e™™ g(x)dx
0 0

13




o0 )

Partial Differential —slxaz
Equations = j f(z)dz J e ™ ’g(x) dx

0 0

Put x+z=t sothat dx =dt,x=0,t=2, X >0, t > o,

L F(s) Gs)= [ £(2) dz [ e¥g(t-2) dt | (25)
0 z :
The region of integration of integral (25) is shown in Fig.3. In the tz plane we are
integrating over the shaded region in Fig.3. Since f and g are piecewise continuous

on [0, o[ and of exponential order, it is possible to interchange the order of
integration,.

On interchanging the order of integration in Eqn.(25), we get

F(s)G(s) = _|' ]'e'“f(z) g(t - z)dzdt
Fig.3 00

=°], e's{] f(z) g(t—2) dz} dt

0

a0

4]

~

= j e (fxg) (Ndt=L(f*g) (V).
V]

Hence result (24) is proved.
—_— D —_—

We now illustrate the above properties through the following examples.

Example 3: Find the Laplace transform of 8te™. |

Solution:  Using the linearity property of Laplace transform
LBte* 1=8.L(te]

Further, using the shifting property i.e., o/[e™f(t)]= F(s — a), we can write

' 1 1
3t = = —
Le’ t] 3 !:as L(t)=— ]

S

Thus, JL[8te™]=

(-3
ok
Example 4: Find the Laplace transform of e cos3wt .

Solution: Keeping in view the Laplace transform of cosat we can easily write,

]
L[cosIwt]=————.
s +9w?

(s—-2a)
(s—2a)? +9w?

LL L

Therefore, o£[e** cos3wt]= [using result (15)]

Example 5: Find [e™ t’].

!
Solution: We know that L [t*]= —34—
’ s

3
(s+3)*

..,['\[e'”t3 1= [using result (15)]

14 L L




Example 6: Find ol'[tz cosnt].

>

[using result (17)]

, d? s (s? +n?).1-s2s d|-s’+n’
ds’ (s* +n?) ds{ (s> +n?)’ } ds{(s +n?)’ }

(s +n?)(=2) - (n? —sM)2(s’ +n?)2s _ 25(s* ~3n?)

- (T +nY)* (82 +n?)’

e e v

Solution: .{[cosnt]=——— ol’[t cosnt] = (-1)°
s’ +n

Example 7: Find ,[’[ sinh ZtJ

t

[using result (12)]

b [sm:ﬂt]:j =%I[u - ulZ]du [using result (18)]

s+2

Solution: Here f(t) =sinh2t. Therefore, L[f(t)]=F(s) = ,2
S' —

=E[ln(u—2)—ln(u+2)]:’ =%

s—2
sk

\

Example 8: Find J[u (t)cost +ug, (t)[t —%EH

Solution: We know that ./ [uu (Of(t— a)] =e “F(s). {using result (16))
We express cost in terms of sin(t —a) as follows:

(n . n
cost=sin| ——t|=-sin| t—-—
(2 j ( 2]

n
- 0 , t<—
un(t)cost=—un(t)sin[t——]=

. b
2 2 -sint, t>—
2

0, t<—
Similarly, u, (t)[t - 577:] = 2

2

~Lf(1)]= J'|:u_(t)cost + U, (t)[t -%]jl

2

=—,('[u§(t)sin[t—-;E]:(+Ju5?n(t)[t—577‘:|

L3 5n
=— 2’ ! +e 7 |:".("[sin t] -
(s*+1) s ' s+l

and J[t]:LZ:I
s

Example9: Find £[t?u(t - 4)]

Solution: The first step in solving such problems is to express the given function in
terms of unit step function.

Thus, t2u(t - 4) can be written as
t2u(t - 4) = {(t — 4)? +8(t—4) + 16}u(t - 4)
Hence, £[t2u(t —4)] = L[(t — 4)?u(t — 4)]+ 8.L [(t — 4)u(t — 4)] + 16 L[1.u(t — 4)]

Laplace Transform
Method

15
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16

Using the result {[u, (t)f(t-a)]=e *F(s), we get
Ltu(t —4)]=e“'5{—23—+ —§—+l-6-}
s

S2 S

3 3k 3k

o 0, t
Example 10:  Find {[e *'u,(t)], where ux(t)={ =T
; 1, t>n
Solution: Since u,(t) =u(t — 1), therefore L[e *'u(t - )] can be éxpressed as
g[)[e—-llu(t _ T[)] = c—ns I[é—Z(t-&ﬂ)] - e—xse—ZRJ[e—h]
It may be mentioned that in writing the above result we have used the following
property

L[f(Hu(t-a)]=e™ L]f(t+a)]
which can be proved from the definition of LT and unit step function.

—(s+2)n
ThUS, o[ﬁ[e—hun(t)]:e—(nsdn)_l_:C ‘
s+2 (s+2)

*on ok

0
Solution: Using convolution theorem

Example 11: Evaluate ./ | | e > cos (t—2z)dz
p

L {J‘ e ¥ cos(t —z) dz} = F(s)G(s)

0

=L [f(1)]L [g(t)]
e _ s
= [e ]I[COSt]—s+2'sz+1

You may now try the following exercises.

El) Find the Laplace transforms of
a) tle
b) t’e'sin4t
c) (sin2t)/t
d) cosh® 2t

E2) Express the following functions f(t) in terms of unit step functions and find
their Laplace transforms

sin2t, 2a<t<4n
a) f(t)= )
0 , otherwise
t-1), l<t<2
by £y Ds I<t<
(3-1), 2<t<3

E3) Find L{(t? —t+2)u(t-2)}

t
E4) Evaluate ./ [J'(t -2)sin zdzjl

0

6.2.3 Transforms of Periodic, Error and Dirac-Delta Functions
Periodic Function

Let f(t) be periodic with period ®. Then
f(t+w)=1(1),




f(t+20) =f(t + @+ @) =f(t + w) = f(t)  Laplace Transform
Consequently, Method -

f(t +nw) = f(t) '
Now, L[f(t)]= [e‘“f(t)dt

0

® 26 (n+w
= [e*fmdt+ [erf@ydi+-+ e f(t)di+- (26)
o ® he

On substituting t =z + ® in the second integral in Eqn.(26) and t =z + 2 in the third
integral and so on, that is, putting t =z + noin the (n + 1) th integral, we get

LIf(8)] = j e f(t)dt + j ez + o)z + [ (2 +20)dz

0 0 0
[0

+ot Ic“‘“““”f(z+ no)dz +---
0 :
Keeping in view the fact that f(t) is periodic with period ®, we can write

LIEM)] = Ic'”f(z)dz +e® Ie’"f(z)dz re™ [e f(z)iz+ -

0 0 0

et e J‘f(z)e’“dz+-~

0
(]

= {1 +e ™ e e ™™ 4 } Ie‘”f(z)dz
0
The terms in the curly bracket in the above equation constitute a G.P. with common

SO

ratio e, whose sum to infinity is given by 1/(1-e™°).

«

Ie"‘f(t) dt

= 27
L 014 @7)

Error Function

Error function occurs quite frequently in statistical applications. The error function
written as erf (1) is defined by the equation

2! 2
erf()=—= | ¢ dz. (28)
Vr 6[ :
1
When t — oo, erf(co)=i ——2—-=_2_ AL

2 2 ‘
erfc(t)=1-erf (t)=-—= | e dz 29)
]
Now  L[erf (t)]=oL i -[e’z2 dz =—E— —1-6[7 [e'zz ] [using result (22)]
T m S
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S He

Sz 2]
= l e? J‘e—xzdx {putting z+5/2 = x]
s s
15[ 2 7 p £
s R st s
=—e*|—= e dx|=-e* erfc (—j
S [‘/-7;5,'[ :| s 2
‘l
Hence, o [erf (t)]=-!- e* erfc (%) 30)
s
Similarly by definition
(-2
erf =2 [edz
=)
fo {55 !
=____ J- [putting z~ =x ]
J—_ 0
t
_ I Xy 12 gy
0

__I\ll

£ let (1)

- &

t
L I:Ie"‘x'”z dx]

0

___l V2 -
cL L]
Ul [
=—J—;'; [t v L—»s-ﬁ-l
_ L1 _Ax 1
Jrs )

(s+1)"? syds+1
1
svs+1

&

Hence, o lerf (J’ a3

Dirac-Delta Function
Impulse Function and Heaviside Step Function

In quite a number of engineering disciplines and physical sciences we come across the
word impulse. As per definition it is regarded ds a force of a very large magnitude '
acting for a very short time. This product of a very large force and very small time is
termed as an impulse function which is also known as Dirac-delta function. In a strict
sense it is not a function but is known as generalized function. The unit impulse
function is defined as

m’ t=2a o ) -
8(t—a)={ such that J’S(t—a)dt=1 (32)
0, t=a ;
0,t<a
or, 8(t—a)=lin(}FE(t), where F_(t) = 1 ,ast<a+e 33)
e : ]
0,t>a+e
and  [f(t) 8(t-a)dt=f(a) G4



where f(t) is continuous and integrable in [ 0, oo [ . Laplace Transform

Y . . L Method
Observe that the function is discontinuous at t=a . For many a practical application ¢
we represent delta function as follows:

1
§(t)=limig> 0<t<€ (35)
€0
0, t>e«

Using the above definition, the Laplace transform of the delta function can be
expressed as ’

L{(3(1)]= Ie_s'ﬁ(t) dt=lim I —l—e‘s'dt = lim{:_l(e-se ~ 1)}
0 €0 : [ ea0{cg
Using the expansion for exponential function, we get
_ 2 .2 3 3
L[8(t)] =1lim -1-[1 —set— 2‘5 _ES L _Ileim(l—%+...):l

e»0 ES

L {8(]=1 36)
Result (34) which is called the filtering property of Dirac function can be proved by
considering the integral

[ for. dt=1 [ fwar. ' h
c

0

\\\

Using the mean value theorem of integral calculus, we obtain

at€ ate

1 j f(Hdt=21(t,) jdt:f(to), a<t, <ate
€ €

oo

j £(t) F.(t) dt =f(t,) .

0
Taking the limit e— 0, we obtain

« using (33) and
J' f(1)5 (t —a) dt = f(a) £(t ) - f(a)
: 0

Another function that is discontinuous and has Laplace transform and is quite useful in
application is, Heaviside step function or unit step function defined as:

0, fort<O
H(t) =
1, fort=0

using result (16) it can be easily shown that

J’[H(t)]:—:- and £ [H(t - 2)] ="T (7
— D —

We now illustrate the application of these functions through examples. For ready
reference, we have given in Appendix, at the end of the unit, the Laplace transforms of
some of the commonly used functions.

Example 12: Find the Laplace transform of the function

. n
sinot, O<t<—

f()= @
0 s £<t<ﬂ
’ ® o

(The above function is known as Half wave rectifier)

Solution: Now given f(t) is periodic function with periodic T = 2n .
0]

19



Partial Differential 1 ! st
Equations LU= o et (using Eqn.(27)
0
1 LI 2n/w
= — e™ sinotdt + J‘ <€ st (0) dt:l
(1 _ e— ;‘S) 0 /0
B 1 _e_s,[wcoswt+ssina)t] e
(1 —ﬂs) 52 + (DZ 0
—e (]

[e—"’_mﬂr—w}
[l—e ® ](s2 +0?)

) [0}
_Ts

(-e ©)(s*+a?)

&k %k

Example 13: Show that a].eh‘erf (ﬁ) dt=—=.

0

Solution: We know that ./ |erf (\/? )]:

sWs+1
u]'e‘s‘ erf (\ﬁ) dt= SJ;le

0
Puttings =1, we get

(;fe"‘erf (ﬁ)dt = 71__2—

Example 14:  Find . [t erf (2v1)]

Solution: ./ [t erf (2v/t)]= £ [t erf (V4t)]

ow e Wi
b [ i)

~ aVa
Ry erf(\/4_t)]=(—l)%[ 2+4J
SvS
2 As+4)+s|__ 3s+8
Cs2(s+4)| Ws+4 | sis+4)¥P

£ 3 3

Example 15:  Express the following functions in terms of Heaviside unit step
functions and hence find their Laplace transform
0 , O<t<n/2

b) f(t)=<sint, =n/2<t<3xn/2
0 , t>3n/2

t?, O0<t<l

41, t>1

a) f(t)={

20




Solutiom: a) f(t) in termé of Heaviside unit step function can be expressed as Laplace Tra;rzft«;lr;:
f(t)=t>[H(t) - H(t - 1) + 4t [H(t - 1)]
= 2H(t) + (4t —t?) H(t - 1)
L (D] =L [1H)] + L [(4t =t H(t -]
=L 2]~ L [{(t-1)? = 2(t =) -3}H(t - 1)]
=L [t~ L [t -DPH( = 1)]+2 L [(t=DH(t ~ D]+ 3L [H(t-1)]

2 _s[z 2 3}
=——e —— e — e ~—

b)  f(t) in terms of Heaviside unit step function is
f(t) =sint[H(t - n/ 2) -~ H(t ~ 3n/2)]
sl [f(D)]=oL [sintH(t—n/2)] - of [sintH(t - 3n/2)]
=0 cos [(t -~/ 2)H(t - 1/ 2)]+ oL [cos(t — 3n/2)H(t - 3n/2)]

Kkxk

You may now try the following exercises.

E5) Find the Laplace transform of the following functions

a) f(t)z{-?, O<t<T, ft+T)=1f(1) b) f(t):e"zm

1

‘Z—J_-z—'.

E7) Find the Laplace transform of half wave rectified sine wave defined as
sinot, O<t<n/o
f(t) = .
0 , m/o<t<2n/o

E6) Show that j te™ erf (t) dt =

0

E8) For F.(t) defined by Eqn.(33), find
a) L [F(D)] b) L [5(t~a)]

E9) Express the following functions in terms of Heaviside unit step functions and
hence find their Laplace transforms

sin2t, O<t<nm cost, O<t<m
a) f(t)=

b) £(t) ={

0 , t>m=m sint, t>n

So far using the integral definition of the Laplace transforms of a function f(t), we
determine another function F(s), that is, a function of the transform parameter s. We
denoted this symbolically by L[f(t)] = F(s). However, from application point of
view this will not be very useful unless we obtain inverse transform f(t) of a given
function F(s) which we shall do in the'next section.

6.3 INVERSE LAPLACE TRANSFORMS

* In this section, we shall consider the inverse problem of finding f(t) for a given F(s)
ie., given a function F(s), to find a function f(t) of which F(s) is Laplace transform.
Consider the following definition.

21



Partial Differential Definition: If the Laplace transform of f(t) is F(s), then f(t) is called the inverse
Equations Laplace transform of F(s) and we write :
 Fs)]=fr) ' (38)

where £ ™! is called the inverse Laplace transform operator.
Inverse Transform of Elementary Functions

Just as we obtained in Sec.6.2 the Laplace transform of some elementary functions we
give below in Table-1 the inverse Laplace transform of these functions

Table-1
S.No. F(s) f(t)y=L" [F(s)]
1. - 1 1 |
5
2 1 eal
s—a
3. 1 . sinat
s’ +a’ a
2 S cosat
s> +a?
5. 1 sinhat
s’ -a’ a
6. s cosh at
s2 a2
7. ‘ 1 . o t"
—-, nis a positive integer . -
n!

Analogous to the propertles proved in Sec.6.2 for Laplace transform, we state the
following properties of inverse transform.

Properties of Inverse Transform
Linearity Property '

If a and b are any constants and F(s) and G(s)are the Laplace transform of f(t) and
g(t) respectively, then

L aF(@s)+bGs) =a oL ' [F(s)]+ b L 7 [G)) (39)

=af(t)+bg(t)

First Shifting Property
If .£ 7' [F(s)] =f(t), then
L7 [F(s +a)] = e f(t) (40)

Second Shifting Property
If £ 7' [F(s)]=1f(t), then

Hemrol- Y ot @
o tea -
Transform of Derivatives
If £ 7 [F(s)] = f(t) , then
L E; F(s)} =-tf(f) | 42)

22



and the generalization to higher order derivatives is Laplace Transform

. Method
L7 |::s" }:(4)" t" 1(t) (43)

—— D —
Transform of Integrals

If £~ [F(s))=£(t) ,.then
L7 [I““()d} 0 (44)

Muitiplication by Powers of s
If £ ' [F(s)}=f(t) and f(0) =0, then
L Vs F(s)}=1'(t), if £(0)=0 ‘ (45)

Division by s
If £ [F(s)]=£(t), then

L7 [F(S)J J'f(t) dt (46)
S

0

Convolution Theorem

If the function H(s) can be expressed as the product of two functions F(s) and G(s)
whose inverse, f(t) and g(t) respectively, are known, then the inverse of the product
H(s) = F(s)G(s) can be obtained by using convolution theorem.

Theorem 5: If .2 ™' [F(s)]=f(t), L "' [G(s)] = g(t) and H(s)=F(s) G(s), then

L HE)] = L T [FE)GE)] = _f f(u) g(t —u)du =f(t)*g(t)

Proof: Since ./ [f(t)*g(t)]= L {If(u)g(t - u)du}

=F(s)G(s) =H(s) [using result (24))
Hence,

L7 HE) =L FEGE)] = If(“)g(t ~u)du =f()*g()) “47)

Inversion by Contour Integration

In the application of Laplace transform methods to physical situations we come across
certain functions whose inverse cannot be written through the procedure outlined
above. For such situations we need to develop a direct procedure for inverting the
Laplace transform. Keeping this in view Bromwich 1916, utilizing the tools of the
theory of functions of a complex variable established the following result, summed up
in the form of a theorem:

Theorem 6: The inverse of a Laplace transform can be expressed as the contour
integral

L T'[F(s)] = f(t) =—1f IF(s) e“ds
2m -
where F(s) is the Laplace transform of f(t) given by

L3

F(s) = j’ £(t) e *dt
0 23
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and ¢, known as Laplace convergence abscissa , must be greater than the real part of
any of the singularity of F(s). '

Alternative statement of Theorem 6:

The inverse Laplace transform .’ ~'[F(s)]=£(t) is given by the sum of the residues of
e“F(s) at the poles of F(s) .

Proof: Keeping in view the fact that f(t)=0, for t <0 and the conditions that f(t)

satisfies for all t, we can write down the complex Fourier representation of €™ f(x)
as

—cX ___L b iwx b ~iwt | —ct
f(x)e —ane L;fe e f(t)dt}dw (48)

-0

where ¢ is so chosen that Ie'“ | £(t){ dt exists. Eqn.(48) will become more clear to

, 0
you after you study complex Fourier representation of a function in Unit 7.

Multiplying Eqn.(48) throughout by €™ and adjusting this factor inside the first
integral on the r.h.s, we get :

f(X) — __2_1_7; J‘eiwaucx {j e-(c+iw)t f(lt) dt} dw | (49)

o

Putting s =c¢ +iw, where s is the new variable of integration, Eqn.(49) can be
expressed as

1 c+iw sX ¥ =-S5t
i) =5 — j ¢ [ j e f(t)dtj’ ds (50)

c—ieo 0

In writing Eqn.(50) we have used ds =idw, when w =—o, s =c —i® and s=c¢ + i
for w—>o0. )
Hence
f0=o= [ Fee™ds 51
2m i 7 ,
= f(t) =5 j F(s) ¢* ds= sum of the residues of esf F(s) at the poles of F(s).

] 52)

._D_—_

We now illustrate the use of properties discussed above through the following
examples. '

Example 16:  Obtain the inverse Laplace transform of the following functions

2s—-5 b) SCOSOL + @sina
452+25 524.(,)2
- ' - t | 2s-5
Solution: a) £~ ‘:__2_25__5__];1_,[' _,|:__2__2_s__5_]=_ﬂ[, ! T—S__T
45 +25] 4 s2+25/4] 4 s?+(5/2)
=--1--°[7'_I -———-—s-——-—— _.—5-‘,[)_‘ __.__.1_____
2 s2+(5/2)° | 4 s? +(5/2)°
1 5 2.5 1( 5t . St
=—C0§—t - — —sin—t=—[ COS— — SIn—
27772 45 2 2 2 2




1| scosa + @sina _ . ~ © Laplace Transform
b) L 'l:—zz——}=cosa,,[’ '[ - 2:|+smot,,[' 'S 2:| Method
s+ $°+ O T+ :
= CcOs oL cos ®t + sin o sin ot
=cos (ot —a)
*kk f")

Example 17:  Find ./ [ln[s hi bﬂ
s+a

Solution: Let ./ {ln[ﬂﬂ =f(t)
s+a
L 7'in (s +b) —In (s +a)]=£(t)
L7 [ad;{ln (s+b)-In (s +a) }}=—_t f(t)

L7 [—1— - -1—} =t f(t)
s+b s+a
e —e™ =—t f(t)
-at -bt

or, f(t) =%

*x kK

Example 18: Find the inverse Laplace transforms of the following functions

S b 1 . 1
2 (s? +a?%)? ) s(s’ +4) © s+D*+1) -

Solution: a) Let £~ {m} =f(t)

L7 |: I 5 d5:| = f(®) [using result (44)]

2 252
J(s*+a’) t

Lea|[o L 17|_f®)
o 3ol

o, lc['-‘l:__l_jl___@

2 s? +a? t
o l smat=fm or, f(t)ztsmat
2 a t 2a
Hence 0~ s _ tsinat
(s* +a?)? 2a
b) ,,['“[ 2l ]=sm2t
s° +4 2
i1 1 e sin 2t 1| —cos2t t
L7~ = dt=—| —=— by result (46
L s2+4} J 2 2[ 2 L [by result (40)]
=1_COS2t=—1-sin2t.
4 2
1 - 1 1

©) ‘We can write

(s+1)(s2+1)=(s+l)'(sz+1) A
Let F(s)=$ and G(s) =

s? +1

25




Partial Differential

a1 . 4 1 .
Equations s () =L ll:mj|=e ' and g(t) =L 1|:82+11|=smt

Hence, by convolution theorem, we have

L N S =e " *sint
| s+ (P +D)

e "sin (t—u) du

- e O O ¢ -

e " sinx (—dx) [putting t —u=x]

t ex t
=¢™ J.e" sinxdx=e™* T(Sinx —~cosX)
0 0

\

1. 1
=—(smmt—-cost)+—e .
2( ) 2

L3 1

In cases where F(s) is a rational algebraic fraction, it is often convenient to find
inverse Laplace transform by expressing F(s) in terms of partial fractions. We
illustrate it through an example.

Example 19: Find the inverse Laplace transform of

2 _ » -
a) v 11s* —2s+5 b) 21s-33 :
(s=2)(2s-1 (s+1) s+ (s-2)

2__ - . . -I
Solutlon: a) .,['"|: lIs” -2s+5 :|=°[l-l\: 5 =3 .2 ] [using partial

(s-2)(2s-1)(s+1) s—=2 2s-1 s+1 fractions]

St e e el
s-2] 2 s—1/2 s+1
=5e¥ - le”2 +2e .
by £ 21s-33 |,/ 2 -2 6 3
s+1)(s-2)° s+l s-2 (s-2)} (s-2)°

=2,['“[—1—]—2,['"[—1—}+6,['" ! +3.0° !
s+1 s—2 (s-2)? (s-2)?

2
- t
=2e™' —2e + et +3e 7 . [using result (40) and formula (2) in Appendix]

L2 22

Example 20: Evaluate ./ ' —12— using contour integration.
(s+1)(s*+1)

Solution: Poles of F(s) =+
(s+D) (s +1)

in the denominator of F(s), thatis s +1=0, s2+1=0. Thus, s=—1t i are the

are obtained by equating to zero, the terms

simple poles. Residue of e® F(s) at the pole s=—1 is given by

e® e

lim >
s—-1 (S +1) 2

26




Residue of e™F(s) at s=1i, is given by Laplace Transform
: . Method
(S _ i)es‘ . e!t _ el( (1 + l)
m =hm — =
s»i s+ 1> +1) =i (s+1)(s+1i) 4

st - it
Residue at s =1, is given by: lim —= <
!s—s—i(s+1) s-1) 4

- { 1 }= et A id+ie™

A +1)

[sum of the residues]

s+ G+ 2 4 4
_e_"___l_ ei: +e-it i eit _e—it
2 21 2 2 2
et 1 1,
S = —=00St +—SINt
2 2 2
(L]

The above result could have been easily arrived at through the other approach of
resolving into partial fraction and using the properties of inverse LT. However, there
are functions whose Laplace inverse is either not obtainable or is difficult to obtain via
usual approach. In such cases residual method is the only alternative as illustrated
below. :

Example 21: Determine ./’ "[———l——

- , ais areal constant,
s sinhas

Solution: Using Bromwich integral ‘

1 c+iw 1s
f(t) = — - ds
2ni ¢ ssinhas
C~10 .

where ¢ is greater than the real part of any of the singularities in

"—1—.' - ] e ds. Now the Taylor’s expansion of sinh ascan be written as
2ni 7 ssinhas
c-im
3 5
sinhas:as+£ﬂ—+_(a_;)_+
2 4
= as{l + ____(as) + ____(as) + o }
3! 5!

We find that s=0 is a second order pole. Further, using the definition of hyperbolic
function sinh 6 = —isin i®, we find that there are infinite number of simple poles

" . nmni . )
located where sinias =0, thatisat s, =+— ,ne ", We may choose the contour as
a

shown below:
In order to find the residue of e* F(s), at the second order pole at s =0, we use the
standard formula to get the residue

1., d|(s-0)e" o df se®
=—lim—{————,=lim—| —
I!s»0ds | ssinhas s—0 ds | sinhas

e" . ste® ebs
sinhas sinhas sinhZas

= lim
s—0

=lime® sinhas + stsinh azts —ascoshas . this is of the form [2]
50 sin h“as 0

acosh as}

Using L’ Hospital rule we get
27
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Equations =lime” lim

s—0 s—0

acoshas + t(sinhas + sacoshas) —acoshas-a 25 sinh as
2asinhascoshas

.t ot a’s
=lim— +lim—| — —.lm :
s—0 2a coshas s—02\sinhas s—0 2a coshas

=L+1im(- _S ]l"—o
smhas 2

Lot oo (':lim S im— —lJ
2

s—»0sinhas s—»0acoshas a

The residue at simple poles s, = + 20 , is given by
a8

, ot nmi
s u —
. (s~s,)e . e
lim L—i— = lim — = 3 -
s»s, ssinhas  s-s, (sinhas+sacoshas) (—-1)" (xnni)

. C nmi . ) . nm
[sinh as = —isin ias, at s =—, sinhas =0, coshas =cosias = cosia— =cosnn(-1)"]
a a

Hence,

[sum of the residues]

- <—1)"exp(“—f3] ; (—1)"exp[";’“‘]
f(t)‘—;-f-z - —Z .

—r nmi o nmi

You may now iry some exercises.

E10) Find the Laplace inverse of the following functions

3s
a
) s2+2
i 1
b |— -—}
) 1 s2+4 32

) [2/G* -]

d) s—1 j‘
| (5-2)(s+2)

| e) [2/(s* +2s?]

Ell) Find L 's/[(s+2a)? +b?].
E12) If a >0, show that
L7 [F(as)] = %f (ﬂ s oL [£()] = F(s)

E13)_Find the inverse Laplace tfansform of each of the following functions

a) cot's b) 2—25+—1—2— c —r
(s’ +s+1) s>(s? +1)
1 2s? -1

’ s(s® +a?%) ®) (2 +1) (s> +4)




6.4 APPLICATIONS OF LAPLACE TRANSFORM TO Laplace Transform
INITIAL AND BOUNDARY VALUE PROBLEMS

The Laplace transform is very useful in solving differential equations and

corresponding initial and boundary value problems. The solution of differential

equations involving functions of an impulsive type can also be solved by the use of

Laplace transform in a very efﬁc1ent manner. The general process of solution consists

of three main steps:

1. The given differential equation is transformed into a simple algebraic equation.

2. The algebraic equation is solved by pure algebraic manipulations.

3. The solution of the algebraic equation is then transformed back to obtain the
solution of the given differential equation.

In this way the Laplace transform method reduces the problem of solving differential
equation to an algebraic problem.

We shall now illustrate the method througﬁ the following application.
Initial Value Problems with Constant Coefficients

The advantage of using Laplace transform method for solving initial value problems is
that it solves IVPs directly without first finding general solution (complete integral)
and then evaluating the arbitrary constants using initial conditions.

We illustrate the method for both homogeneous and non-homogeneous IVPs through
the following examples.

Example 22:  Solve the initial value problem

d dy(‘)+y(t) 0, y©=0, y(0)=1

"Seolution: On taking the Laplace transform of the given differential equation and
using Eqn.(20), we get
s’ [Ly(H)]-sy(0) - y'(0) + Ly(1)] =0

using the initial conditions, we get

$?Y(s)-0-1+Y(s)=0=Y(s)= 1 .
1+s”
On taking Laplace inverse of Y(s), we get

y(t) =sint.

% %k %k

Example 23:  Find the solution of the [VP
4y _,dy
dt’ dt

Solution: Taking the Laplace transform of both 51des of the given equation, we get
o)y 31[‘”} +2.0 [yw]=122 ]
dt” d
if AL [y(t)]z Y(s), then we get

+2y=12¢" | y(0)=2, y'(0)= 6

s2Y(s) —-sy(0) - y'(0) - S{SY(S) y((})}+ 2Y(s)= ]+22 [using resuit (20)]

Substituting the given conditions y(0)=2, y'(0) =6, we get
12

$2Y(5) - 5(2) - 6} 3fs Y(5) - 2} + 2Y(s) =
S

or, (s’ =3s+2)Y(s)—2s= 12
: S+ 2
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25 +4s+12
s+2
2 2
Y(s) = 2Zs +4s5+12 _ 25° +4s+12
°=3+2)(s+2) (-D(s—-2)(s+2)
Using partial fractions, we can express Y(s) in the form
Yy=—% T !
s—1 s-2 s+2
Taking the inverse Laplace transform of both sides of the above equation, we get
y(t) = —6e' +7e* +e7 ‘
as the required solution.

(s -3s+2) Y(s)=

\ ok

We now give an interesting application of Laplace transform method in combination
with convolution theorem to solve non-homogeneous IVP with zero initial
conditions. The method given here serves as an alternative approach for IVP’s of
second order ordinary differential equations with constant coefficients which are being
solved by the method of variation of parameters and turn out to be quite difficult. For
this purpose, we first state and prove the following theorem;

Theorem 7: If y =f(x) is the solution of the constant coefficient homogeneous initial
value problem , ’

2
9_X+aiil+by=o, y(0)=0, y'(0)=1 (53)
dx?* dx :
then the solution of the non-hgmogeneous initial value problem
) , ,
&Y oY ibyogo, y0 =0 yO =0 (54)
dx dx

is the convolution of { and g:
Y =(f*g)x= [ {(2) glx-2) dz (55)
0

Proof: On taking the Laplace transform of Eqn.(53), we get on using Y(s) = £ [y(x)]

sY(s) - sy(0) ~ y'(0) + a[sY(s) - y(0)] + bY(s) =0.

1
) Y§)=F—
or © s?+as+b
sy(x)=JL "[—5——1———} =f(x) (assumed).
s"+as+b

On taking Laplace transform of Eqn.(54), we get
s*Y(s) - sy(0) - y'(0) + a[sY(s) ~ (0)] + bY(s) =G(s)

Using the zero initial conditions we get

G(s)
Y(s) = ——22
®) (s’ +as+b)

Taking inverse of this equation

R0 56
Y=L li(s2 +as+b)j\ (%6)
Using convolution theorem, we get

y(0) = [ £(2) g(x~2) dz (57

We illustrate this method through the following example.




Example 24:  Solve the non-homogeneous IVP Laplace Tn;nl:f:;‘ron;
d’y 1

ax? Y o re’ y(©=0, y'(0)=1 (58)

Solution: The solution of the homogeneous IVP is given by

y(x) = Acoshx + Bsinh x (59
where A and B determined by y(0)=0,y'(0)=1 are given as

A=0, B=1

y(x) =sinh x =f(x) (60)

Using the result of Theorem-7, the solution of Eqn.(58) is given by the convolution of
f and g i.e.

X

E*g)x= |

sinh (x - 2) dz

e’ +e’’

dz

0
_ ]- sin hx coshz — coshx sinh z
2¢coshz
0
1
2

=] (sinh x — cosh x tanh z)dz
(4]

=% [(sinh X)X — cosh x In cosh x].

which is the required solution of Eqn.(58).

ik

You may now try the following exercises.

E14) Using Laplace transform technique find the solutions of the following
initial value problems:
a) Yy +25y=10cos5t, y(0)=2, y(0)=0
b) y"-4y' +4y=64sin2t, y(0)=0, y'(0)=1
¢) y"+3y'+2y=e'sint, y(0)=y'(0)=0
d  y+y=e'+t,y0)=-1
e) y'+4y=1-sint, y'(0)=-~1
)  2y"+5y'+2y=e™", y(0)=1, y'(0)=1
g Yy +2y'+Sy=e"sinx, y(0)=0, y'(0)=1
E15) A resistance R in a series with inductance L is connected with emf E(t). The
current t is given by L% +Ri=E(Y).
If the switch is connected at t =0 and disconnected at t =a , find the current i
in terms of t

E16) Assume that an electrical circuit is governed by the initial value probiem
d’q dg
— -~ — - 6q=E(t
dt* dt Sa=E(®
t, 0<t«l
1, i<t
subject to the initial conditions q(0)=0 and q'(0)=0. Find the charge q(t).

‘where E(t) :{

«E17) Find the solution of the initial value problem
Yy +9y=9 u(t-3), y(0)=y'(0)=0
where u(t —3) is the unit step function,

3
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We shall now show how the initial value problems involving system of linear
differential equations with constant coefficients can be handled using Laplace
transform method.

System of Linear Differential Equations

As pointed out earlier, the advantage of the method under consideration over the
classical methods is two fold: (i) initial values are automatically satisfied and (ii) no
special technique is to be devised for determining particular solution in case of
repeated roots of the auxiliary equation, which in matrix form corresponds to the
fundamental matrix having repeated eigenvalues. This is illustrated through the
following examples. ’

Example 25: Use the Laplace transform method to solve the system of equations

Y'(x) - y(x) +52'(x) = x, (61)

2"(x) = 4z(x) - 2y'(x) =2 (62)
under the initial conditions.

y(0)=0, y'(0)=0; 2(0)=0, z'(0)=0. (63)

Solution: Let Y(s) and Z(s) denote respectively the Laplace transforms of y(x)
and z(x). On applying LT operator to the system of Eqns.(61) — (62), we get
LIy"(x)] = LIy(x)]+ 5 L[2'(x)] = L(X)]
L2" )] HALT2(x)] - 2L [y'(x)] = ~L[(2)]
Using formulas (31) and (32) of Appendix, we get

$2Y(s) -s y(0) - y'(0) - Y(S) + 5{52(5) - Z(O)} = Slz (64)

s2Z(s) - sz(0) ~ 2'(0) — 4Z(s) — 2{sY(s) - y(0)} = —';% (65)
Using the initial conditions (63) in Eqns.(64) — (65), we get
(sz - l)Y(s) +5s Z(s) =—12—
. s

-2
(s =) Z(s) - 2sY(s) =—~
s
On solving the above equations for Y(s) and Z(s), we get
11s” — 4

Y(s)= (66). -

s2(s?+1) (5T +4)
-2s° +4

Z(5) =—; . (67)
s+ (s” +4)
On resolving into partial fractions, Eqns.(66) — (67) can be expressed as
Y(s):——17+ 75 - 24 (68)
s° sT+1 s +4
Zey =t B, S (69)

s s+l sP+4
On taking Laplace inverse of Eqns.(68) — (69), we get
y(x)=-x+Ssinx - 2sin 2x
7z(x)=1-2cosx + cos2X

as the required solution of given system of equations.
whw

Example 26: Use the Laplace transform method to solve the system of equations

x'(t) =x - 2y(t), (70)

y'(t)=5x—-y, (71)
Subject to the initial conditions

x(0)=-1, y(0)=2 (72)

Solution: On taking LT of Eqns.(70) — (71), we get
sX(s) - x(0) = X(s) - 2Y(s) ‘ (73)




sY(s) — y(0) =5X(s) — Y(s) (74)
On combining Eqns.(72) — (74), we can write ‘

(s -DX(s)=-1-2Y(s)

(s+1D)Y(s)=5X(s)+2
On solving the above equations for X(s) and Y(s), we get

(=s-3)
X(s)=——
) (s*+9)
(2s-7)
Y =
®) (s’ +9)
S 5 2s 7

or X(s)=-

s2+49 s +9° s2+9 s?+9
On taking inverse of the above equation, we get, respectively

Y(s) =

x(t)=-cos3t — -';isin 3t, 4y(t) =2cos3t —%sin 3t
* % ax

You may now try the following exercises.

E18) If X,(s) =L[x,(t)], X,(s) =L[x,(t)], using the Laplace
transform convert the IVP

2D D-1)[x,] [t] [x©@] [
EReyINEHE e
into the algebraic system

— ; 2+ 2

2s s-111 X(8) | 52

[ s s | [Xz(\.s)}_ 2

1+—
SZ

Hence find X, (s) and Xz(.s)‘. Show that X,(s)+X2(s)=—1-+i4.
S s
Further, find x,(t) and x,(t).

E19) Use the LT method to solve the given system of equations

2x'(t) + 2x(t) + y'(t) — y(t) =3t

X' +xO+y' (O +y(t)=1; x(0)=1, y(0)=3.
E20) Use the LT method to solve the IVP

x'(t)+2y(t) =0,

X"(t) + 2y'(t) + 2y(t) = 2¢'

x(0)=1,x'(0)=0, y(0)=0
E21) Use the LT method to solve the given system of equations

RN+ 2x(0) - (1) - (1) = 66
2x'(t) = 3x(t) + y'(t) = 3yt) = 6e>* , x(0)=3, y(0)=0.

An equation that contains a dependént variable under integral sign is termed as an
integral equation. An equation that contains the derivative of the dependent variable
and the dependent variable under an integral sign is called an integro-differential
equation. Laplace transform technique is an important tool for solving integral and
integro-differential equations which we shall take up now.

We shall illustrate the method of solving integral equations through examples.

Example 27: Solve the integral equation

J'a*"&;(t)dt: X (75)

0

Lai)lace Transform
Method
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In the above equation ¢ is the dependent variable and x is the independent variable.

x—t

Further it is of convolution type where the kemel e
difference (x —t) of the arguments.

is dependent solely on the .

Solution: If ./[¢(t)] =D(s) then taking Laplace transform of Eqn.(75) , we get

1 1
D(s =—
()(S_l) 2
s-1 1 1
or, D(s) = = -
(®) s s s’

L7 [PE)]=d(x)=1-x

L1 L

t
Example 28: Solve I cos(x —t)p(t)dt =sinx
0
Solution: Taking LT of the given equation we get

s 1 1
®(s = =>P(s)=—
( )sz +1 st+1 (®) s
Taking Laplace inverse of ®(s) we get
d(x)=1
’ ook

Example 29: Solve the following integral equation usjng convolution theorem
y(x)=x+6 Iy(z)e(’"” dz
[}

Solution: On taking Laplace transform of the above equation and using convolution

theorem, we get
=Y(s)K1- —6—— = —l—
s—-1] s§?

(s-1) 6 6 1
= — ———
(s-7)s? 49(s-T7) 49s 7§’
On taking Laplace inverse of Y(s), we obtain

Y() =L+ 63X
5 s—1

or, Y(s)=

Y(x)=%e“ ~ 8 T x=(-6+7x+6e7)/ 49

ok ok ok

You may now try the following exercises.

E22) Determine the function y(t) satisfying the integral equation

y®+ [y (t-%) dx=t.

0

E23) Find the solution of the equation y' + 3y + ZI ydx =f(x)

0

Where f(x)=2u(x ~1)—2u(x —2).

E24)  Solve the following equation

y'+4y+4Iy(t)dt=u,(t) ,y(0)=3.

0

E25) Solve the following integral equation using convolution theorem

X
y(x)=cosx +e™* Iy(z) e’ dz -

0




So far we have seen that the application of Laplace transform technique for solving Laplace Transform
IVP’s associated with single/system of ODEs reduces them to single/system of Method
" algebraic equations in the transformed variable. Further, the resulting system can be

easily solved for the transformed variable and its inverse obtained. The question that

arises in this context is- What happens when the same technique is carried over to-

solve initial beundary value problems of PDEs? We shall now give an answer to this

question.

Initial Boundary Value Problems

Suppose we have a pde in two independent variables say x and t where 't' stands
for time variable. When we apply LT w.r.t. 't' the given pde in the dependent variable
u(x,t) reduces to an ODE in the transformed variable U(x,s) which can be solved
under the transformed boundary conditions. Finally, to obtain the original dependent
variable u (x,t), we search for inverse of TU(x,s) either through the table given in
Appendix or, through the use of any of the methods discussed earlier or, through the
use of complex inversion theorem. Below we take up few examples to illustrate the

method.
Example 30: Using Laplace transform technique solve the initial boundary value
problem

%+x%=o,u(x,0)=1  u0,0)=t (76)

Solution: Taking Laplace transform with respect to 't' of Eqn.(76) and on ﬁsing

u(x,s)= Ie"‘u(x, t)dt, we get
0

du - — 1
-d—;+x(su—-1)=0 , u{(O,s)=-s—2— , a7
On solving linear ODE (77), we get
LR 2
e 2 = + C, where C is constant.
5
- 1 1 1
At x =0, u(0,5) =— . Therefore C=—- - -
s s 5
1 2o
Hence, U (x,s)=~+e ? [—5— - —] (78)
_ s s s

On taking inverse of Eqn.(78), we get

IR PO S TP Y . S
u(x,t)-1+|:(t 2) I:IH(t 2) (79

In writing Eqn.(79) we have used formula (15) given in appendix i.e.,
f(t-a)H(t-a)=e™ F(s), a>0.

Aok

Example 31:  Solve the following initial bouridary value problem

ou ou
sx—-+6x-_5t~=l2x , u(x,0)=2, u(0,t)=2 (80)

Solution: Proceeding as above, we get for the transformed variable T ,

o .
N exsa-2)=2% 50, =2
dx § s

s
which is a linear ODE whose solution is given by

or, :x_u +6xs0 = 12x[-1- + 1)
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When x=0,ﬁ=£. Hence C:—% _g_(_l_—t_s_)z—_z
S s 52 52
_ 2l+s) 2 e '
u= 3 -—S—ze s |
Taking Laplace inverse of T, we get L\\
u(x,t)=2t+2-2(t-3x2) H(t-3x?) (81)
*ok ok

Example 32:  Using Laplace transform method solve the vibration problem

u, =a’u, ,0<x<f,t>0 (82)

u(x,O):O,ul(x,O)=sin(-7t7x) , O<x<? (83)

u(O,t)=0,u(ﬂ,t)=0,t>O (84)
Solution: On taking Laplace transform w.r.t. 't' of Eqn.(82), we gét

s’T(x,s) ~ su(x,0) - u,(x,0)=a> i—} (85)

In writing Eqn.(85) we have used formula (31) given in the Appendix and

L [u(x, t)]= _" e"s‘u(x, t)dt =u(x,s).
. 0
Laplace transform of Eqn.(84) yields

u(0,s)=0, u(4,s)=0
Using the conditions given in Eqn.(83), Eqn.(85) reduces to
; sin(ﬂ)
2— 2
v £ (86)

s o
dx? a? a’

Solving Eqn.(86), we get u(x,s) = A(s) cosh> x + B(s) sinh>x as the complementary
a ' a

solution. ‘
Particular solution of Eqn.(86) is

[ nx . fnx
-1 1 nx s 7 s 7
()
b) S

U=-7

a £ '—th S2 nl 52
D’ -— —a? -—| af =+
a’ [ ¢ azJ [az a?
Hence u(x,s) = A(s)cosh x + B(s)sinh x +__zsx_:1;m_x_2 . m=—7-t-
‘ (a‘m* +5°) 14
Given U (0,s)=0=>A =0,
sinm/{
u(l,s)=0=>B(s)sinh £ + ——————==
(&) ) (a’m? +s?)

This yields B(s)=0 as m=(n/{)=>sinm{=sinn=0 and sinh{#0. Thus
— sin mx
u(x,s) =————
(x.5) (a’m? +s?%)
L H(x, 8)] = u(x, ty =sinmx L [———-—1———}

a’m? +s?

Now poles of F(s)=—

> are simple poles, given by s=1 iam
a‘m’ +s .

36



iamt Laplace Transform
Residue at s =iam =——. Method
2iam
e —iamt
Residue at s = —tam = ——
—~ 2iam
- 1 . sinamt
L7 [-2—-2-—5-] = sum of residues =
a‘m® +§ am
| . { . m . mat
u(X, t) = —sin mx sin mat =— sin — x Sin—
am an { {
*hh

Example 33: A semi-infinite bar 0 < x <o is initially at temperature zero. At time
t=0, a constant temperature T, is applied and maintained at the face x =0. Find the
temperature at any point of the solid and any time t>0.

!
/
/

Solution: Let T(x,t) be the temperature at any point x and at any time t. The
differential equation governing the flow of heat in the given solid is given by

2
£=ka—f , X>0,t>0
ot ox
Thus mathematically we have to solve the following initial boundary value problem
T, =kT, ,x>0,t>0 87)
where T(x,0)=0, T(O, t)=T, , T(x,t) is finite as x > . (88)
Taking the Laplace transform of Eqn.(87), we get
-4 o 2
I—qr—e's‘dt =k a—z—e's' dt (89)
ot ox

0

using formula (31) given in Appendix, we get

T T o—kdzT- T = T
S (X,S)— (X, )_‘ -dYI—; (X,S)—Ie (x9t) dt
0
o, ST _s5 [T, 0= 0]
s _—= +T(x,0) =

dx- k
Solving the above equation for T, we get

T(x,5)=C,eP** +C,e ¥k (90)
Using the condition of boundedness of T as x —> o, we get

C, =0
Thus, T(x,s)= cze"m"
On taking Laplace transform of Eqn.(88), we get

- T

T=-2 at x=0

$

Therefore, Eqn.(90) yields C, =(T,/s) and hence

= T -

T(x,5) =2 e~/

S
On taking Laplace inverse of T, we get
X
T(x,t)=T, (l-erf——-—-J=T erfc x* 91
0 2‘JE 1] ( )

where x* = x/(ZJkT).

In writing Eqn.(91) we have used the formula
c+ico -bys

J'_'[e"’";/s]=ﬁ J e S : ds=1—erf{23_}
X
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or, using Appendix, we have
1 1

L [exp(— Js/k )x ]: %(kn)—{ xt 2 exp(—x’/4kt)
Using the convolution property of the Laplace transform

i _ 2/
T(x,t)=2_(;1’:)_m_j]~o(t-u)w

du
w2

If T,(t) =T, (constant), putting p = % X (ku)T , We get
-1 @
T(x,t)=2T,m 2 Ie"’zdp
| e

1 x
=T, erfc | — —=|.
° (2 JEJ
X
=T, erfc
’ (Nk—tJ

You may now try the following exercises.

L 2 2

E26) A semi-infinite string is initially at rest in a position coinciding with the positive
half of the x-axis. At t =0, the left hand end of the string begins to move along
the y-axis in a manner described by y(0,t) =f(t) where f(t) is a known
function. Find the displacement y(x,t) of the string at any point at any
subsequent time.

E27) A semi-infinite cable of negligible leakage and inductance is initially dead. At
t =0, an arbitrary signal voltage E(t) is suddenly applied at the sending end.

Find the potential v(x,t} at any point on the cable at any subsequent time.

E28) A semi-infinite string is supported from below so that it lies motionless on the
x-axis. Attime t =0, the support is removed and gravity is permitted to act on
the string. If the end x =0, is fixed at the origin, find the displacement of the
string.

We now end this unit by giving a summary of what we have covered in it.

6.5 SUMMARY

In this unit we have covered the following:

1.  Definition of Laplace transform of the function f(t) denoted by
L [f(t)]=F(s) = j e f(t)dt .
0

2. Functions of exponential order and piccewise continuous functions.
3.  Laplace transform of some elementary functions like

e®  sinat,cosat,sinhat,coshat etc.
4. If L [f(1)]=F(s) and L[g(1))=G(s) then
e L[af()+bgt)]=a L [f(1)]+b L[g(t)]=aF(s)+bG(s) where a and
bare two arbitrary scalars.
o L [e™f(t)]=F(s—a) where a is any arbitrary scalar.
0, O<t<a ,
o L {u, (1)f(t-a)}=€"*, where u‘,(t)={l X 2 1s the unit step
, t>a
function. v




10.

11.

12.

13.

n

o L[t"f(O]=(D"F"(s)=(-1)" d —F(s) for nel*.
ds

[ f(t)] IF(s)ds if ( ) is bounded for t > 0.

If £(t) is contmuous, possesses piecewise continuous derivative and both f(t)
and f'(t) are of exponential order then

o LIf'®]=s L [f(1)]-£(0)

o L[ (V]=5 L [f(1)]-sF©)-(0)

o LIf"(M)]=s"L [f(t)]-s""£(0) —=s"2f'(0) —--- ~sf"2(0) - £*'(0)

L {If(t) dt} ={FGs)/s}.
0
oL {f(1)* g(0)} = LIEW]L [8()] = F(s)G(s)

where * denotes the convolution of two functions f and g.
If f(t) is periodic with period ®, then

K

Ie's‘f(t)dt
L [f()] =2

(1-¢7)

AL [erf ()] =L |:J_ Ie dzil 2 er fc[%j
. ,('erf(\/?)=1/(s«/s+ 1).

o, t=a “
L [5(t)]=1 where a(t-a);{o L, Vith js(t—a)dt=1

0, fort<O . .
For H(t) = ; unit step function.
1, fort>0
o L H(1) 1
s

o LH(t-2)=(e™/s)

If L [f(t)]=F(s) = Ie"‘ f(t)dt then f(t) = L' F(s) is known as the Laplace

0
inverse of F(s).

If £ ' F(s)=f(t)and £ ™' G(s) =g(t) and a,b are constants then
o L '[aF(s)+bG(s)]=a L ' (F(s))+ b L " (G(s))

=af(t)+bg(t).
oL 'F(s+a)=e (1)

- {e'“F()} {f(t a), t>a

, t<a

ds

y, [;S }(—l)"t“f(t)

.

AL "[J‘—HT F(s)} =—tf(t)

Laplace Transform
Method
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o L IF(s) ds=f—(tl
t

-0

o L7 [sFE)]=f'), if £(0)=0

o« L7 ﬂsl}: jf(t)dt.
0

L S

t
14 L {FE)GE) = [ fw)et-u)=f(1) *gt)
0
15, S "[F(s)]z f(t) =2—17 I e" F(s)ds = sum of the residues of e"“ F(s) at the
i
poles of F(s) .
16. If F(x,s) be the £ [f(x,t)] with respect to the variable t then
of
o L|— |=sL[f]-f(0
’ [ o ] [f1-£(0)
o’f ,
o L [BtTJ =5 L[f]-sf(0) - £'(0)
o« [ [.a_f_j =_d_l[f] =Eli
ox /) dx ~dx
2 2
o s| L | 4F
ox? ) dx?
17. To solve initial boundary value problem using Laplace transform technique
i)  transform the pde into an ode
ii)  transform all boundary and initial conditions to the transformed variable
iii)  solve the ode for the transformed variable under transformed conditions
iv)  find the inverse Laplace transform of the transformed variable either using
table of Laplace transform or the complex inversion integral theorem
6.6 SOLUTIONS/ANSWERS
El) a) 6
(s+2)°
2 — -—
by 2B pine s fet sindt] = ————.
s’ -2s+17) (s=1)°* +16
¢) cot” . Hint £ [stt:]___ _[ 22 ds
2 t ‘s°+4
d) s(s? - 28)
(s* - 4) (s* -36)
E2) a) f(t) =sin2t{u(t - 2x) —u(t - 4n)}

40

L)) =L[sin2tu(t ~ 2w)] - L [sin 2t u(t - 4m)]
=e ™ Lsin2(t + 27)] - e *™L [sin 2(t + 47)]

—e [sin2t] — e ™*™ L [sin 2t]

_ ~2ns __ —47ms 2
=(e e -
s +4




f=t-D{ut-1)-u(t-2)}+G-t){u(t-2)-u(t-3)}

b)
=(t-Du(t-1)-2(t - 2ut-2) + (t - u(t - 3)

L{F()] =L [(t — Du(t ~ D] - 2L [(1 ~ 2)u(t = 2)]+ L[(t - 3u(t — 3)]

P | 3 |
3 ~2e 25—2’—6 35—2',
S S S

1

_'S—

=

E3) £ [(t —t+2u(t-2D)]=of [(t-2)u(t—2)+ 3L [(t~ Du(t-2)]
+4..L [u(t-2)]

E4)  Here f =sint, g=t*
1 2 2

. % - = —_
s LA OF=FO 6=y T 50Ty

ES) a) Using result (27) periodic function, .£(kt/T) can be written as
T .

1 kt
L (kt/T)= e —dt
(/D) 1-¢™" OI T
Evaluating the integral using integration by parts, we get

~ke™ k
+
s(1-e™T) Ts?

b) As per definition

s .2
-8t =t/
e *.e 4 dt

7 [e—1’/4]=

© .8

N

t ( tjz 2
writing st+-—=!s+—~| —8§
4 2

Putting s+i=z, dt=2dz,when t=0,z=s,t—>0,z>o
J[e"z’4] =2 J‘c:’zc"2 dz=¢* 7 erfes [using (29)].

s

E6) Putting t’ =‘y the given integral reduces to

Tf e Verf (\/;)d—;- =%°].e“erf(\/;) dt

o

=%:|'e"‘erf_(wﬁ)dt=%,l’ [erf (\/;)], where 5 =1

1 1 1
o = (5=
2 svs+1 242

E7) Hereperiod T _2n . We have
®

2%

T st ©
Lif@)= | el_fit_)“d‘g Lo [emtma

0 l~e © ©

1 x/w© /o
= { I e'v“ sinwt + I ¢ *.0 dt}

1- ~ins/ o

e
0 n/e

Laptlace Transform
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x/®

[
Equations =

Partial Differential 1 { st

(-ssin ot —wcos®t
1- e—2ns/w SZ + 0)2 } \

©
(s +0’)(1- e“"s“")'

E8) ) J[Fe(t)1='l dt—*l'[e-‘ljl =°'u [h:]

€| -s
b) L [8(t a)]= hm L [F ()= llm[ ]]
_e-as ]_
§ &0 1
sy 2 1 -xs
B9) ) (-5 b 2+1[s2+(s—1)e ].
E10) a) 3cos(ﬁ)t b) cotZt—% ¢) sinht-sint
sinh 2t sinJ—Z_t
d) cosh2t - e) t-—
) . =
E11) e_,,[acosbt—asinbt)
b

E12) We know that
Lfe] =L F (i)
C C

L [lp[iﬂ ~ f(ct)
c \¢ _
L™ [a F(as)]=f (i—] [putting ! = a:‘
or, oL '[F(as)] =lf (1)
a \a
E13) a) Let L™ [cot" s]=f(t)

L7 [icot_1 s] =—tf(t)
ds

-1
s? +1

or, J’“[ }=—sint=—t f(t)

b) Using result (44) obtain

J’"[ ! ]=f(tt),where f(t)=‘,["'[————--——2S"'l ]

s?+s+1 (s* +s+1)?

e 1 _f@)
s+1/2) +(Br2f |

e V2 o 1 ___f(t)
¢ Lu(m)’} :
NE)

2t sin——2— t=1(t).

or,
42 ‘5




c)

d)

¢)

E14) a)

b)

c)

d)

2

A +cost—1
2
Let F(s) =— and G(s)=
S + a
t
then f(t) =1 and g(t)= sina
) 1 | ¢ sinau
L — = I 1 du [using convolution theorem)
s(s“+a°) ; a
_1- cbsat
a’
~sint+3 sin 2t . [use partial fractions]

y* +25y =10cos5t, y(0)=2, y'(0) =0
On taking LT of the given DE and using the initial conditions, we get

Y(s)= 2s . 10s
s2+25 (s? +25)°

y(t) =L Y(s)=2cos 5t +.L 'd[ =3 ]

ds\s® +25
=2cos 5t + tsin5t,
y"~4y'+4y=64smn2t, y(0)=0, y'(0)=1
1 128

Yie)= b(s - 2)‘2 ¥ (s?+4) (s-2)°

- -8 17 8s

t)=oL 'Y(s)=L + + '
y(®) ©) {5—2 (s-2)? sz+4}
=-8¢> +17te® + 8cos2t.

1 1

(s?+3s+2) (s -2s+2)

A B Cs+D
= + +

s+1 (s+2) s*-2s+2

Y(s)=

comparing the coefficients we get

1 1 "v
A=t B=—Ll c-- L1 ptl
5 10 10 5
1 - 1 - s 1 1
y(t)=L ‘Y(s)-—e R e e e
100 1 s-D¥+1 5 (s-1D*+1
y(t)=§e" —-1—]6- 2 ——1—16e‘ cost+— nt \

‘On taking Laplace transform and using the initial conditions we get

1

(s—-2)

1t 1 1
(s+1) (s+Ds? (+D(s-2)

(s +DY(s) =14+
S

Thus, Y(s)=-

On resolving into partial fraction we get

Y(s)=- L +-1— i 11 + ! _.1_+_1__
s+l 3(s-2) 3(s+l) s+1) s 52
1 1 1
t)y= LY ——-—.,("' L oy !
yh=L7YE) +3 )

Laplace Transform
Method
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Partial Differential - le—Jl “1+ lezr
Equations T3 30
¢) Ontaking LT of the given DE we get
L 1
SY(s) - y(0) + 4Y(s) == ~ ———; y(0) = -1
s s°+1
S Y(s)=- 1 + ! L

s+4 s(s+4) (s+4)(s: +1)

IR SR S S S SR SN
(s+4) 4s 4(s+4) (17(s+4) 17(s* +1) 17(s* +1)

_8 1L 1.4 1 s
68 (s+4) 4s 17(sz+1) 17 s% +1
1 89 4 1
Lyt =LT'Y(s)=— - =™ +—sint -~ —cost .
y(®) =6 17 17

f) 2y"+5y' +2y=e™,y(0)=1, y'(0)=1

On taking LT and using the initial conditions, we get
1 25+7 2 +11s+15

Y(s)= 5 +— = 5
: (5+2)(2s°“ +5s+2) 28°+5s+2 (2s+1)(s+2)
; On resolving into partial fractions, we get
4 1 1 4 1 11 1

Y(s)= - - == - - -
92s+1) 9s+2) 3s+2)° 9, s+1) 9(s+2) 3(s+2)
1 2
‘ ' 4 -+ o1 1

LY@ =y(t)=—e 2 - —eF ——te™™

(s)=y(1) T 5 ° 3

g) y"+2y'+5y=e*sinx, y(0)=0, y'(0) =1

On taking LT and using initial conditions we get

) ‘
Y(s)= s°+2s+3 _ z+3 z=2s+s?
(s +25+2) (s> +2s+5) (z+2)(z+5)
2 1 1 1
= e + —
3z+5 32+2 ;
1 2 1, 1
X)=L'YE) =mod —e— T —
yx) O=3L i 37 Ginien
| . 1 .
=—e™ sin2Xx+—e” " sinx.
3 3
di E,h0'“;t<a ,
E15) L—+Ri=E(t)= , 1(0)=0
) Ly tRi=E® {o, t>a O

On taking LT and using the initial conditions, we get

(Ls+R)I(s) = J'E(t)e-’"dt = [Ee™at+ _[ 0. e~dt
0 0 a

E Zas

I(S) = m(l - € )

LiyaL B o EeT \
. s(Ls+R) s(Ls+R)

=J-I_E_(1 L ) _,-E (1 _ ! ]e
Ris s+R/L R\s s+R/L
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R R : Laplace Transform
_R -Ria

On simplification, we get

E Ra _k,
i(t)=—|el -1 L.
i(t) R[e ]c

E16) E(t) can be expressed as
EM)=t+u(t-1)Q-t)=t—(t-Du(t-1)
On taking Laplace transform of q" — q' — 6q = E(t) and using the initial
conditions q(0)=0, q'(0) =0, we get

Q) - 54(0) - 4'(0) ~ [Q(s) - a(0)] - 6QE) == - es_z

S
6 -s- Q=5 -5
) .
A= (s -3) s+2)s’ - (s-3) (s+2)s’
1 1 1 1 1 1 1

Now —M—8 = —— 4 — - =
(s=3)(s+2)s® 36s 65> 45 (s-3) 20 (s+2)
Thus £ ~'Q(s) = q(t) is given by

n _ 3(t-1) -2(t-1)
t € 1 ~2t_{i_(t l)+e -—e }u(t—l)-

1
e ——m o
=3 "6 257 20° 136 "6 = 45 20

E17) On taking LT of y”" + 9y =9u(t - 3) and using the initial conditions
y(0)=y'(0)=0, we get
Y(s)=9e™ /(s +9s. Thus y(t)=L "(Y(s)).
From table of LT given in Appendix we know that

s2+9

=sin3t.

t
Also, from the result o If (t)dt= lF(s) one can write
S
0
4 3

t
2—=3Isin3tdt=l—cos3t
s(s“+9)

9¢
== __-{fi- _ -3).
621 9) { cos3(t 3)}u(t 3)
4-5s _ 4 _ 1

Ss+1) s(s+1) sis+1)]

x,(1)=5~5t* +2? —Se™", x,(t)=1+13——(5-5t‘ +2t2 —5e™)

Hence , y(t)=. "Y(s)=L "

1 2 4-5s
Xi®)—+—F -
s s s(s+1)

E18) X,(s)=

E19) x(t)=t+3e™" =2 ; y(t)=1—-t+2e™"
E20) x(t)=3-2¢', y(t)=¢'

E21) x(t)=(1+2t)e' +2e> ; y(t)=(1-t)e' —¢™
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E22) On taking Laplace transform of the given equation we get
t

LY+ L “y(x) (t-2) dx} =L
Let Y(s) =L [y(t)]. Using convolution theorem above equation can be
written in the form
Y(s)+ LIy®] . o [t]=L]t]
or, Y(s)+ Y(s)L2 = L
$

SZ

!1+s2 ) Y(s):i

s2 s

or, Y(s)=

1+s?

On taking inverse LT of the above equation, we get
y(t)=sint. '
s N 27 2
+D(E+2) (s+D(s+2) (s+1)(s+2)

y=Qe ™ —e™)+2(e™* PV —e 2 Dyu(x 1) - 2(e D — e D)y(t - 2)

E23) SL(y)=

it

\ 4
E24) (sJ(y)—3)+4J(y)+;J<y)=fs—
Then {s +4+ i} Y(s) =L +3 ' [£L YI(D] = Y(s)]
S )
3s 1 s

o Y(S)=(s+2)2 Ter2r

3(s+2-2) 1 -
= + (<]
(s+2)?7 (s+2)?
=(3e7* —6te ) u, (1) + (t—=1e 2Dy (1)

E25) y(x)=cosx+e™* Iy(z)e’ dz

0

=CcoSX + J y(2)e P dz
0
On taking Laplace transform of the above equation and using convolution

theorem, we get Y(s) = zs + Y(s)—l—
s*+1 s+1
1 s
or|l-——|Y(s)=
( s+1J ©) s +1

(s+1) s 1
= +
*+1) s+l st +l
Taking Laplace inverse of the above equation, we get
y(Xx)=cosx +sinx.
E26) The initial boundary-value problem to be solved is
a: o oxP

where, y(0, t)=f(t), y(x,0)=0, [gtl] =0 and y(x,t) is bounded as
t=0

Y(s)=-

X —~»0,




On taking LT of given equation w.r.t t, we get : Laplace Transform

. Method
2yiy oy 2 8°Y(x,8)
$°Y(x,8) —sy(x,0) - = =3 —"
) —sy(x,0) (atLo o
where, Y(x,s)= je"‘y(x,t)dt
0
On using the initial conditions, we get
d’y (s? i
| |y=0
dx’ (az J
whose solution is given by
Y(x,s)=A(s)e* +B(s)e *
Since y(x,t) is bounded i.e. when x - %, Y is finite, therefore A(s)=0.
Hence, Y(x,s) = B(s)e /% .
Since at x =0, y(0,t) = f(t) therefore Y(0,s) =F(s)=B(s).
Thus, we get
Y(x,s)=F(s)e *
L7Y(x,5) = y(x,t)= L 'F(s)e * = f(t —1] u(t —ij .
a a
E27) For the case under consideration the telegraph equation is
2 2
ov._ LC27V+(RC +6L) 4 RGY
ox- ot ot
where L,C,R,G have their usual meanings. For the case L=0,G=0,
equation reduces to
2
2_:1 =ga? @; a’ =RC .
ox” ot : o
Thus, we have to solve the above equation under the conditions
v(0,t) = E(t), v(x,0)=0, v(x,t)is bounded as x -
On taking LT of the above equation w.r.to t, and using condition v(x,0)=0,
we get
d_Y =a’sV
dx”
where V(x,s) = J'e'"v(x, t)dt
0
Thus, V(x,s) = A(s)e®¥** + B(s)e™®**"
Since v(x,t) islt;[)unded as x —» o, we get A(s)=0. Hence
V(x,s)=B(s)e™ "
At x=0, v(0,t) =E(t) .. L [v(x,1)]=V(0,s) =L[E(1)]
Hence, B(s) =-L[E(t)] . Consequently,
V(x,s)=LTE(t)].e*¥**.
. be—bz /4t
From the table of LT, we know /' {——=——}=exp (— b«fs_ )
2«/;t3/2
On taking Laplace inverse of V(x,s), we get
v(x,t)=L " e*V** E(s) where E(s)= Ie"' E(t)dt
‘ 0 47




a 2 X 2
Partial Differentlal -

: ) 4
Equations Sovixt) = = I E(t-2) e)\s/z di
0

24/

For the case where E(t) =u(t) (a unit step function), u(t—A)=1 for A<t and.
is zero for A >t . Hence

a?x?

ax re %
vix, ) =—= [ .
0= 15

E28) For this case the initial boundary value problem is formulated as follows:
0* o’y | '
6t_2y=a2 v +g2,x>0,t>0

y(x,t)=0, t>0; y(x,t) isbounded as x > .

- y(x,0)=0,x>0;%] =0, x>0, where g =-9.81
Y t=0
On applying LT w.r. to t and using above conditions, we get

2 (o) _ 2 d'Y(xs) g
{s Y(x,s) S(atl:o y(x,O):l—a -——dx2 +s

2
Thus, Y' -2 y=--£
a a‘s
Keeping in view the condition of boundedness in

Y(x,s)= A(s)e;x + b(s)e_;x + %, we get
'S

Y(x,s5)=B(s)e * +£
S
At x=0, y(0,0)=0=Y(0,s)

L Be)=- L.
S
_8 -3
Hence Y(x,8)== [I—c ]
S

On taking Laplace inverse of the above equation, we get

-1 1 __S_x

y(x,t)=.,l’“'£3 ~gL et
s s

2
=&__s_(t_1J u[t_ij
2 2 a a

where u(t) is the unit step function.
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Appendix

Table of Laplace Transforms

£(t) F(s)=Lf(t) = Ie"'f(t)dt
V]
1. 1 1
s
2. L ! ,§>0
n! n+l
3. ! —-1— , x>-1
Tx+1) x+l
] 1
4, (mt) 2 s ?
5. e™ L
s+a
6. e™f(t) F(s -a)
n_ —at
7 t'e o1
I‘l! (S+a)n+l
sinkt k/(s? +k?)
. cos kt s/(s? +k?)
10. sinh kt k/(s® -k?)
11.  coshkt s/(s* -k?)
12. tsin kt _221(ST
N (s +k*)
13, lexp[—E] f[lj F(as + b)
a a a
0, 0<t<c 1
14. u(t—c)={ - ,¢c>0
1, t=>c S
15. f(t-c) u(t—c)=f(t—c)H(t -¢) e *®F(s),c>0
t
6.  [R@LE-BB=fO*O  FEORE
0
~ 1
17. (1-e)/t Inf 14—
: §
18. ZS“:hk‘ In[(s + k) /(s k)]
19. smt kt arctan(kss)
20. S(t-a) e™
1 1 -
21. ——(sinat ~ atcosat _—
2a’ ( ) (s? +a?)?
22 L (sinat + at cos at) L
' 22° (s? +a?)?
23 f(a) Lesra), a>0
: a

Laplace Transform
Method




Sede TRt -

B =l

3

Partial Differential ! 1
Equations 24. I f(t)dt S F(s),s>0
0

25, lim £(t) limsF(s)
26, t() ~ Y ey
» ds
27. t"f(t) ‘ D" d F(s)
ds”
1 o0
8. -fO) j F(s)ds
29. f(t) u(t-a) e ™ L [f(t+a)]
df
30. o sF(s) - f(0), s>0

d*f

31. ey s*F(s) - sf(0) - £'(0), s>0
dd.’f 3 2 [ " .
32. e s'F(s)-s*f(0)-sf'(0)-£"(0),s >0
i\ T, _-st
33, f(t)=f(t+T) periodic jil——f(i)f—t
. —e
0
34, erf(t) 1% erfe (EJ
S 2
1
35,  erf lyt
( ) svs+1

Note that same table can be used for writing Laplace inverse transform as
L7 [F (s)] =f(t), i.e., entries in the first column are the inverse Laplace transform of
the entries in the second column.
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