
 

377 

SESSION 32 

OONE-WAY MANOVA   

Structure 
32.1 Introduction 

Expected Learning Outcomes   

32.2 Problem Description 

32.3 Testing Significance of More 
 than Two Mean Vectors 

 Manual Computation of MANOVA 

 Steps for Manual Computation in R 

32.4 Using Built-in Function in R 

 summary.manova() and

 summary() Functions 

 summary.aov() Function 

 Continuous Assessment 32 

 

 

In Session 31, we have studied how to test the significance of variance-
covariance matrices using R. We have discussed the problem of testing 
equality of two mean vectors for two multivariate normal populations using 
Hotelling’s T2 test in Session 26. The problem of testing equality of mean 
vectors may be extended to more than two multivariate normal populations, 
such as testing the equality of mean vectors of three or more multivariate 
normal populations which are under study. We apply analysis of variance 
(ANOVA) technique for the univariate case to compare the means of three or 
more normal populations.  

As discussed in Unit 15 of MST-018: Multivariate Analysis, the multivariate 
analysis of variance (MANOVA) technique is an extension of the ANOVA 
technique applied to the multivariate normal populations. For example, a 
botanist is interested in comparing the growth of some species of trees, in 
terms of variables such as height, girth, age and growth rate of the trees. For 
this purpose, he/she collects the data by taking samples of the trees from k 
distinct species based on the selected variables. These samples will be 
considered as independent samples. The hypothesis of equality of mean 
vectors of the growth parameters for trees of selected k species is then tested 
using MANOVA technique, which is based on data for k independent 
multivariate samples. 

32.1 INTRODUCTION 

Prerequisite  

Unit 15 of MST-018: 
Multivariate Analysis. 

Sessions 26 and 31 of 
MSTL-012: Statistical 
Computing using R-II. 

Prerequisite Libraries  

Note that you need to 
install packages only 
once when you use it first 
time. But you must call 
each library using the 
library() function in each 
R session. 

library (mvnormtest) 
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In this lab session, we will test equality of mean vectors among three or more 
multivariate normal populations using a one-way multivariate analysis of 
variance manually and also with the help of a built-in function in R.  

In the next session, you will study how to perform linear discriminant and 
classification analysis in R. 

Expected Learning Outcomes  
After performing the exercises and activities of this lab session, you should 
be able to: 

 test the equality of the mean vectors for k (more than two) independent 
samples from k multivariate normal populations in R; 

 analyse the MANOVA manually in R; and 

 apply the built-in manova() function to perform the MANOVA in R. 

 
We state the following two problems to understand the working of MANOVA 
technique for comparing mean vectors for more than two groups, for 
demonstration purpose. 

1. Consider data regarding the patients diagnosed with Obsessive 
Compulsive Disorder (OCD). It was decided to apply Treatment 1 to      
n1 = 4 patients, Treatment 2  to 2n 3  patients and Treatment 3 (which 
is actually no-treatment or only counselling) to 3n 5  patients. Some 

appropriate tools were developed to measure three variables related to 
OCD in appropriate units of measurement, which are Actions 1X , 

Thoughts 2X and Aggressions 3X .  The data so obtained are given 

as follows: 

Patient 

Treatment 

1 2 3 

X1 X2 X3 X1 X2 X3 X1 X2 X3 

1 5 14 8 4 15 9 4 14 8 

2 4 16 9 2 14 8 5 15 10 

3 7 12 10 6 19 10 6 13 9 

4 6 15 9    7 13 10 

5       5 18 8 

Assuming multivariate normality and equal variance-covariance matrices 
for three groups, compare the patients who were treated with three 
different types of treatments, which might prove effective for OCD (i) 
manually and (ii) using a built-in R function at 5% level of significance. 

2. Consider the iris dataset, in which data for 50 flowers from each of the 
three species, namely, setosa, versicolor, and virginica, on four 
variables: Sepal.Length, Sepal.Width, Petal.Length, and Petal.Width are 
given. 

32.2 PROBLEM DESCRIPTION 
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Assuming multivariate normality and equal variance-covariance matrices 
for three species, test the equality of mean vectors of these four 
variables for three species at 5% level of significance. 

 
In Unit 15 of MST-018, we have discussed one-way multivariate analysis of 
variance (MANOVA). Suppose we have m p-variate normal populations, and 
we have selected random independent samples of sizes m1 2, N , ..., NN , 
respectively, from each of these populations on each of the p variables. Let us 
consider 

ii1 i2 iNx  , x  ,  ..., x
ii1 i2 iNx  , x  ,  ..., xi1 i2i2 , the data vectors of the ith random sample of size iN  

from the ith p-variate normal population (for i = 1, 2, …, m) with mean vector ii  
and variance-covariance matrix iΣ . Note that the sample sizes may be 
different for various populations, as we assume that samples are taken 
independently from m distinct populations. 

MANOVA technique also consists of partitioning the total (corrected) sum of 
squares (SS) and cross products into two components (as is done under 
ANOVA):  

Total SS & cross-products = {Treatment (between) SS & Cross-products}  
    + {Residual (error/within) SS & Cross-products}           

i.e., Tc = B + W 

Assumptions: In order to carry out MANOVA, we assume that  

 Data of each group follows a multivariate normal distribution. 

 Population variance-covariance matrices of all m groups are the same, 
that is, 1 2 m  . . .   . 

Mathematical model: The mathematical model of each observation vector for 
MANOVA is written as: 

 ij i ij i ; for  i 1, 2, ..., m  and j 1, 2, ...,  x n; for i; for ii iji iji ijijx                                … (1) 

where  is an overall mean, ii  represents the effect due to the ith treatment 
and ijij  are the error terms, which are assumed to be independently distributed 

as pN 0, Σ 0, Σ . 

32.3.1   Manual Computation of MANOVA 

To perform MANOVA, here, we summarise the main steps as follows: 

Step 1:  Since the objective is to compare the mean vectors 1 2 m, , , 1 2 m1 22222  

 of m-independent p-variate normal populations, therefore, we may 
 formulate the null and alternative hypotheses of interest as follows:  

0 1 2 mH :   . . .  1 2 m1 21 21 21 2 . 

H1 :  At least two of the mean vectors are not equal, i.e., means of at 
least two populations differ for at least one variable. 

32.3 TESTING SIGNIFICANCE OF MORE 
 THAN TWO MEAN VECTORS 
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Step 2:  Let xijk be the observation corresponding to the kth variable under the 
 jth unit (replication) receiving the ith treatment (group), where  i = 1, 2, 
 …, m;  j = 1, 2, …, Ni and k = 1, 2, …, p. We compute the sample 
 mean vector for the ith group and grand mean vector as: 

 
iN

i ij
j 1i

1 x x
N ijxi

j 1i

x
N

                   …(2) 

and   
iNm m

ij i i
i 1 i 1j 1

1 1x  x  N x
N N i i

i 1 i 1j 1
x  N xiiN Nj

i 11 i1 i1
i i iiN

x  ijijijxijijxijxxxx                        …(3) 

where N is the total sample size, i.e., 1 2 mN N N ... N .  

Step 3:  The treatment (between) sum of squares and cross-products matrix B 
 is determined as:  

m

i i i
i 1

x x x xB   N   i ix xiiix x i xixix xii                                                     … (4)  

Step 4:  We compute the residual (within) sum of squares and cross-products 
 matrix W, given as:  

iNm

ij i ij i
i 1 j 1

W  x x  x xij i ij ix x  x xij i iji ijx x xx xij i iji  

i.e., W 1 1 2 2 m m N 1  S  1  S  . . .  N 1N  S                          … (5)               

where iS  is the sample variance-covariance matrix for the ith sample. 

Step 5:  We calculate the total (corrected) sum of squares and cross-products 
 matrix W, defined as:  

iNm

c ij ij
i 1 j 1

T   xx xxijijij xxij xijij xijij      …(6) 

Step 6:  A summary table for one-way multivariate analysis of variance 
 (MANOVA) is given as follows: 

Source of Variation Degrees of Freedom Matrix of Sum of Squares and  
Cross-products 

Treatment m – 1 B 

Residual 
m

i
i 1

N m N m  W 

Total 
m

i
i 1

N 1 N 1 Tc 

Step 7:  Test statistic for testing the null hypothesis against the alternative, as 
 defined in Step 1 using the Wilk’s Lambda criterion, is calculated 
 as: 

W
Λ  

B  W
                                                                              … (7) 

Step 8:  Sampling distribution of Wilk’s Lambda Statistic *Λ given in equation 
(7) is assumed to follow the F-distribution with f1 and f2 degrees of 
freedom for m 2  and p 2 . The F-statistic is defined as follows: 
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1 2

1/t

2
f ,f1/ t

1

1fF ~ F
f

                                                           … (8) 

where 
22

22

p m 1 4
t ,

p m 1 5
                                                       … (9) 

1f p m 1                                                                                                      … (10) 

and 2
1 1f N 1 p m t p m 1 2
2 2

.                            … (11) 

You can study more functional forms of the sampling distribution of 
Wilk’s Lambda Statistic in detail in Unit 15 of MST-018. 

Step 9:  Conclusion 

If the calculated F value is larger than its corresponding critical value, 
i.e.,

1 2(f , f ),F F , then we reject the null hypothesis at α% level of 

significance. Otherwise, we do not reject the null hypothesis. 

32.3.2   Steps for Manual Computation in R 

We now consider a dataset of Problem 1 mentioned in Section 32.2 to 
demonstrate the manual computation for the MANOVA. The given data refers 
to some sampled patients who are diagnosed with Obsessive Compulsive 
Disorder (OCD). It is of interest to compare the condition of patients who are 
treated with three different types of treatments, which might prove effective in 
treating OCD.  

For a clear understanding, we also represent the data given in Problem 1 as 
follows: 

Sample 
Treatment 

1 2 3 

1 
111

11 112

113

x 5
X x 14

x 8
11X11 112x112

x
 

211

21 212

213

x 4
X x   15

x 9
21X21 212x212x212

x
 

311

31 312

313

x 4
X x   14

x 8
31X31 312x312x312

x
 

2 
121

12 122

123

x 4
X x 16

x 9
12X12 122x122x122

x
 

221

22 222

223

x 2
X x   14

x 8
22X22 22x22x22

x
 

321

32 322

11p

x 5
X x   15

x 10
32X32 3232xx32

x
 

3 
131

13 132

133

x 7
X x   12

x 10
13X13 132x132x132

x
 

231

23 232

233

x 6
X x   19

x 10
23X23 23x23x23

x
 

331

33 332

323

x 6
X x   13

x 9
33X33 33x33x33

x
 

4 
141

14 142

143

x 6
X x   15

x 9
14X14 142x142x142

x
  

341

34 342

343

x 7
X x   13

x 10
34X34 34x34x34

x
 

5   
351

35 352

353

x 5
X x   18

x 8
35X35 35x35x35

x
 

We now follow the steps given ahead to perform MANOVA for Problem 1(i): 
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Step 1:  We now formulate null and alternative hypotheses as follows:  

 H0 : The mean vectors are the same in three treatment groups,  
         i.e., 0 1 2 3H :   1 2 31 211 21 2 . 

 H1 :  At least two mean vectors are not the same, i.e., the means of at
        least two populations differ for at least one variable. 

Step 2:  We can also represent the data given in Problem 1 corresponding to 
 three treatments (samples) in the form of matrices as: 

1

5 14 8
4 16 9

X
7 12 10
6 15 9

,  2

4 15 9
X 2 14 8

6 19 10
 and 3

4 14 8
5 15 10

X 6 13 9
7 13 10
5 18 8

 

We now input the given data using the c() function and then create 
matrices X1, X2 and X3 corresponding to three treatment methods 
with the help of the cbind() function as: 

 

## For Treatment 1 

X11 <- c(5, 4, 7, 6) 

X12 <- c(14, 16, 12, 15) 

X13 <- c(8, 9, 10, 9) 

X1 <- cbind(X11, X12, X13) 

## For Treatment 2 

X21 <- c(4, 2, 6) 

X22 <- c(15, 14, 19) 

X23 <- c(9, 8, 10) 

X2 <-cbind(X21, X22, X23) 

## For Treatment 3 

X31 <- c(4, 5, 6, 7, 5) 

X32 <- c(14, 15, 13, 13, 18) 

X33 <- c(8, 10, 9, 10, 8) 

X3 <- cbind(X31, X32, X33)                                                           

The above code will display data matrices with three variables as 
columns (from three-variate normal populations), as follows:  

 

> X1 

          X11     X12       X13 

[1,]      5          14          8 

[2,]      4          16          9 

[3,]      7          12         10 

[4,]      6          15          9 

Script  

Output 
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> X2 

          X21       X22       X23 

[1,]      4            15          9 

[2,]      2            14          8 

[3,]      6            19         10 

> X3 

           X31      X32        X33 

[1,]       4           14          8 

[2,]       5           15         10 

[3,]       6           13          9 

[4,]       7           13         10 

[5,]       5           18          8 

Step 3:  We determine mean vectors and variance-covariance matrices of 
 data matrices X1, X2 and X3 by using the colMeans() and var() 
 functions, respectively, corresponding to three treatment groups as: 

 

## Mean vectors 

X1bar <- colMeans(X1) 

X2bar <- colMeans(X2) 

X3bar <- colMeans(X3) 

## Variance-covariance matrices 

S1 <- var(X1) 

S2 <- var(X2) 

S3 <- var(X3) 

It generates the following output:  

> X1bar 

  X11      X12      X13  

 5.50     14.25     9.00  

> X2bar 

 X21      X22     X23  

   4         16         9  

> X3bar 

  X31     X32      X33  

 5.4       14.6       9.0  

> S1 

               X11                X12                 X13 

X11   1.6666667    -1.8333333      0.6666667 

X12  -1.8333333     2.9166667     -0.6666667 

X13   0.6666667    -0.6666667      0.6666667 

Script  
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> S2 

          X21     X22      X23 

X21     4         5.0       2.0 

X22     5         7.0       2.5 

X23     2         2.5       1.0 

> S3 

            X31     X32       X33 

X31    1.30     -1.05      0.75 

X32   -1.05      4.30     -1.00 

X33    0.75     -1.00      1.00 

Step 4:  We now combine the data of three selected variables under study for
 all three treatments corresponding to all samples into a single data
 frame with the help of rbind() function. We  then compute the grand 
 mean vector using the colMeans() function as: 

 

## Combined data  

X <- rbind(X1, X2, X3) 

## Grand mean vector  

Xbar <- colMeans(X) 

The combined data and grand mean vector of 3 variables are 
obtained as: 

 

> X 

          X11       X12       X13 

 [1,]     5           14           8 

 [2,]     4           16           9 

 [3,]     7           12          10 

 [4,]     6           15           9 

 [5,]     4           15           9 

 [6,]     2           14           8 

 [7,]     6           19          10 

 [8,]     4           14           8 

 [9,]     5           15          10 

[10,]    6           13           9 

[11,]    7           13          10 

[12,]    5           18           8 

> Xbar 

      X11            X12              X13  

 5.083333   14.833333     9.000000  

Output 

Script  
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Step 5:  Next, we compute the difference of sample mean vectors of each
 treatment (sample) from the overall mean vector, and name them 
 diff1, diff2 and diff3 (say) for Treatments 1, 2, and 3, respectively. R 
 Code for the same is written as follows: 

 

## Difference of mean vectors  

diff1 <- X1bar - Xbar 

diff2 <- X2bar - Xbar 

diff3 <- X3bar - Xbar                                                           

 We obtain the following output:  

 

> diff1 

       X11             X12              X13  

 0.4166667   -0.5833333    0.0000000  

> diff2 

      X21             X22            X23  

-1.083333    1.166667      0.000000  

> diff3 

       X31               X32             X33  

 0.3166667   -0.2333333    0.0000000   

Step 6:  In this problem, we have k = 3, 1 2N 4 ,  N 3 , 3N 5  and p = 3. We
 now first compute between treatment sum of squares and cross-
 products matrix (B) as per equation (4) using t() and crossprod()
 functions as: 

 

## Computation of B matrix 

N1 = 4 ; N2 = 3 ; N3 = 5 

B <- N1 * crossprod (t(diff1)) + N2 * crossprod (t(diff2)) + N3 * crossprod (t(diff3)) 

Note that crossprod(x) function computes x'x, and t(x) function 
computes the transpose of x, i.e., x', where x can be any matrix. We 
first take the transpose of the difference vectors t(diff1), t(diff2) and 
t(diff3), which convert them into row vectors of order (1  3) to be 
considered in the crossprod() function. The crossprod(t(x)) 
computes xx',  as required in the right-hand side (RHS) of equation 
(4). Alternatively, we can also use x %*% t(x) instead of using the 
crossprod(t(x)) function, as both yield the same result.  

We now show you how t(diff1), crossprod(t(diff1)) and then the 
resulting B matrix are obtained as follows: 

Script  

Output 

Script  
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> t (diff1) 

              X11                  X12               X13 

[1,]  0.4166667         -0.5833333           0 

> crossprod (t (diff1) ) 

                  X11                  X12              X13 

X11      0.1736111       -0.2430556          0 

X12     -0.2430556        0.3402778          0 

X13      0.0000000        0.0000000          0  

> B 

                X11              X12            X13 

X11    4.716667      -5.133333         0 

X12   -5.133333       5.716667         0 

X13    0.000000       0.000000         0 

Step 7:  We now obtain the within (residual) sum of squares and cross-
 products matrix (W) by using the formula given in equation (5) as: 

 

## Computation of W matrix 

W <-  (N1 - 1) * S1  +  (N2 - 1) * S2   +  (N3 - 1) * S3  

The matrix W is obtained as follows: 

 

 

> W 

            X11       X12      X13 

X11    18.2       0.30         9 

X12     0.3       39.95       -1 

X13     9.0       -1.00         8   

Step 8:  We now compute Wilk’s lambda statistic as per equation (7) using the 
 following code: 

 

## Wilk’s lambda statistic 

del_s <- det(W) / det(B + W) 

The resulting output will be as follows:  

 

> del_s 

[1] 0.5618057 

Output 

Script  

Output 

Script  

Output 
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Step 9:  Since we have p = 3 and m = 3, we then determine the values of t, f1 
 and f2 using the formulae given in equations (9), (10) and (11), 
 respectively, for computing the F-statistic, as: 

 

## Compute t, f1 and f2  

p <- 3 

m <- 3 

N <- N1 + N2 + N3 

t <- sqrt((p * p * (m-1)^2 - 4) / (p^2 + (m-1)^2 - 5)) 

f1<- p * (m - 1) 

f2 <- (N - 1 - (1/2) * (p + m)) * t  -  (1/2) * (p * (m - 1) - 2) 

Here is the generated output.  

 

> N 

[1] 12 

> t 

[1] 2 

> f1 

[1] 6 

> f2 

[1] 14 

Step 10:  We now determine the calculated value of F-statistic by using the 
 formula given in equation (8) as: 

 

## Compute F-statistic  

Fcal <- (f2 / f1) * ((1 - (del_s)^(1/t)) / (del_s)^(1/t)) 

It provides the following output: 

 

> Fcal 

[1] 0.7796996 

Step 11:  We compute the tabulated F value with f1 and df2 degrees of 
 freedom at α = 0.05 level of significance by using the qf() function 
 as: 

Script  

Output 

Script  

Output 
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## Tabulated F-value  

alfa <- 0.05 

Ftab <- qf(alfa, f1, f2, lower.tail = FALSE) 

We obtain the following output: 

 

> Ftab 

[1] 2.847726 

At  = 0.05, we have Fcal = 0.7796996 and (6,14), 0.05F  = 2.847726.  

Conclusion: 

Since Fcal  2.847726, we may not reject the null hypothesis at 5% 
level of significance. Hence, we conclude that there is no significant 
difference between the effects of three treatment methods which are 
used on patients who are diagnosed with OCD.  

Step 12:  In the same way, we obtain p-value corresponding to the 
 test statistic Fcal by using the pf() function as: 

 

## p-value 

p-value <- pf(Fcal, f1, f2, lower.tail = FALSE) 

It gives the following output: 

 

> p-value 

[1] 0.5993796 

Conclusion: 

Since p-value (= 0.5993796) is greater than 0.05, we do not reject 
the null hypothesis at 5% level of significance. It is concluded that 
the difference between all three treatment effects is significant, i.e., 
the mean vectors of three variables are highly significantly different 
across three treatments applied to the sampled OCD patients. 

  
We can also use a built-in function manova(), which is a part of the stats 
package in R, to perform multivariate analysis of variance (MANOVA) on the 
given data. Its syntax is given as follows: 
Syntax 

manova(formula, data, …) 

Script  

Output 

Output 

32.4 USING BUILT-IN FUNCTION IN R 

Script  



 
  
 

 

389 

Session 32 One-Way Manova 

where, 

 Argument Description 

formula It is a formula specifying the model.  

data It indicates a data frame, which contains the variables specified in the 
formula.  

... Further arguments to be passed. 

We now carry out MANOVA for the same data given in Problem 1. We use 
built-in manova() function in R to solve Problem 1(ii) as follows: 
Step 1:  We first create a vector Treat of length 12, in which the (i) first four
 values are equal to T1 (means Treatment 1), indicating that
 there are four sampled multivariate observations taken from Group/
 Population 1; (ii) next three values are equal to T2 (means 
 Treatment 2), which indicates that there are three sampled
 multivariate observations taken from Group/Population 2; and (iii) 
 next five values are equal to NT (means no treatment/only
 counselling), which indicates that there are five sampled multivariate
 observations taken from Group/Population 3. Also, note that
 these samples are taken independently from one another. 

 For creating a Treat vector, we use the rep() function shown as 
 follows:  

 

## Create Treat vector     

Treat <- rep(c("T1", "T2", "NT"), times = c(4, 3, 5)) 

It gives the following output: 

 

> Treat 

 [1] "T1"  "T1"  "T1"  "T1"  "T2"  "T2"  "T2"  "NT"  "NT"  "NT"  "NT"  "NT" 

Step 2:  Note that for applying the manova() function, it is required to convert
 this Treat vector into a factor object using the factor() function, as we
 want to consider different treatments as different samples/groups. 
 Different values in the factor object are treated like distinct categories.
 The resulting code is given as follows: 

 

## Convert Treat as a factor        

Treat <- factor(Treat, levels = c("T1", "T2", "NT")) 

The above code yields the following output: 

Script  

Output 

Script  
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> Treat 

 [1]  T1   T1   T1   T1   T2   T2   T2   NT   NT   NT   NT   NT 

Levels: T1   T2   NT 

Step 3:  Since we have stored observations under study corresponding to all 
 three treatments/samples in object X in Step 4 of Section 32.3.2, 
 therefore, we use manova() function by passing X ~ Treat formula in 
 it, shown as follows: 

 

## Perform MANOVA     

man <- manova(X ~ Treat)  

You can check class of the object man using the class(man). If we 
print the object man, it will produce the following output:  

 

> man  

Call: 

   manova(X ~ Treat) 

Terms: 

                                  Treat          Residuals 

X1                           4.71667         18.20000 

X2                           5.71667         39.95000 

X3                                0                     8 

Deg. of Freedom         2                     9 

Residual standard errors:   1.422049    2.106867     0.942809 

Estimated effects may be unbalanced 

When you observe this output, you will see that it provides the 
diagonals of B and W matrices under the Treat and Residuals 
columns. It also provides the residual standard errors: 1.422049, 
2.106867, 0.942809 for X1, X2 and X3, respectively, which can be 
obtained by taking the square-root of residual sum of squares divided 
by residual degrees of freedom, e.g., sqrt(18.20 / 9) = 1.422049 
corresponding to X1. In the same way, you can also verify other 
values obtained in the output. 

32.4.1   summary.manova() and summary() functions 

The detailed summary of MANOVA can be obtained using the summary() or 
summary.manova() functions whose syntax is given as follows: 

Output 

Script  

Output 
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Syntax: 

summary(object, test, ...) 

or 
summary.manova(object, test, ...) 

where, 

 Argument Description 

object It is a fitted object of the “manova” class.   

test It specifies different possible test statistics, such as "Pillai", "Wilks", 
"Hotelling-Lawley", and "Roy".  

... Further arguments to be passed. 

It is important to note that manova() function considers the “Pillai” test statistic 
by default. We can specify the “Roy”, “Hotelling-Lawley”, or “Wilks” in the 
test argument to compute the Roy, Hotelling-Lawley, or Wilks test statistic, 
respectively, in the summary output.  

Here, the object of the manova() function class is man. We write the following 
command to obtain the detailed summary of MANOVA using the test statistic 
proposed by “Wilks” as explained in Section 32.3.1:  

 

## MANOVA using Wilks statistic 

summary.manova(man, test = "Wilks") 

## or 

summary(man, test = "Wilks") 

It will generate the following output: 

 

 

                      Df       Wilks      approx F     num Df     den Df       Pr(>F) 

Treat              2       0.56181     0.7797           6              14            0.5994 

Residuals       9 

From the output, you can observe that it produces exactly the same output as 
we obtained in Section 32.3.2. Since the p-value of the test is greater than 
0.05, the level of significance, we do not reject the null hypothesis, i.e., there is 
no significant difference between the mean vectors of the three treatments. 

We hope you have developed an understanding of how a MANOVA is 
performed by working on a small dataset given in Problem 1 manually, as well 
as using the built-in R function. Let us now consider Problem 2, where a 
larger number of observations are given on which we want to perform the 
MANOVA using R.  

In Problem 2, we have been given a famous iris dataset, which contains the 
data of 50 flowers for each of the three species (setosa, versicolor, virginica). 
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In this way, we have an overall 150 observations on four variables 
(Sepal.Length, Sepal.Width, Petal.Length, and Petal.Width). In this data, we 
have 1 2 3 N 150,  N  N  N  50 , the number of treatments/groups (Species: 

setosa, versicolor, virginica) is k = 3, and the number of variables 
(Sepal.Length, Sepal.Width, Petal.Length, Petal.Width) is p = 4.  

We now follow the steps given ahead to perform MANOVA for Problem 2: 

Step 1:  Here, we first formulated the null hypothesis given as follows: 

H0: There is no significant difference between means of the four 
variables (Sepal.Length, Sepal.Width, Petal.Length and Petal.Width) 
among the three species (setosa, versicolor and virginica) of flowers. 

In other words, we define 

H0 : There is no significant difference between the population mean 
vectors (of length 4) among the three flower species, i.e., 

30 1 2H :   31 21 21  1 21 . 

Against the alternative hypothesis, defined as follows: 

H1 : At least two mean vectors are not the same. 

Step 2:  Let us view the first six rows of iris dataset shown as follows: 

 

> head(iris) 

          Sepal.Length    Sepal.Width   Petal.Length      Petal.Width    Species 

1                5.1                   3.5                  1.4                    0.2              setosa 

2                4.9                   3.0                  1.4                    0.2              setosa 

3                4.7                   3.2                  1.3                    0.2              setosa 

4                4.6                   3.1                  1.5                    0.2              setosa 

5                5.0                   3.6                  1.4                    0.2              setosa 

6                5.4                   3.9                  1.7                    0.4              setosa 

Step 3:  Since the multivariate normality condition is assumed in Problem 2,
 therefore, we are not testing it here. However, note that if the
 multivariate normality of data is not mentioned in the problem, we
 need to check it using the mshapiro.test() function, which is a part of
 the mvnormtest package. 

Step 4:  Note that we first need to check if the variable Species is a factor 
 type or not to apply the multivariate analysis of variance using the 
 manova() function in R.  You can verify it with the help of the 
 following code: 

 

# Check if Species is a factor 

attach (iris) 

is.factor(Species) 
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By running the above code, you will see that Species is a factor 
object with three levels, namely, setosa, versicolor and virginica. 

Step 5:  We now perform the multivariate analysis of variance using the 
 manova() function in R by passing data ~ Species as a formula 
 argument as follows: 

 

## Perform MANOVA 

data <- cbind(Sepal.Length, Sepal.Width, Petal.Length, Petal.Width) 

man_iris <- manova(data ~ Species) 

It gives the following output: 

 

> man_iris 

Call: 

   manova(data ~ Species) 

Terms: 

                               Species        Residuals 

Sepal.Length          63.2121        38.9562 

Sepal.Width           11.3449        16.9620 

Petal.Length          437.1028       27.2226 

Petal.Width             80.4133        6.1566 

Deg. of Freedom         2                 147 

Residual standard errors: 0.5147894   0.3396877   0.4303345   0.20465 

Estimated effects may be unbalanced  

Step 6:  Summary of the man_iris object using the Wilks test statistic is 
 obtained as follows: 

 

## Summary using the Wilks test statistic  

summary(man_iris , test = "Wilks")  

Here is the generated output. 

 

                    Df        Wilks      approx F     num Df      den Df            Pr(>F)     

Species         2      0.023439     199.15            8              288         < 2.2e-16 *** 

Residuals   147                                               

--- 

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
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Conclusion: 
From the above output, we observe that p-value of the test is 2.2e-16, which is 
very small as compared to zero. We may reject the null hypothesis and 
conclude that there is a significant difference among the mean vectors of four 
variables for three species of flowers. 

32.4.2   summary.aov() Function 

If we reject the null hypothesis on the basis of MANOVA output, then we want 
to get an insight which of the individual treatment effects differ significantly. So 
now, to identify the variables which differ significantly among the three 
species, we use ANOVA to compare individual variables of the multivariate 
data. However, we do not need to carry out ANOVA using the aov() function 
separately for each variable. Instead, we use the summary.aov( ) function, 
which will actually produce the separate ANOVA tables for each of the four 
variables (i) Sepal.Length, (ii) Sepal.Width, (iii) Petal.Length, and (iv) 
Petal.Width.  

We now apply the summary.aov() function to the fitted MANOVA model object 
man_iris as follows: 

 

# ANOVA for each variable   

summary.aov(man_iris)  

It provides the following output: 

 
 
 Response Sepal.Length :  
                    Df       Sum Sq        Mean Sq        F value            Pr(>F)     
Species        2         63.212           31.606          119.26         < 2.2e-16 *** 
Residuals   147       38.956             0.265                       
--- 
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
 Response Sepal.Width : 
                   Df      Sum Sq       Mean Sq        F value            Pr(>F)     
Species        2       11.345         5.6725           49.16         < 2.2e-16 *** 
Residuals   147     16.962         0.1154                       
--- 
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
 Response Petal.Length : 
                   Df          Sum Sq        Mean Sq        F value        Pr(>F)     
Species        2           437.10          218.551         1180.2      < 2.2e-16 *** 
Residuals   147          27.22             0.185                       
--- 
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
 Response Petal.Width : 
                    Df        Sum Sq        Mean Sq          F value      Pr(>F)     
Tr                 2          80.413          40.207             960.01     < 2.2e-16 *** 
Residuals   147          6.157            0.042                       
--- 
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 

R

Output 

Script  



 
  
 

 

395 

Session 32 One-Way Manova 

The above output provides four univariate ANOVA tables corresponding to 
each of the four variables (Sepal.Length, Sepal.Width, Petal.Length, and 
Petal.Width). Since p-values of all the above variables are much smaller than 
0, we therefore conclude that there is a significant difference for (i) 
Sepal.Length, (ii) Sepal.Width, (iii) Petal.Length, and (iv) Petal.Width, among 
the three considered species of flowers. 

Do the following activity for practice. 

 

You should now apply what you have learnt in this session to another problem. 

 
Do the following exercise in R: 

CA32.1  Consider the following data collected by a team of researchers to
 study how a few variables related to pregnancies vary with respect to
 the education level of mothers. They categorise mothers' education
 into three categories (1 is for less than graduation, 2 is for graduation,
 and 3 is for post-graduation or more). The variables considered in the
 study are: the mother’s age at the time of childbirth (in years), birth
 weight of the baby (in grams) and length of pregnancy at the time of
 childbirth (in weeks). The data so obtained are given as follows:  

S. 
No. 

Mother’s 
Education 

Mother’s Age 
(X1) 

Baby’s Birth Weight  
(X2) 

Length of pregnancy  
(X3) 

1 2 21 2523 34 

2 3 33 2920 37 

3 1 20 2594 35 

4 1 21 2600 38 

5 1 24 3150 40 

6 3 27 2980 39 

7 1 28 1800 32 

8 3 30 2000 34 

9 1 32 2650 35 
10 1 20 2380 33 

11 2 22 2900 36 

12 2 31 2840 37 

Continuous Assessment 32 

                   Activity 1 

 
Write R code to solve the following exercises and interpret the results: 

A1) Example 15.3 given in Unit 15 of MST-018.  

A2) TQs 3 and 4 given in Unit 15 of MST-018.   

You may also like to match the results with the manual computation done 
in Unit 15 of MST-018.  

Scan to 
Download Data 
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S. 
No. 

Mother’s 
Education 

Mother’s Age 
(X1) 

Baby’s Birth Weight  
(X2) 

Length of pregnancy  
(X3) 

13 1 29 1930 35 

14 3 28 2150 29 

15 1 33 2270 33 

16 2 36 3200 41 

17 2 31 2050 35 

18 3 28 2560 36 

19 1 23 2760 37 

20 3 20 2890 38 

21 2 19 3050 38 
22 3 29 2120 36 

23 1 26 2460 38 

24 2 25 3170 40 

25 3 28 3030 41 

26 3 30 2900 37 

27 1 24 2040 36 

28 2 27 3020 38 

29 3 31 3150 39 

30 2 26 2380 35 

Assuming multivariate normality for the given variables and equal 
variance-covariance matrices for all categories, carry out MANOVA to 
test whether there is a significant difference between the mean 
vectors of variables X1, X2 and X3 among the mothers’ education level 
(i) manually and then by using the (ii) built-in function.  

  

               Instructions for CA 32 

1) Follow the description and R code explained in Sections 32.3 
and 32.4 in order to comprehend computation of the multivariate 
analysis of variance (MANOVA) to compare more than two mean 
vectors for the data given in Problems 1 and 2. It will help you in 
solving CA32.1. 

2) Write all the necessary R script for the exercise mentioned in 
“Continuous Assessment 32” as explained in this lab session. 
Take screenshots of the final code and all the outputs. Also 
mention the necessary hypotheses and interpretations of the 
outputs. 

3) Do not forget to keep all screenshots in your record book as 
these will contribute towards your continuous assessment in the 
lab course. 




