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18.1 INTRODUCTION

In the previous Units 16 and 17, you have studied the hypothesis testing for
the population mean and the comparison of two population means, single
population proportion and comparison of two population proportions. However,
inferences concerning a population variance/standard deviation or comparing
two population variances are usually of less interest than those about means
or proportions. But in many practical situations, we have to be concerned with
variability and it becomes necessary to hypothesis testing about population
variances. Some situations where we must study the variability of the
population are given as follows:

¢ In the manufacturing sector, when we manufacture products that fit
together (such as pipes and ball bearings), then it is important to keep the
variations of the diameters of the products as small as possible otherwise,
they will not fit together properly and will have to be scrapped,

¢ When pharmaceuticals are manufactured, then variation in the tablet
plays a crucial role in ensuring that patients are given the recommended
amount,

e The variation in the weight of the juice packet also plays an important role
in the goodwill of the company, etc.

Therefore, continuing our discussion of hypothesis tests for various population
parameters, in this unit, we will focus on hypothesis tests for population
variances.
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Tools You Will Need

The following terms are
considered essential
background material for this
Unit. If you doubt your
knowledge of any of these
terms, you should review
the appropriate Unit or
section before proceeding:

e Sampling distributions
of variances (Unit 3).

e Basic concepts of
testing of hypotheses
(Unit 15).
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This unit comprises six sections. Section 18.1 introduces the need for tests of
hypotheses testing about the population variances. Section 18.2 is devoted to
explaining the chi-square test for single population variance with assumptions.
The F-test for comparing two population variances is discussed with
assumptions in Section 18.3. The unit ends by providing a summary of what
we have discussed in this unit in Section 18.4. The terminal questions and the
solution of the SAQs/TQs are given in Sections 18.5 and 18.6, respectively.

Expected Learning Outcomes
After studying this unit, you should be able to:

+» describe the need for tests for population variance and comparison of
two population variances;

+» select an appropriate test for a population variance and comparison of
two population variances;

% describe the procedure of the chi-square test for hypothesis testing
about a population variance and the F-test for comparison of two
population variances;

+ draw a statistical conclusion in hypothesis testing problems about a
population variance and comparing two population variances; and

% assumptions of the various tests for testing population variances.

18.2 HYPOTHESIS TESTING FOR POPULATION
VARIANCE

The mean of a population is important, but in many cases, the variance of the
population is just as important especially when a little variance in diameter as
possible is crucial when manufacturing things that fit together, like pipes and
ball bearings. If such products do not fit together correctly then we discard
such products. There are many situations when we have to test a hypothesis
about the variance of the population. For example:

e A cigarette manufacturer wants to test whether the variance of the
nicotine content of its cigarettes is less than 0.60 mg,

e A product manager of a company may want to test the variation in the
diameter of ball bearings manufactured by the company is greater than
6 mm,

¢ The manager of a milk company is interested in testing whether the
variation in the weight of the milk packets is greater than 10 grams,

¢ A medicine researcher wants to test whether the variation in the tablets of
systolic blood pressure is greater than 0.5 mg, etc.

In such situations, it is important to study the hypothesis testing about
population variance whether it has a specified variance or not so that we
control it.

Suppose we want to test the hypothesis that the population variance (%) has a
specified value, say, o2 . Therefore, we can formulate the null and alternative

hypotheses as
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H,:0° =02 and H,:0” # 0> [two-tailed test]

Or

H,:0° <02 and H,:0” >0’ [right-tailed test]

Or
H,:0°>02 and H,:0% <0? [left-tailed test]

For testing the null hypothesis, it is important to study the variability of the
whole group/population. But if the population is too large or the units or items
of the population are destructive or there are limited resources such as
manpower, money, etc., then it is not possible practically to examine every unit
of the population to obtain the necessary information of variance of the
population. An alternate is that we take a sample from the population and use
sample observations to conclude the population variance.

Suppose we take a random sample Xi, Xz,..., X, of size n from a normal
population with mean p and variance o2. We now have to decide which test
will be used to test whether the null hypothesis is true or false. As we know the
sample mean is used for drawing inferences about the population mean, in a
similar way, we use sample variance for population variance and we have to
study the sampling distribution of the sample variance for hypothesis testing
about the population variance. In Unit 3, you have studied that the sampling
distribution of the sample variance depends on

o form of population and
e the mean of the population whether it is known or unknown.

Since the shape of the sampling distribution generally does not specify or
follow a standard distribution when the sample size is small, and samples are
drawn from non-normal populations. Therefore, we discuss only tests for
population variance when the population follows a normal distribution.
Therefore, we discuss hypothesis testing about population variance ? under
the following two cases:

1. When population mean is known
2.  When population mean is unknown.

These two cases are discussed one at a time in subsequent Sub-sections 18.2.1
and 18.2.2, respectively.

18.2.1 When Population Mean is Known

There are many cases when the population for which we have to draw
conclusions on the basis of samples follow normal distribution and the mean of
the population is known. In Unit 3, you studied that if we draw samples from
the population which follows the normal distribution, and the population mean
is known then the sampling distribution of the quantity

n

, (X - “)2 ,
_ =1 ~
X = o2 Xin)

follows a chi-square distribution with n degrees of freedom. Therefore, we

If we want to test the

standard deviations, then

we take the null and

alternative hypotheses as

HO
Or

:0=0, and H,:0#0,

:0<0g, and H,:0 >0,

:0>0,and H,: 0 <0,
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consider the following test statistic for testing the hypothesis related to the
population variance/standard deviation:

n

(X _”)2

2 _ it 2
X = o2 Xin)
Since the test statistic is calculated under the assumption that the null

hypothesis is true and the null hypothesis states that 6% =o2 or 0° < 0 or
0% >02.In each case, we take 0° =0 under the null hypothesis, therefore, the
test statistic becomes as

Zn:(xi _“)2

2 _ =t ~ 2
X _GS Xin)
The test statistic follows the chi-square distribution with n degrees of freedom.
Therefore, when the population is normal, and the population mean is known
then we apply the chi-square test with n degrees of freedom for hypothesis

testing about a population variance.

18.2.2 When Population Mean is Unknown

In the previous sub-section, you studied that for hypothesis testing for a single
population variance, we use the chi-square test with n degrees of freedom
when the population is normal, and the population mean is known. However,
in most real-world situations, the mean of the population is rarely known,
especially when the population is too large or destructive in nature. For
example, the height of all people of a country, the sound of the crackers, the
blood test of a human being, the income of the people of a state, etc.

In such situations, we take an estimate of the unknown population mean by

the sample mean (X ). We can calculate the sample mean using the following
formula:

X==>X

o J RN

n
i=1

In Unit 3, you have studied that due to the discrepancy between the sample
mean and population mean especially when the sample mean is calculated
> (% -%)’

from a very small sample, the distribution of the quantity - follows

2
()
the chi-square distribution with n — 1 degrees of freedom instead of the n
degrees of freedom. That is,

Y (%-X)’
2 _ A _ 2
X - 62 X(n—‘l)

Therefore, we consider the following test statistic for testing the hypothesis:

n —\2
2 _ i (Xi _X)

X = 62 ~ X(n—1)
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Since the test statistic is calculated under the assumption that the null
hypothesis is true and the null hypothesis states that 0> =02 or 6° < 07 or

o’ 205 .In each case, we take 0° =0§ under the null hypothesis, therefore, the

test statistic becomes as

n —\2
o2 (X -X)
X = _G—g ~ Xin)

We can also write the above expression in tests of the sample variance as

2 n
y? = w ~ Yoy Where, 8% = LZ(Xi - )_()2
o, n-145
The test statistic follows the chi-square distribution with n —1 degrees of
freedom. Therefore, when the population is normal, and the population mean
is unknown then we apply the chi-square test with n —1 degrees of freedom
instead of n for hypothesis testing about a population variance.

After deciding the test in both cases (population mean is known and
unknown), we follow the rest of the steps of the procedure of testing of
hypothesis discussed in Unit 14. That is, we calculate the value of the test
statistic based on the observed sample and compare it with the critical (or cut-
off) value(s) in the sampling distribution of the test statistic. We can obtain the
critical value(s) from the chi-square table (Table VI) as discussed in Unit 5 of
this course.

If the sample test statistic lies within the rejection region of Ho then we reject
the null hypothesis otherwise we do not reject it at the given level of
significance. Finally, we conclude the claim.

p-Value Approach

A p-value is typically used in hypothesis testing to determine whether the
results obtained from a statistical analysis are significant or not. We calculate
the p-value as discussed in Unit 14. Therefore,

For right-tailed test:
p-value = P[7* = %2, |

For left-tailed test:
p-value = P[y* <%%, |

For two-tailed test:
p-value = 2P[3* = 42, |

We can take the decision of rejection or non-rejection of the null hypothesis
using the p-value approach as discussed in Unit 14, that is,

o If p-value = q, then the results are considered statistically significant, and
the null hypothesis is rejected.

o If p-value > a, then the results are not statistically significant, and the null
hypothesis is not rejected.
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After understanding the chi-square test for a single population variance, let us
see the assumptions of the test.

Assumptions

The chi-square test for a single variance has similar assumptions as the t-test
or Z-test for the mean. We discuss the assumption of the Z-test in detail,
therefore, here we just discuss them in short.

1. Your data must be measured at the interval or ratio level.

2. The data should be approximately normally distributed.

3. You must draw a random sample from your population of interest.
4

The sample observations should be independent (i.e., not
correlated/related).

5. There should be no significant outliers in your data.

Note: It is common when working with real-world data rather than Unit
/textbook examples that one or more of these assumptions is violated (such as
population is not normal). In such situations, we apply the non-parametric
tests. These tests you will study in the Third Semester of the programme.

From the above discussion, you noticed that there are various tests for testing
hypotheses about the population variance. For selecting an appropriate test
quickly, we may use the following flow chart as shown in Fig. 18.1.

Tests for Single
Population Variance

Is
population il

Non-parametric
test

Yes

Is
_Yes population

mean
known?
Chi-square Chi-square
test with n df test with n-1 df

Fig. 18.1: Tests for population variance.

After understanding the tests for a variance, let us take an example to discuss
how to apply these tests in real-life situations.

Example 1: An ambulance agency claims that the standard deviation in the
length of serving times of the ambulance is less than 5 minutes. An
investigator suspects that this claim is wrong and takes a random sample of
10 and notes the serving times (in minutes). The results are given as follows:

14,17, 15,13, 15,19, 11,17, 17, 12

If the service time of the ambulance follows normal distribution, then to test the
hypothesis that the standard deviation of the length of serving times of the
ambulance is less than 5 minutes, give the answers to the following:
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(i) Formulate the null and alternative hypotheses for this test situation.
(i) Which parametric test is appropriate for testing and why?

(iii) Conduct a hypothesis test to check whether the standard deviation in the
length of serving times of the ambulance is less than 5 minutes at a 1%
level of significance.

(iv) What conclusion would be drawn from the findings?
(v) What conclusion could be drawn from the p-value?
Solution: Here, we are given that

n=10, y=30,c0=5

Here, the ambulance agency claims that the standard deviation in the length of
serving times of the ambulance is less than 5 minutes. We have to test the
claim about the population standard deviation and if we represent it by o, then
the claim is ¢ < 5 minutes and its complement is ¢ = 5 minutes. Since the
complement contains the equality sign, therefore, we can take the complement
as the null hypothesis and the claim as the alternative hypothesis. Therefore,
we can formulate the null and alternative hypotheses as

H 55 the standard deviation of the length of
0" = 7| service time is not less than 5 minutes

the standard deviation of the length
H, 10 < 5{ S g

of service time is less than 5 minutes} (claim)

Since the alternative hypothesis is left-tailed so we apply the left-tailed test.

Here, we want to test the hypothesis about the population standard deviation/
variance and it is given that the service time of the ambulance follows normal
distribution. There are two tests for testing the same: the chi-square test when
the population mean is known and unknown. Here, the population mean is not
given so we go for the chi-square test when the population mean is unknown.
The test statistic for the chi-square test is given as follows:
> (X, - XY
== 5 ~ X(2n—1) underH,
Op
For calculating the value of the test statistic, first of all, we have to find the
sample mean and sum of squares Zn:(Xi — X)? on the basis of sample
i=1

observations. So, we prepare the following table:

Service time (X) (X - )_() (X - X)Z
14 -1 1
17 2 4
15 0 0
13 -2 4
15 0 0
19 4 16 199
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11 4 16
17 2 4
17 2 4
12 -3 9
> X =150 > (X-X) =58

From the above calculation, we have

X, =1 x150=15
10

ra
n‘z
We now calculate the value of the test statistic on the basis of sample
observations as

n

2 (%= XY
K= =23 237
o 25

Now, we find the critical value. Since the sampling distribution of the test

statistic follows the chi-square distribution with n — 1 = 9 degrees of freedom,
i s therefore, to find the critical value, we use the chi-square table (Table VI).
Since the alternative hypothesis is left-tailed, so, the critical region will lie at
the left-tailed of the distribution as shown in Fig. 18.2. Thus, from the chi-
square table (Table VI), the critical value for the left-tailed test corresponding

(n=1) = 9 df at 1% level of significance is x(znq)(m) = Xf) =2.09

9),0.99

T i” == Since the calculated value of the test statistic (= 2.32) lies in the non-rejection
1234 region as shown in Fig. 18.2. So, we do not reject the null hypothesis and
Fig. 18.2 support the null hypothesis. Since the alternative hypothesis is the claim, so
we do not support the claim.

Thus, we conclude that the sample evidence does not support the agency’s
claim, therefore, we reject the claim that the standard deviation in the length of
serving times of the ambulance is less than 5 minutes at the 1% level of
significance.

We now test the hypothesis using the p-value approach.

Decision according to p-value

R-cod : . :
y Since the test is left-tailed, therefore, we can calculate the p-value as

pchisq(2.32,9, lower.tail =
TRUE) p-value = P}, <l | =P[ 16, <2.32]

0.01466091
To calculate the p-value, we use the chi-square table (Table VI). Since the test
statistic is based on 9 df, therefore, we use the row for 9 df in the chi-square
table and move across this row to find the values in which the calculated value
of the test statistic falls. Since the calculated test statistic value falls between
2.09 and 2.70, corresponding to right-tailed area a = 0.99 and 0.975,
respectively, therefore, the p-value lies between 1 —0.99 = 0.01 and 1 — 0.975
=0.025, that is,

0.0.01< p-value < 0.025

200 Since the p-value is greater than a(0.01) so we do not reject the null
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hypothesis at the 1% level of significance.

Thus, we get the same results as we have obtained using the critical value
approach.

Now, it is time for you to try the following Self Assessment Question to make
sure that you have learnt about hypothesis testing for the population variance
in different situations.

SAQ1

A manufacturing company produces bearings. One line of bearings is
specified to be 1.45 cm in diameter. A major customer requires that the
variance of the bearings be no more than 0.001 cm?. The statistical quality
controller of the company decided to test the bearings before they shipped and
selected 12 bearings randomly and measured their diameters with a precise
instrument. The obtained diameters of the bearing are given as follows:

1.40,1.43,1.34,1.41, 1.47, 1.45, 1.50, 1.42, 1.46, 1.40, 1.38, 1.40

Assuming the diameter of the bearings is normally distributed, is there
evidence that a lot of these bearings is to be rejected because of too high a
variance at a 1% level of significance?

After understanding the hypothesis testing procedure and various tests for the
population variance, let us discuss the tests for comparing variances of two
populations in the next section.

18.3 HYPOTHESIS TESTING FOR COMPARING
TWO POPULATION VARIANCES

In the previous section, you learnt how to test a hypothesis about the
population variance. There are many situations where we have to test the
hypothesis for comparing two population variances. For example:

e A quality control engineer wants to test whether the variation between the
quality of the two types of LED bulbs is significantly different,

e An economist may wish to test whether the variability in income of one city
is greater than the other city,

¢ A product manager of a ball bearing company may want to test whether

the variation in the inner diameter of ball bearings is greater than the
Some authors use this test

outer,
as the name
e A medicine researcher wants to test whether the variance in the time of “homoscedastic test”.
pain relief in two types of medicine is significant, etc. Because two populations
In each example, a separate sample is drawn from each group, and someone with equal variances are

is interested in comparing the variances of two populations. For testing such galled homoscedastic. This

types of claims/statements, we need to study the procedure and tests for
hypothesis testing for comparing two population variances. Let us discuss it.

word is derived from two
wards, homo means “the
same” and scedastic means
Suppose we are interested in testing whether there is a significant difference “variability”.

between the variances of two different (independent) groups when the
populations are normally distributed, and we consider the observations of both

groups as Population-l and Population-Il. Also, suppose Population-I has
201
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Population-I
Mean = p,
Variance= o/

Population-II
Mean = i,
Variance= c,”

mean p, and variance o and Population-1l has mean y, and variance o3.

Here, we want to test the hypothesis about comparing two population
variances, therefore, we can formulate the null and alternative hypotheses as

H,:02 =05 and H,:0%? 02 [two-tailed test]
Or

H, :0%? <05 and H,:0? >02 [right-tailed test]
Or

H,:07>0% and H, :0? <02 [left-tailed test]

To test the hypothesis, suppose we take a random sample X,,X,, ...,X_ of

size ns from Population-I, and an independent random sample Y,,Y,, ...,Y, of
size nz from Population-11. Also suppose (X, Y)and (S?, S2)represent the
sample means and sample variances of the random samples X;,X,, ..., X

and V,,Y,, ...,Y, , respectively.

v iny?

As we know the sample variance is used for drawing inferences about the
population variance, in a similar way, we use the ratio of sample variances for
comparing two population variances and we have to study the sampling
distribution of it for hypothesis testing about two population variances.

In Unit 3, you have studied that if we draw two independent random samples
from two | populations which follow the normal distribution, then the sampling
distribution of the ratio of two sample variances follows an F-distribution with
ni —1 and n2 — 1 degrees of freedom. That is,

F-20-E0 |
Sg n=1ny =
where, S? = L (X, —X)* and S2 = - (Y, =YY
n, —145 n, =15

Thus, we consider the following test statistic for hypothesis testing about the
comparison of two population variances:

FoSt
82
2
The test statistic follows the F-distribution, so we use the F-test for comparing
two population variances. Therefore, when the population is normal, and we
are interested in comparing two population variances, we apply the F-test with
n1—1 and n2 — 1 degrees of freedom instead of the chi-square test.

After deciding the test, we follow the rest of the steps of the procedure of
testing of hypothesis discussed in Unit 14. That is, we calculate the value of
the F-test statistic based on the observed samples and obtain the critical
value(s) from the F-table (Table VII) as discussed in Unit 5 of this course. After
that, we compare the calculated value and the critical (or cut-off) value(s) in
the sampling distribution of the test statistic. If the sample test statistic lies
within the rejection region of Ho then we reject the null hypothesis otherwise
we do not reject it at the given level of significance. Finally, we draw a
conclusion about the claim.
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p-Value Approach

A p-value is typically used in hypothesis testing to determine whether the results
obtained from a statistical analysis are significant or not. We calculate the p-
value as discussed in Unit 14. Therefore,

For right-tailed test:
p-value =P[F>F_, ]

For left-tailed test:
p-value = P[F <F_ ]

For two-tailed test:
p-value =2P[F >F ]

We can take the decision of rejection or non-rejection of the null hypothesis as
using the p-value approach as discussed in Unit 14, that is,

o If p-value < q, then the results are considered statistically significant, and
the null hypothesis is rejected.

o If p-value > a, then the results are not statistically significant, and the null
hypothesis is not rejected.

After understanding the F-test for comparing two population variances, let us
see the assumptions of the test.

Assumptions

The F-test for comparing two population variances has similar assumptions as
the t-test or Z-test for comparing two population means. Therefore, here we
just discuss them in short.

1. Your data must be measured at the interval or ratio level.

2. The data of each group/population/sample should be approximately
normally distributed.

3. The sample should be randomly drawn from each population.

4. The sample observations should be independent (i.e., not correlated)
which means that there is no relationship between the observations in
each group or between the groups themselves. For example, there must
be different participants in each group with no participant being in more
than one group.

5. There should be no significant outliers in your data.

Note: It is common when working with real-world data rather than Unit
/textbook examples that one or more of these assumptions is violated (such as
populations do not follow normal distribution). In such situations, we apply
non-parametric tests. These tests you will study in the Third Semester of the
programme.

From the above discussion, you noted that there are various tests for
comparison of two population variances. For selecting an appropriate test
quickly, we may use the following flow chart as shown in Fig. 18.3.
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Tests for Comparing Two
Population Variances

Are
populations
normal?

F-test with Non-parametric
n,-1,n,-1)df test

Fig. 18.3: Test for comparing two population variances.

Yes

Let us take an example that illustrates how to apply the F-test for comparing
two population variances in real-life situations.

Example 2: A researcher wants to determine whether there is any variability in
the waiting time for a patient to meet a doctor in the emergency room at two
hospitals (Hospital-l and Hospital-1l). He noted the waiting time of randomly 15
patients at Hospital-I and observed the standard deviation for the waiting time
to see a doctor was 20 minutes. In a sample of 10 patients at Hospital-ll, the
standard deviation for the wait time to see a doctor was 27 minutes. If the
population of waiting times at the two hospitals are independent and normally
distributed, then to test the hypothesis that the variability in the waiting time for
a patient to meet a doctor in the emergency room at Hospital- is less than
Hospital-Il, give the answers of the following:

(i) Formulate the null and alternative hypothesis for this test situation.
(i) Which parametric test is appropriate for testing and why?
(iii) Conduct a hypothesis at a 5% level of significance.
(iv) What conclusion would be drawn from the findings?
Solution: Here, we are given that
n,=15,S, =20
n,=10, S, =27
Here, we want to test that the variability in the waiting time for a patient to
meet a doctor in the emergency room at Hospital-1 is less than Hospital-Il. We

measure the variability using variance and whose variance is less than the
other is said to be less variable. If o?and o2 denote the variance of the

waiting time at Hospital-I and Hospital-Il, respectively, then the claim is
o? <02 and its complement is 02 > 0>. Since complement contains the

equality sign so we can take the complement as the null hypothesis and the
claim as the alternative hypothesis. Thus,

, _ | the variability in the waiting time at
H,:07 >0, _ _ _
Hospital-l is not less than Hospital-II

the variability in the waiting time at
H,:0l <0} [ y g

}(claim)

Hospital-1 is less than Hospital-Il

Since the alternative hypothesis is left-tailed so we use a left-tailed test.

Here, we are comparing two variances and the waiting times at the two
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hospitals are independent and normally distributed. Since the assumptions of
the F-test are fulfilled so we go for the F-test for comparing two population
variances. The test statistic for the F-test is given as follows:

_Si.

2 (n=1,ny—1)
2

F

We can calculate the value of the test statistic as

2 2
P SL_200 400 o
S, 277 729
Since the alternative hypothesis is left-tailed, so the critical region will lie at the
left-tailed of the F-distribution with n1 — 1 = 14 and n, — 1 = 9 df as shown in
Fig. 18.4. We can obtain the critical value for the left-tailed test corresponding
(14, 9) df as

1 B 1 B 1
F(9,14),o.05 2.65

F = =0.377
(1) (1) =

(he~—t)e Sampling distribution
of F-statistic

Since the calculated value of the test statistic (= 0.55) lies in the non-rejection

region as shown in Fig. 18.4. So, we do not reject the null hypothesis and Critical vakie
support the null hypothesis. Since the claim is under the alternative hypothesis  gej tionr
so reject the claim at the 5% level of significance. Criticaleg

5%\

Thus, we conclude that the samples provide us sufficient evidence that the
variability in the waiting time for a patient to meet a doctor in the emergency Frannes=0[377

room at Hospital-l is not less than Hospital-II at the 5% level of significance. Far059
Fig. 18.4

Now, you can try the following exercises.

§AQ2

A laptop computer maker uses battery packs of two brands, A and B. While
both brands have the same average battery life between charges (LBC), the
computer maker seems to receive more complaints about shorter LBC than
expected for battery packs of brand A. The computer maker suspects that this
could be caused by a higher variance in LBC for brand A. To check that, ten
new battery packs from each brand are selected, installed on the same
models of laptops, and the laptops are allowed to run until the battery packs
are completely discharged. The following are the observed LBCs in hours:

Brand A | 32| 3731|3325 ]|22]32]31]32]43

BrandB | 34|36 |30]32]32]32]30|31]32]32

Assuming that the LBC of both brands follows a normal distribution, test the
LBCs of brand A have a larger variance than those of brand B at a 1% level of
significance.

We now end this unit by giving a summary of what we have covered in it.

18.4 SUMMARY

In this unit, we have discussed the following points:
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We use the chi-square test for testing a hypothesis about a population
variance when the population is normally distributed in both cases when
the population mean is known and unknown.

We use the F-test for hypothesis testing of comparing two population
variances when proportions are normally distributed.

18.5 TERMINAL QUESTIONS

Write the assumptions of the chi-square test for a population variance.

Consider SAQ 1 and test whether there is an evidence that the lot of the
bearings is to be rejected because of too high a variance at a 1% level of
significance using the confidence interval approach.

Consider SAQ 2 and test that the LBCs of brand A have a larger variance
than those of brand B using the confidence interval approach.

18.6 SOLUTIONS / ANSWERS

Self Assessment Questions (SAQS)

1.

Here, we are given that
n=12, u=1.45, o= 0.001

Here, we want to test whether the variance of the diameters (c?) of the
bearings is greater than 0.001 cm?. Therefore, the claim is ¢* > 0.001cm?
minutes and its complement is ¢ < 0.001cm?. Since the complement
contains the equality sign, therefore, we can take the complement as the
null hypothesis and the claim as the alternative hypothesis. Therefore, we
can formulate the null and alternative hypotheses as

. the variance of the diameter of the
H,:0° <0.001

bearingsis not greater than 0.001cm?
the variance of the diameter of the

H, :0® > 0.001 _
1 {bearings is greater than 0.001cm? iI (claim)

Since the alternative hypothesis is right-tailed so the test is a right-tailed
test.

Here, we want to test the hypothesis about the population variance of the
diameters of the bearings and it is given that the diameters of the bearings
follow normal distribution. There are two tests for testing the same: the
chi-square test when the population mean is known and unknown. Here,
the average diameters of the bearings is given as 1.45 cm so we go for
the chi-square test when the population mean is known. The test statistic
for the chi-square test is given as follows:

n

Z(Xi - “)2
Pzl ~y% underH
X o2 X(n) 0
For calculating the value of the test statistic, first of all, we have to find

Z(Xi —u4)?. So, we prepare the following table:
i=1
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Diameter (X) (X-n) (X = p)?
1.40 -0.05 0.0025
1.43 —-0.02 0.0004
1.34 -0.11 0.0121
1.41 -0.04 0.0016
1.47 0.02 0.0004
1.45 0 0
1.50 0.05 0.0025
1.42 -0.03 0.0009
1.46 0.01 0.0001
1.40 -0.05 0.0025
1.38 -0.07 0.0049
1.40 -0.05 0.0025

> (X, —p)? =0.0304
=]

We now calculate the value of the test statistic on the basis of sample
observations as

n = )
) 21( M 6.0304
Xcal 3 2 =

= =30.4
o’ 0.001

Since the alternative hypothesis is right-tailed so the critical region will lie
at the right-tailed of the chi-square distribution with n = 12 df as shown in ﬁ:';‘,fl"s“gug'f;gfa‘{fzg
Fig. 18.5. Thus, from the chi-square table (Table V1), the critical value for
the right-tailed test corresponding n = 12 df at 1% level of significance is Critical value

2 _ e Rejeytion/
X(n),a - X(12),0.o1 =26.22 Nonr-;;jig;tlon Crit?é:/r?g;on
Since the calculated value of the test statistic (= 30.4) lies in the rejection
region as shown in Fig. 18.5. So, we reject the null hypothesis and X mon =262
support the alternative hypothesis. Since the alternative hypothesis is the X304
claim, so we support the claim. Fig. 18.5

Thus, we conclude that the sample evidence shows that the variance of
the diameter of the bearings is too high.

2. Here, we want to test that the LBCs of brand A have a larger variance
than those of brand B. If 67 and o> denote the variances in the LBCs of

brands A and B, respectively so our claim iso? > 05 and its complement
is 012 < 03. Since complement contains the equality sign so we can take
the complement as the null hypothesis and the claim as the alternative
hypothesis. Thus,

. s [the LBC of brand A does not has }

H,:0; <o
°°7" 7 "2l arge variance to those of brand B

H 62 > 02 the LBC of brand A has a large
1717 2] variance to those of brand B

}(claim)
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Since the alternative hypothesis is right-tailed so we will use the right-
tailed test.

Here, we want to test the hypothesis about two population variances and
the LBCs of both brands follow normal distribution. Since the assumptions
of the F-test are fulfilled so we go for the F-test for comparing two
population variances.

For testing the null hypothesis, the test statistic is given by

S2
F=>t~F
S; (=1, np~1)

n 2
where, §2 = i(X—)_()z— L ixzﬂ and
T on 15 n-15" n,

n, 2
2 1 & T2 1 L i1
52 - (Y- = | yeiE |
- =1

n, - 14 n, —1| 5 n,
First, we calculate Sf ad Sg as

Calculation for S? and S?

LBCs of Brand A X2 LBCs of Brand A Y?

(X) (Y)
3.7 13.69 3.6 12.96
3.2 10.24 3.2 10.24
3.3 10.89 3.2 10.24
3.1 9.61 3.0 9.00
25 6.25 3.0 9.00
2.2 4.84 3.2 10.24
3.1 9.61 3.2 10.24
3.2 10.24 3.1 9.61
4.3 18.49 3.2 10.24
3.2 10.24 3.1 9.61

Total = 3.18 104.10 31.8 101.38

From the calculation, we have

A% -1 1.318-3.18
10

v-1yv-1,318-318
n, “ 10

Here, the X and Y are not integers so we calculate the sample variances
as
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n 2
) |
s? - 1 ZX;_H— :%X{104_10_M] :%x2.98:0.33

n, 2
ey z
S2= 1 PR A 1, 101.38—w _1,026-003
9 10 9

Therefore, we can compute the value of the F-test statistic as

£_033_

=——n=1.1
0.03

Since the alternative hypothesis is the right-tailed so the critical region will

lie at the right-tailed of the F-distribution with ny —1 =9 and no—1 =9 df
as shown in Fig. 18.6. The critical (tabulated) value of the F-test statistic
for right-tailed test corresponding to (9, 9) df at 1% level of significance is

F(n1—1,n2—1),a = F(9,9),0.01 =5.35.

Since the calculated value of the test statistic (= 1.1) is less than the
critical value (= 5.35), that means the calculated value of the test statistic
lies in the non-rejection region as shown in Fig. 18.6, so we do not reject
the null hypothesis and reject the alternative hypothesis. Since the claim
is under the alternative hypothesis so reject the claim.

Thus, we conclude that the samples provide us sufficient evidence that
the LBC of brand A does not have a large variance than those of brand B
at the 1% level of significance.

Terminal Questions (TQs)

1. Refer to Section 18.2.
2. Here, we are given that
In SAQ 1, we have formulated the null and alternative hypotheses as

) "the variance of the diameter of the
H, :0° <0.001

 bearings is not greater than to 0.001cm?

the variance of the diameter of the

H, :0® > 0.001 _
1  bearings is greater than 0.001cm? } (claim)

Since we are interested in testing the hypothesis related to a single
population variance and the alternative hypothesis is right-tailed,
therefore, we use the following (1 — o) 100% upper/right one-sided
confidence interval for a population variance:

> (% -w)’

’

2
X(n), (t-a)

Sampling distribution
of F-statistic

Critical value

rejection
region
|

Critigal region
%

1
Fu=11  Fpe00=5.35
Fig. 18.6
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To obtain the confidence interval, first, we read the critical value from the
chi-square table (Table VI) at the 1% level of significance as

x> ) =2 =3.57

() (1-a (12),0.99

Thus, we can calculate the lower 99% confidence limit as

4 2
251" 4 0304

i=1

5 = =0.0085
o), (1-c) 3.57

Therefore, the required confidence interval is given by

[0.0085, )

Since the 99% upper one-sided confidence interval does not contain
0.001 and lower values, therefore, we reject the null hypothesis.
Therefore, we draw the same conclusion as we have obtained using the
critical value approach.

In SAQ 2, we have formulated the null and alternative hypotheses as

, | the LBC of brand A does not has
H,:0; <0, _
large variance to those of brand B
H o2 s o2 [the LBC of brand A has a large
1

0’>0
'~ 72l variance to those of brand B

}(claim)

Since we are interested in testing the hypothesis related to the
comparison of two population variances and the alternative hypothesis is
right-tailed, therefore, we use the following (1 — o) 100% upper/right one-
sided confidence interval for the ratio of two population variances:

Sh J
Fn—n— a—1,oo
|:(21,11), Sg

To obtain the confidence interval, first, we read the critical value from the
F-table at the 1% level of significance as

F = F(9,9),o.o1 =3.35

(ng=1ny=1), @

Thus, we can calculate the lower 99% confidence limit as

2
S—1=5.35><1.1=5.885

(n2=1ny=1), o S;

Therefore, the required confidence interval is given by

[5.885,00)

Since the 99% upper one-sided confidence interval does not contain
(c? <62 = 6% — 55 <0) 0 and lower values, therefore, we reject the null

hypothesis. Therefore, we draw the same conclusion as we have obtained
using the critical value approach.
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TABLE | COMMONLY USED VALUES OF STANDARD NORMAL VARIATE Z

Confidence Interval 99% 98% 95% 90%
Level of Significance (a) 0.01 (1%) 0.02 (2%) 0.05 (5%) 0.10 (10%)
Two-Tailed + Zap = +2.58 * Zap =+2.33 *Za2=%1.96 *zZap =+ 1.645
One (right)-Tailed Zq=2.33 zq = 2.05 zq = 1.645 za=1.28
One ( left)-Tailed - 2a=-2.33 -2zqa=-2.05 -zqa=-1.645 -za=-1.28
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TABLE Il STANDARD NORMAL DISTRIBUTION (Z-TABLE)

The first column and first row of the table indicate the values of standard normal variate Z at first and "<
second place of decimal. The entry represents the area P[0 < Z < z] under the curve or probability from
0 to different values of Z.

lz-> 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0 0.0000 | 0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0199 | 0.0239 | 0.0279 | 0.0319 | 0.0359
0.1 0.0398 | 0.0438 | 0.0478 | 0.0517 | 0.0557 | 0.0596 | 0.0636 | 0.0675 | 0.0714 | 0.0753
0.2 0.0793 | 0.0832 | 0.0871 | 0.0910 | 0.0948 | 0.0987 | 0.1026 | 0.1064 | 0.1103 | 0.1141
0.3 0.1179 | 0.1217 | 0.1255 | 0.1293 | 0.1331 | 0.1368 | 0.1406 | 0.1443 | 0.1480 | 0.1517
0.4 0.1554 | 0.1591 | 0.1628 | 0.1664 | 0.1700 | 0.1736 | 0.1772 | 0.1808 | 0.1844 | 0.1879
0.5 0.1915 | 0.1950 | 0.1985 | 0.2019 | 0.2054 | 0.2088 | 0.2123 | 0.2157 | 0.2190 | 0.2224
0.6 0.2257 | 0.2291 | 0.2324 | 0.2357 | 0.2389 | 0.2422 | 0.2454 | 0.2486 | 0.2517 | 0.2549
0.7 0.2580 | 0.2611 | 0.2642 | 0.2673 | 0.2704 | 0.2734 | 0.2764 | 0.2794 | 0.2823 | 0.2852
0.8 0.2881 | 0.2910 | 0.2939 | 0.2967 | 0.2995 | 0.3023 | 0.3051 | 0.3078 | 0.3106 | 0.3133
0.9 0.3159 | 0.3186 | 0.3212 | 0.3238 | 0.3264 | 0.3289 | 0.3315 | 0.3304 | 0.3365 | 0.3389
1.0 0.3413 | 0.3438 | 0.3461 | 0.3485 | 0.3508 | 0.3531 | 0.3554 | 0.3577 | 0.3599 | 0.3621
1.1 0.3643 | 0.3665 | 0.3686 | 0.3708 | 0.3729 | 0.3749 | 0.3770 | 0.3790 | 0.3810 | 0.3830
1.2 0.3849 | 0.3869 | 0.3888 | 0.3907 | 0.3925 | 0.3944 | 0.3962 | 0.3980 | 0.3997 | 0.4015
1.3 0.4032 | 0.4049 | 0.4066 | 0.4082 | 0.4099 | 0.4115 | 0.4131 | 0.4147 | 0.4162 | 0.4177
1.4 0.4192 | 0.4207 | 0.4222 | 0.4236 | 0.4251 | 0.4265 | 0.4279 | 0.4292 | 0.4306 | 0.4319
1.5 0.4332 | 0.4345 | 0.4357 | 0.4370 | 0.4382 | 0.4394 | 0.4406 | 0.4418 | 0.4429 | 0.4441
1.6 0.4452 | 0.4463 | 0.4474 | 0.4484 | 0.4495 | 0.4505 | 0.4515 | 0.4525 | 0.4535 | 0.4545
1.7 0.4554 | 0.4564 | 0.4573 | 0.4582 | 0.4591 | 0.4599 | 0.4608 | 0.4616 | 0.4625 | 0.4633
1.8 0.4641 | 0.4649 | 0.4656 | 0.4664 | 0.4671 | 0.4678 | 0.4686 | 0.4693 | 0.4699 | 0.4706
1.9 0.4713 | 0.4719 | 0.4726 | 0.4732 | 0.4738 | 0.4744 | 0.4750 | 0.4756 | 0.4761 | 0.4767
2.0 0.4772 | 0.4778 | 0.4783 | 0.4788 | 0.4793 | 0.4798 | 0.4803 | 0.4808 | 0.4812 | 0.4817
21 0.4821 | 0.4826 | 0.4830 | 0.4834 | 0.4838 | 0.4842 | 0.4846 | 0.4850 | 0.4854 | 0.4857
2.2 0.4861 | 0.4864 | 0.4868 | 0.4871 | 0.4875 | 0.4878 | 0.4881 | 0.4884 | 0.4887 | 0.4890
23 0.4893 | 0.4896 | 0.4898 | 0.4901 | 0.4904 | 0.4906 | 0.4909 | 0.4911 | 0.4913 | 0.4916
24 0.4918 | 0.4920 | 0.4922 | 0.4925 | 0.4927 | 0.4929 | 0.4931 | 0.4932 | 0.4934 | 0.4936
2.5 0.4938 | 0.4940 | 0.4941 | 0.4943 | 0.4945 | 0.4946 | 0.4948 | 0.4949 | 0.4951 | 0.4952
2.6 0.4953 | 0.4955 | 0.4956 | 0.4957 | 0.4959 | 0.4960 | 0.4961 | 0.4962 | 0.4963 | 0.4964
2.7 0.4965 | 0.4966 | 0.4967 | 0.4968 | 0.4969 | 0.4970 | 0.4971 | 0.4972 | 0.4973 | 0.4974
2.8 0.4974 | 0.4975 | 0.4976 | 0.4977 | 0.4977 | 0.4978 | 0.4979 | 0.4979 | 0.4980 | 0.4981
2.9 0.4981 | 0.4982 | 0.4982 | 0.4983 | 0.4984 | 0.4984 | 0.4985 | 0.4985 | 0.4986 | 0.4986
3.0 0.4987 | 0.4987 | 0.4987 | 0.4988 | 0.4988 | 0.4989 | 0.4989 | 0.4989 | 0.4990 | 0.4990
341 0.4990 | 0.4991 | 0.4991 | 0.4991 | 0.4992 | 0.4992 | 0.4992 | 0.4992 | 0.4993 | 0.4993
3.2 0.4993 | 0.4993 | 0.4994 | 0.4994 | 0.4994 | 0.4994 | 0.4994 | 0.4995 | 0.4995 | 0.4995
3.3 0.4995 | 0.4995 | 0.4995 | 0.4996 | 0.4996 | 0.4996 | 0.4996 | 0.4996 | 0.4996 | 0.4997
3.4 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4998
3.5 0.4998 | 0.4998 | 0.4998 | 0.4998 | 0.4998 | 0.4998 | 0.4998 | 0.4998 | 0.4998 | 0.4998
3.6 0.4998 | 0.4998 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999
3.7 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999
3.8 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999 | 0.4999
3.9 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000
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TABLE IlI CUMULATIVE (NEGATIVE) STANDARD NORMAL TABLE

The first column and first row of the table indicate the values of standard normal variate Z at first and second P[_LM <]

place of decimal. The entry represents the area P[0 < Z < — z] under the curve or probability from — « to i

different negative values of Z.

iz 0.00 -0.01 -0.02 -0.03 -0.04 -0.05 -0.06 -0.07 -0.08 -0.09
0.0 0.5000 | 0.4960 | 0.4920 | 0.4880 | 0.4840 | 0.4801 | 0.4761 | 0.4721 | 0.4681 | 0.4641
-0.1 0.4602 | 0.4562 | 0.4522 | 0.4483 | 0.4443 | 0.4404 | 0.4364 | 0.4325 | 0.4286 | 0.4247
-0.2 0.4207 | 0.4168 | 0.4129 | 0.4090 | 0.4052 | 0.4013 | 0.3974 | 0.3936 | 0.3897 | 0.3859
-0.3 0.3821 | 0.3783 | 0.3745 | 0.3707 | 0.3669 | 0.3632 | 0.3594 | 0.3557 | 0.3520 | 0.3483
-0.4 0.3446 | 0.3409 | 0.3372 | 0.3336 | 0.3300 | 0.3264 | 0.3228 | 0.3192 | 0.3156 | 0.3121
-0.5 0.3085 | 0.3050 | 0.3015 | 0.2981 | 0.2946 | 0.2912 | 0.2877 | 0.2843 | 0.2810 | 0.2776
-0.6 0.2743 | 0.2709 | 0.2676 | 0.2643 | 0.2611 | 0.2578 | 0.2546 | 0.2514 | 0.2483 | 0.2451
-0.7 0.2420 | 0.2389 | 0.2358 | 0.2327 | 0.2296 | 0.2266 | 0.2236 | 0.2206 | 0.2177 | 0.2148
-0.8 0.2119 | 0.2090 | 0.2061 | 0.2033 | 0.2005 | 0.1977 | 0.1949 | 0.1922 | 0.1894 | 0.1867
-0.9 0.1841 | 0.1814 | 0.1788 | 0.1762 | 0.1736 | 0.1711 | 0.1685 | 0.1660 | 0.1635 | 0.1611
-1.0 0.1587 | 0.1562 | 0.1539 | 0.1515 | 0.1492 | 0.1469 | 0.1446 | 0.1423 | 0.1401 | 0.1379
-1.1 0.1357 | 0.1335 | 0.1314 | 0.1292 | 0.1271 | 0.1251 | 0.1230 | 0.1210 | 0.1190 | 0.1170
-1.2 0.1151 | 0.1131 | 0.1112 | 0.1093 | 0.1075 | 0.1056 | 0.1038 | 0.1020 | 0.1003 | 0.0985
-1.3 0.0968 | 0.0951 | 0.0934 | 0.0918 | 0.0901 | 0.0885 | 0.0869 | 0.0853 | 0.0838 | 0.0823
-1.4 0.0808 | 0.0793 | 0.0778 | 0.0764 | 0.0749 | 0.0735 | 0.0721 | 0.0708 | 0.0694 | 0.0681
-1.5 0.0668 | 0.0655 | 0.0643 | 0.0630 | 0.0618 | 0.0606 | 0.0594 | 0.0582 | 0.0571 | 0.0559
-1.6 0.0548 | 0.0537 | 0.0526 | 0.0516 | 0.0505 | 0.0495 | 0.0485 | 0.0475 | 0.0465 | 0.0455
-1.7 0.0446 | 0.0436 | 0.0427 | 0.0418 | 0.0409 | 0.0401 | 0.0392 | 0.0384 | 0.0375 | 0.0367
-1.8 0.0359 | 0.0351 | 0.0344 | 0.0336 | 0.0329 | 0.0322 | 0.0314 | 0.0307 | 0.0301 | 0.0294
-1.9 0.0287 | 0.0281 | 0.0274 | 0.0268 | 0.0262 | 0.0256 | 0.0250 | 0.0244 | 0.0239 | 0.0233
-2.0 0.0228 | 0.0222 | 0.0217 | 0.0212 | 0.0207 | 0.0202 | 0.0197 | 0.0192 | 0.0188 | 0.0183
-2.1 0.0179 | 0.0174 | 0.0170 | 0.0166 | 0.0162 | 0.0158 | 0.0154 | 0.0150 | 0.0146 | 0.0143
-2.2 0.0139 | 0.0136 | 0.0132 | 0.0129 | 0.0125 | 0.0122 | 0.0119 | 0.0116 | 0.0113 | 0.0110
-2.3 0.0107 | 0.0104 | 0.0102 | 0.0099 | 0.0096 | 0.0094 | 0.0091 | 0.0089 | 0.0087 | 0.0084
-2.4 0.0082 | 0.0080 | 0.0078 | 0.0075 | 0.0073 | 0.0071 | 0.0069 | 0.0068 | 0.0066 | 0.0064
-2.5 0.0062 | 0.0060 | 0.0059 | 0.0057 | 0.0055 | 0.0054 | 0.0052 | 0.0051 | 0.0049 | 0.0048
-2.6 0.0047 | 0.0045 | 0.0044 | 0.0043 | 0.0041 | 0.0040 | 0.0039 | 0.0038 | 0.0037 | 0.0036
-2.7 0.0035 | 0.0034 | 0.0033 | 0.0032 | 0.0031 | 0.0030 | 0.0029 | 0.0028 | 0.0027 | 0.0026
-2.8 0.0026 | 0.0025 | 0.0024 | 0.0023 | 0.0023 | 0.0022 | 0.0021 | 0.0021 | 0.0020 | 0.0019
-2.9 0.0019 | 0.0018 | 0.0018 | 0.0017 | 0.0016 | 0.0016 | 0.0015 | 0.0015 | 0.0014 | 0.0014
-3.0 0.0013 | 0.0013 | 0.0013 | 0.0012 | 0.0012 | 0.0011 | 0.0011 | 0.0011 | 0.0010 | 0.0010
-3.1 0.0010 | 0.0009 | 0.0009 | 0.0009 | 0.0008 | 0.0008 | 0.0008 | 0.0008 | 0.0007 | 0.0007
-3.2 0.0007 | 0.0007 | 0.0006 | 0.0006 | 0.0006 | 0.0006 | 0.0006 | 0.0005 | 0.0005 | 0.0005
-3.3 0.0005 | 0.0005 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0003
-3.4 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0002
-3.5 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002
-3.6 0.0002 | 0.0002 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001
-3.7 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001
-3.8 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001
-3.9 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
-4.0 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

1:7 70
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TABLE IV CUMULATIVE (POSITIVE) STANDARD NORMAL TABLE

The first column and first row of the table indicate the values of standard normal variate Z at first and second
place of decimal. The entry represents the area P[—x < Z < z] under the curve or probability from — o to
different positive values of Z.

Plo<Zs7]

lz-> 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 | 0.5199 | 0.5239 | 0.5279 | 0.5319 | 0.5359
0.1 0.5398 | 0.5438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5675 | 0.5714 | 0.5753
0.2 0.5793 | 0.5832 | 0.5871 | 0.5910 | 0.5948 | 0.5987 | 0.6026 | 0.6064 | 0.6103 | 0.6141
0.3 0.6179 | 0.6217 | 0.6255 | 0.6293 | 0.6331 | 0.6368 | 0.6406 | 0.6443 | 0.6480 | 0.6517
0.4 0.6554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 0.6915 | 0.6950 | 0.6985 | 0.7019 | 0.7054 | 0.7088 | 0.7123 | 0.7157 | 0.7190 | 0.7224
0.6 0.7257 | 0.7291 | 0.7324 | 0.7357 | 0.7389 | 0.7422 | 0.7454 | 0.7486 | 0.7517 | 0.7549
0.7 0.7580 | 0.7611 | 0.7642 | 0.7673 | 0.7704 | 0.7734 | 0.7764 | 0.7794 | 0.7823 | 0.7852
0.8 0.7881 | 0.7910 | 0.7939 | 0.7967 | 0.7995 | 0.8023 | 0.8051 | 0.8078 | 0.8106 | 0.8133
0.9 0.8159 | 0.8186 | 0.8212 | 0.8238 | 0.8264 | 0.8289 | 0.8315 | 0.8340 | 0.8365 | 0.8389
1.0 0.8413 | 0.8438 | 0.8461 | 0.8485 | 0.8508 | 0.8531 | 0.8554 | 0.8577 | 0.8599 | 0.8621
1.1 0.8643 | 0.8665 | 0.8686 | 0.8708 | 0.8729 | 0.8749 | 0.8770 | 0.8790 | 0.8810 | 0.8830
1.2 0.8849 | 0.8869 | 0.8888 | 0.8907 | 0.8925 | 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
1.3 0.9032 | 0.9049 | 0.9066 | 0.9082 | 0.9099 | 0.9115 | 0.9131 | 0.9147 | 0.9162 | 0.9177
1.4 0.9192 | 0.9207 | 0.9222 | 0.9236 | 0.9251 | 0.9265 | 0.9279 | 0.9292 | 0.9306 | 0.9319
1.5 0.9332 | 0.9345 | 0.9357 | 0.9370 | 0.9382 | 0.9394 | 0.9406 | 0.9418 | 0.9429 | 0.9441
1.6 0.9452 | 0.9463 | 0.9474 | 0.9484 | 0.9495 | 0.9505 | 0.9515 | 0.9525 | 0.9535 | 0.9545
1.7 0.9554 | 0.9564 | 0.9573 | 0.9582 | 0.9591 | 0.9599 | 0.9608 | 0.9616 | 0.9625 | 0.9633
1.8 0.9641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9686 | 0.9693 | 0.9699 | 0.9706
1.9 0.9713 | 0.9719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 | 0.9756 | 0.9761 | 0.9767
2.0 0.9772 | 0.9778 | 0.9783 | 0.9788 | 0.9793 | 0.9798 | 0.9803 | 0.9808 | 0.9812 | 0.9817
21 0.9821 | 0.9826 | 0.9830 | 0.9834 | 0.9838 | 0.9842 | 0.9846 | 0.9850 | 0.9854 | 0.9857
2.2 0.9861 | 0.9864 | 0.9868 | 0.9871 | 0.9875 | 0.9878 | 0.9881 | 0.9884 | 0.9887 | 0.9890
2.3 0.9893 | 0.9896 | 0.9898 | 0.9901 | 0.9904 | 0.9906 | 0.9909 | 0.9911 | 0.9913 | 0.9916
24 0.9918 | 0.9920 | 0.9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 | 0.9936
25 0.9938 | 0.9940 | 0.9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9949 | 0.9951 | 0.9952
2.6 0.9953 | 0.9955 | 0.9956 | 0.9957 | 0.9959 | 0.9960 | 0.9961 | 0.9962 | 0.9963 | 0.9964
2.7 0.9965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 | 0.9970 | 0.9971 | 0.9972 | 0.9973 | 0.9974
2.8 0.9974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 | 0.9979 | 0.9979 | 0.9980 | 0.9981
2.9 0.9981 | 0.9982 | 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9986
3.0 0.9987 | 0.9987 | 0.9987 | 0.9988 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 | 0.9990
3.1 0.9990 | 0.9991 | 0.9991 | 0.9991 | 0.9992 | 0.9992 | 0.9992 | 0.9992 | 0.9993 | 0.9993
3.2 0.9993 | 0.9993 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9995 | 0.9995 | 0.9995
3.3 0.9995 | 0.9995 | 0.9995 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9997
3.4 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9998
3.5 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998
3.6 0.9998 | 0.9998 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.7 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.8 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.9 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
4.0 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 215




Appendix

TABLE V STUDENT’S t DISTRIBUTION (t-TABLE)

The first column of this table indicates the degrees of freedom and the first row indicates a specified upper

tail area (a). The entry represents the value of the t-statistic such that area under the curve of the

t-distribution to its upper tail is equal to a.

=0 =t
a= 0.10 0.05 0.025 0.01 0.005
n (df) =1 3.078 6.314 12.706 31.821 63.657
2 1.886 2.920 4.303 6.965 9.925
3 1.638 2.353 3.182 4.541 5.841
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 2.571 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 1.415 1.895 2.365 2.998 3.499
8 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2.262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169
1 1.363 1.796 2.201 2718 3.106
12 1.356 1.782 2179 2.681 3.055
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2.624 2.977
15 1.341 1.753 2.131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.861
20 1.325 1.725 2.086 2.528 2.845
21 1.323 1.721 2.080 2.518 2.831
22 1.321 1.717 2.074 2.508 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1.711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2.779
27 1.314 1.703 2.052 2473 2.771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2.457 2.750
40 1.303 1.684 2.021 2.423 2.704
60 1.296 1.671 2.000 2.390 2.660
120 1.289 1.658 1.980 2.358 2.617
0 1.282 1.645 1.960 2.326 2.576

Note: The area for negative values of t-statistc (test) is taken as the same as that for positive
values, since the curve is symmetrical.
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Appendix

TABLE VI

CHI SQUARE DISTRIBUTION (CHI-SQUARE TABLE)

I
The first column of this table indicates the degrees of freedom and the first row indicates a specified up;?er tdil arey (a).

The entry represents the value of the chi-square statistic such that area under the curve of the chi-square qlist

upper tail is equal to a.

/

bution to\ts

0 X=X e
a= 0.995 0.99 0.975 0.95 0.90 0.10 0.05 0.025 0.01 0.005
n(df) =1 - - - - 0.02 2.71 3.84 5.02 6.63 7.88
2 0.01 0.02 0.05 0.10 0.21 4.61 5.99 7.38 9.21 10.60
3 0.07 0.11 0.22 0.35 0.58 6.25 7.81 9.35 11.34 12.84
4 0.21 0.30 0.48 0.71 1.06 7.78 9.49 11.14 13.28 14.86
5 0.41 0.55 0.83 1.15 1.61 9.24 11.07 12.83 15.09 16.75
6 0.68 0.87 1.24 1.64 2.20 10.64 12.59 14.45 16.81 18.55
7 0.99 1.24 1.69 217 2.83 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 13.36 15.51 17.53 20.09 21.96
9 1.73 2.09 2.70 3.33 4.17 14.68 16.92 19.02 21.67 23.59
10 2.16 2.56 3.25 3.94 4.87 15.99 18.31 20.48 23.21 25.19
11 2.60 3.05 3.82 4.57 5.58 17.28 19.68 21.92 24.72 26.76
12 3.07 3.57 4.40 5.23 6.30 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 21.05 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 8.55 22.31 25.00 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 9.31 23.54 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 10.09 24.77 27.59 30.19 33.41 35.72
18 6.26 7.01 8.23 9.39 10.86 25.99 28.87 31.53 34.81 37.16
19 6.84 7.63 8.91 10.12 11.65 27.20 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 12.44 28.41 31.41 34.17 37.57 40.00
21 8.03 8.90 10.28 11.59 13.24 29.62 32.67 35.48 38.93 41.40
22 8.64 9.54 10.98 12.34 14.04 30.81 33.92 36.78 40.29 42.80
23 9.26 10.20 11.69 13.09 14.85 32.01 35.17 38.08 41.64 4418
24 9.89 10.86 12.40 13.85 15.66 33.20 36.42 39.36 42.98 45.56
25 10.52 11.52 13.12 14.61 16.47 34.38 37.65 40.65 44.31 46.93
26 11.16 12.20 13.84 15.38 17.29 35.56 38.89 41.92 45.64 48.29
27 11.81 12.88 14.57 16.15 18.11 36.74 40.11 43.19 46.96 49.64
28 12.46 13.56 15.31 16.93 18.94 37.92 41.34 44.46 48.28 50.99
29 13.12 14.26 16.05 17.71 19.77 39.09 42.56 4572 49.59 52.34
30 13.79 14.95 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67
40 20.71 22.16 24.43 26.51 29.05 51.81 55.76 59.34 63.69 66.77
50 27.99 29.71 32.36 34.76 37.69 63.17 67.50 71.42 76.15 79.49
60 35.53 37.48 40.48 43.19 46.46 74.40 79.08 83.30 88.38 91.95
70 43.28 45.44 48.76 51.74 55.33 85.53 90.53 95.02 100.42 104.22
80 51.17 53.54 57.15 60.39 64.28 96.58 101.88 106.63 112.33 116.32
90 59.20 61.75 65.65 69.13 73.29 107.56 113.14 118.14 124.12 128.30
100 67.33 70.06 74.22 77.93 82.36 118.50 124.34 129.56 135.81 140.17
120 83.85 86.92 91.58 95.70 100.62 140.23 146.57 152.21 158.95 163.64

217



8l¢

TABLE VI

F DISTRIBUTION (F-TABLE)

F-table contains the values of the F-statistic for different set of degrees of freedom (n1, n2) of numerator and denominator such that the area under the curve of the F-distribution to

its right (upper tail) is equal to a. (F-values for a = 0.1)
DF for Degrees of Freedom for Numerator (n4)

1 23 ]a]s e |7 8|9 |10]1n 121314151617 |18 |19 [20]24]30]40]60 [120]
1 39.86 49.50 53.60 55.83 57.23 58.21 58.91 59.44 59.86 60.20 60.47 60.70 60.91 61.07 61.22 61.35 61.47 61.57 61.66 61.74 62.00 62.26 62.53 62.79 63.06 63.33
2 8.53 | 9.00 | 9.16 | 9.24 | 9.29 | 9.33 | 9.35 | 9.37 | 9.38 | 9.39 | 9.40 | 9.41 | 941 | 9.42 | 9.42 | 9.43 | 9.43 | 9.44 | 9.44 | 9.44 | 9.45 | 9.46 | 9.47 | 9.47 | 9.48 | 9.49
3 554 | 546 | 5.39 | 5.34 | 5.31 | 528 | 5.27 | 5.25 | 5.24 | 5.23 | 5.22 | 5.22 | 5.21 | 5.20 | 5.20 | 5.20 | 5.19 | 5.19 | 519 | 5.18 | 5.18 | 5.17 | 5.16 | 5.15 | 5.14 | 5.13
4 454 | 432 | 419 | 4.11 | 4.05 | 4.01 | 3.98 | 3.96 | 3.94 | 3.92 | 3.91 | 3.90 | 3.89 | 3.88 | 3.87 | 3.86 | 3.86 | 3.85 | 3.85 | 3.84 | 3.83 | 3.82 | 3.80 | 3.79 | 3.78 | 3.76
5 4.06 | 3.78 | 3.62 | 3.52 | 3.45 | 3.40 | 3.37 | 3.34 | 3.32 | 3.30 | 3.28 | 3.27 | 3.26 | 3.25 | 3.24 | 3.23 | 3.22 | 3.22 | 3.21 | 3.21 | 3.19 | 3.17 | 3.16 | 3.14 | 3.12 | 3.11
6 3.78 | 3.46 | 3.29 | 3.18 | 3.11 | 3.05 | 3.01 | 2.98 | 2.96 | 2.94 | 2.92 | 2.90 | 2.89 | 2.88 | 2.87 | 2.86 | 2.86 | 2.85 | 2.84 | 2.84 | 2.82 | 2.80 | 2.78 | 2.76 | 2.74 | 2.72
7 3.59 | 3.26 | 3.07 | 2.96 | 2.88 | 2.83 | 2.79 | 2.75 | 2.72 | 2.70 | 2.68 | 2.67 | 2.65 | 2.64 | 2.63 | 2.62 | 2.61 | 2.61 | 2.60 | 2.59 | 2.58 | 2.56 | 2.54 | 2.51 | 2.49 | 2.47
8 346 | 311 | 292 | 281 | 2.73 | 2.67 | 2.62 | 2.59 | 256 | 2.54 | 252 | 2.50 | 249 | 2.48 | 2.46 | 2.45 | 245 | 2.44 | 243 | 242 | 240 | 2.38 | 2.36 | 2.34 | 2.32 | 2.29
9 3.36 | 3.01 | 2.81 | 2.69 | 2.61 | 255 | 2.51 | 247 | 244 | 242 | 2.40 | 2.38 | 2.36 | 2.35 | 2.34 | 2.33 | 2.32 | 2.31 | 2.31 | 2.30 | 2.28 | 2.25 | 223 | 2.21 | 2.18 | 2.16
10 3.29 1292 | 2.73 | 261 | 252 | 246 | 241 | 2.38 | 235 | 232 | 2.30 | 2.28 | 2.27 | 2.26 | 224 | 223 | 222 | 222 | 221 | 2.20 | 218 | 2.16 | 2.13 | 2.11 | 2.08 | 2.06
11 3.23 | 2.86 | 2.66 | 254 | 245 | 2.39 | 2.34 | 230 | 227 | 225 | 223 | 221 |1 219 | 218 | 217 | 2.16 | 2.15 | 214 | 213 | 2.12 | 2.10 | 2.08 | 2.05 | 2.03 | 2.00 | 1.97
12 3.18 | 2.81 | 2.61 | 248 | 2.39 | 2.33 | 228 | 2.24 | 2.21 | 219 | 217 | 215 | 2.13 | 212 | 210 | 2.09 | 2.08 | 2.08 | 2.07 | 2.06 | 2.04 | 2.01 | 1.99 | 1.96 | 1.93 | 1.90
13 3.14 1 2.76 | 2.56 | 243 | 2.35 | 2.28 | 2.23 | 2.20 | 2.16 | 2.14 | 2.12 | 2.10 | 2.08 | 2.07 | 2.05 | 2.04 | 2.03 | 2.02 | 2.01 | 2.01 | 1.98 | 1.96 | 1.93 | 1.90 | 1.88 | 1.85
14 3.10 | 2.73 | 252 | 2.39 | 2.31 | 224 | 219 | 215 | 212 | 2.10 | 2.07 | 2.05 | 2.04 | 2.02 | 2.01 | 2.00 | 1.99 | 1.98 | 1.97 | 196 | 1.94 | 1.91 | 1.89 | 1.86 | 1.83 | 1.80
15 3.07 ] 270 | 249 | 2.36 | 2.27 | 2.21 | 2.16 | 2.12 | 2.09 | 2.06 | 2.04 | 2.02 | 2.00 | 1.99 | 1.97 | 1.96 | 1.95 | 1.94 | 193 | 192 | 1.90 | 1.87 | 1.85 | 1.82 | 1.79 | 1.76
16 3.05 | 267 | 246 | 2.33 | 2.24 | 218 | 2.13 | 2.09 | 2.06 | 2.03 | 2.01 | 1.99 | 1.97 | 195 | 194 | 193 | 192 | 191 | 190 | 1.89 | 1.87 | 1.84 | 1.81 | 1.78 | 1.75 | 1.72
17 3.03 | 264 | 244 | 231|222 215|210 | 2.06 | 2.03 | 2.00 | 1.98 | 1.96 | 1.94 ] 193 | 191 | 190 | 1.89 | 1.88 | 1.87 | 1.86 | 1.84 | 1.81 | 1.78 | 1.75 | 1.72 | 1.69
18 3.01 | 262 | 242 | 229 | 2.20 | 2.13 | 2.08 | 2.04 | 2.00 | 1.98 | 1.95 | 1.93 | 192 | 190 | 1.89 | 1.87 | 1.86 | 1.85 | 1.85 | 1.84 | 1.81 | 1.78 | 1.75 | 1.72 | 1.69 | 1.66
19 299 | 261|240 | 227 | 218 | 211 | 2.06 | 2.02 | 1.98 | 1.96 | 193 | 191 | 1.89 | 1.88 | 1.86 | 1.85 | 1.84 | 1.83 | 1.82 | 1.81 | 1.79 | 1.76 | 1.73 | 1.70 | 1.67 | 1.63
20 297 | 259 | 2.38 | 2.25 | 216 | 2.09 | 2.04 | 2.00 | 1.96 | 1.94 | 191 | 1.89 | 1.87 | 1.86 | 1.84 | 1.83 | 1.82 | 1.81 | 1.80 | 1.79 | 1.77 | 1.74 | 1.71 | 1.68 | 1.64 | 1.61
21 296 | 257 | 2.36 | 223 | 2.14 | 2.08 | 2.02 | 198 | 195 | 192 | 190 | 1.88 | 1.86 | 1.84 | 1.83 | 1.81 | 1.80 | 1.79 | 1.78 | 1.78 | 1.75 | 1.72 | 1.69 | 1.66 | 1.62 | 1.59
22 295|256 | 235|222 213 | 2.06 | 201 | 197 | 193|190 | 188 | 1.86 |1.84 | 183 | 1.81 |1.80 |1.79 | 1.78 | 1.77 | 1.76 | 1.73 | 1.70 | 1.67 | 1.64 | 1.60 | 1.57
23 294 |1 255|234 12211211 1205|199 | 195192189 | 187 | 185|183 | 181|180 |1.78 | 1.77 | 1.76 | 1.75 | 1.74 | 1.72 | 1.69 | 1.66 | 1.62 | 1.59 | 1.55
24 293 1254 1233|219 | 210 | 2.04 | 198 | 194 | 191|188 |1.85 | 183 |1.81 | 180 |1.78 | 1.77 | 1.76 | 1.75 | 1.74 | 1.73 | 1.70 | 1.67 | 1.64 | 1.61 | 1.57 | 1.53
25 292 | 253 1232|218 | 2.09 | 202 | 197 | 193 | 1.89 | 1.87 | 1.84 | 1.82 | 1.80 | 1.79 | 1.77 | 1.76 | 1.75 | 1.74 | 1.73 | 1.72 | 1.69 | 1.66 | 1.63 | 1.59 | 1.56 | 1.52
26 291 |1252 231|217 |} 2.08 | 201 | 196 | 192 | 1.88 | 1.86 | 1.83 | 1.81 | 1.79 | 1.77 | 1.76 | 1.75 | 1.73 | 1.72 | 1.71 | 1.71 | 1.68 | 1.65 | 1.61 | 1.58 | 1.54 | 1.50
27 290 | 251|230 |217 | 2.07 | 200 | 195 191 | 1.87 | 185|182 | 1.80 | 1.78 | 1.76 | 1.75 | 1.74 | 1.72 | 1.71 | 1.70 | 1.70 | 1.67 | 1.64 | 1.60 | 1.57 | 1.53 | 1.49
28 2891250 229 |216 | 2.06 | 200 | 1.94 | 190 | 1.87 | 1.84 | 1.81 | 1.79 | 1.77 | 1.75 | 1.74 } 1.73 | 1.71 | 1.70 | 1.69 | 1.69 | 1.66 | 1.63 | 1.59 | 1.56 | 1.52 | 1.48
29 289 |1 250 | 228 | 215 1206 | 199 | 193 1189|186 |1.83 |180 |1.78 | 1.76 | 1.75 | 1.73 | 1.72 | 1.71 | 1.69 | 1.68 | 1.68 | 1.65 | 1.62 | 1.58 | 1.55 | 1.51 | 1.47
30 2881249 | 228 | 214 |2.05]1198 |193 | 188|185 182 |1.79 | 1.77 | 1.75 | 1.74 | 1.72 } 1.71 | 1.70 | 1.69 | 1.68 | 1.67 | 1.64 | 1.61 | 1.57 | 1.54 | 1.50 | 1.46
40 284 1244 | 223 |2.09 | 200 1193 |1.87 | 183 |1.79 |1.76 | 1.74 | 1.71 | 1.70 | 1.68 | 1.66 | 1.65 | 1.64 | 1.62 | 1.61 | 1.61 | 1.57 | 1.54 | 1.51 | 1.47 | 1.42 | 1.38
60 279 1239|218 | 204 | 195|187 |1.82 | 1.77 | 1.74 | 1.71 | 168 | 1.66 | 1.64 | 1.62 | 1.60 | 1.59 | 1.58 | 1.56 | 1.55 | 1.54 | 1.51 | 1.48 | 1.44 | 1.40 | 1.35 | 1.29

120 2751235213 | 199 1190 | 1.82 |1.77 | 1.72 | 168 | 1.65 | 1.63 | 1.60 | 1.58 | 1.56 | 1.55 | 1.53 | 1.52 | 1.50 | 1.49 | 148 | 145 | 1.41 | 1.37 | 1.32 | 1.26 | 1.19
0 2711230 | 208 | 194 |1.85 | 1.77 | 1.72 | 167 | 1.63 | 1.60 | 1.57 | 1.55 | 1.52 | 1.51 | 1.49 | 1.47 | 1.46 | 1.44 | 143 | 142 | 1.38 | 1.34 | 1.30 | 1.24 | 1.17 | 1.00
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F values for a = 0.05

Degrees of Freedom for Numerator (n4)

DF for
e 1 23456 |7 |89 |10[11[12[13]14]15]16] 17|18 19|20 24|30 40]60[120] =

1 161 199 216 225 230 234 237 239 240 242 243 244 245 245 246 246 247 247 248 248 249 250 251 252 253 254
2 18.51 1 19.00 | 19.16 | 19.25 | 19.30 | 19.33 ] 19.35 | 19.37 ] 19.39 | 19.40 | 19.40 | 19.41 | 19.42 | 19.43 ] 19.43 | 19.43 | 19.44 | 19.44 | 19.44 | 19.45 | 19.45 | 19.46 | 19.47 | 19.48 | 19.49 | 19.50
3 10.13 1 9.55 1 9.28 | 9.12 | 9.01 | 894 | 8.89 | 8.85 | 8.81 | 8.79 | 8.76 | 8.74 | 8.73 | 8.72 | 8.70 | 8.69 | 8.68 | 8.67 | 8.67 | 8.66 | 8.64 | 8.62 | 8.59 | 8.57 | 8.55 | 8.53
4 7.71 | 6.94 | 659 | 6.39 | 6.26 | 6.16 | 6.09 | 6.04 | 6.00 | 5.96 | 5.94 | 5.91 | 5.89 | 5.87 | 5.86 | 5.84 | 5.83 | 5.82 | 5.81 | 5.80 | 5.77 | 5.75 | 5.72 | 5.69 | 5.66 | 5.63
5 6.61 | 579 | 541 | 5.19 | 5.05 | 4.95 | 4.88 | 4.82 | 4.77 | 4.74 | 4.70 | 4.68 | 4.66 | 4.64 | 462 | 4.60 | 4.590 | 4.58 | 4.57 | 4.56 | 4.53 | 4.50 | 4.46 | 443 | 4.40 | 4.37
6 599 | 514 | 476 | 453 | 4.39 | 428 | 421 | 415 | 4.10 | 4.06 | 4.03 | 4.00 | 3.98 | 3.96 | 3.94 | 3.92 | 3.91 | 3.90 | 3.88 | 3.87 | 3.84 | 3.81 | 3.77 | 3.74 | 3.70 | 3.67
7 559 | 4.74 | 435|412 | 3.97 | 3.87 | 3.79 | 3.73 | 3.68 | 3.64 | 3.60 | 3.57 | 3.55 | 3.53 | 3.51 | 3.49 | 3.48 | 3.47 | 3.46 | 3.44 | 3.41 | 3.38 | 3.34 | 3.30 | 3.27 | 3.23
8 532 |4.46 | 407 | 3.84 | 3.69 | 3.58 | 3.50 | 3.44 | 3.39 | 3.35 | 3.31 | 3.28 | 3.26 | 3.24 | 3.22 | 3.20 | 3.19 | 3.17 | 3.16 | 3.15 | 3.12 | 3.08 | 3.04 | 3.01 | 2.97 | 2.93
9 512 | 4.26 | 3.86 | 3.63 | 3.48 | 3.37 | 3.29 | 3.23 | 3.18 | 3.14 | 3.10 | 3.07 | 3.05 | 3.03 | 3.01 | 2.99 | 2.97 | 2.96 | 2.95 | 2.94 | 2.90 | 2.86 | 2.83 | 2.79 | 2.75 | 2.71
10 496 | 410 | 3.71 | 3.48 | 3.33 | 3.22 | 3.14 | 3.07 | 3.02 | 2.98 | 294 | 291 | 2.89 | 2.86 | 2.85 | 2.83 | 2.81 | 2.80 | 2.79 | 2.77 | 2.74 | 2.70 | 2.66 | 2.62 | 2.58 | 2.54
11 4.84 13.98 | 3.59 | 3.36 | 3.20 | 3.09 | 3.01 | 2.95 | 2.90 | 2.85 | 2.82 | 2.79 | 2.76 | 2.74 | 2.72 | 2.70 | 2.69 | 2.67 | 2.66 | 2.65 | 2.61 | 2.57 | 2.53 | 2.49 | 2.45 | 2.40
12 4.75 1 3.89 | 349 | 3.26 | 3.11 | 3.00 | 2.91 | 2.85 | 2.80 | 2.75 | 2.72 | 2.69 | 2.66 | 2.64 | 2.62 | 2.60 | 2.58 | 2.57 | 2.56 | 2.54 | 2.51 | 2.47 | 2.43 | 2.38 | 2.34 | 2.30
13 4.67 | 3.81 | 3.41 | 3.18 | 3.03 | 2.92 | 2.83 | 2.77 | 2.71 | 2.67 | 2.63 | 2.60 | 2.58 | 2.55 | 2.53 | 2.51 | 2.50 | 2.48 | 2.47 | 2.46 | 2.42 | 2.38 | 2.34 | 2.30 | 2.25 | 2.21
14 460 | 3.74 | 3.34 | 3.11 | 2.96 | 2.85 | 2.76 | 2.70 | 2.65 | 2.60 | 2.57 | 2.53 | 2.51 | 2.48 | 2.46 | 2.44 | 2.43 | 241 | 240 | 2.39 | 2.35 | 2.31 | 227 | 222 | 218 | 2.13
15 4.54 1368 |3.29 |3.06 | 290 | 2.79 | 2.71 | 2.64 | 259 | 2.54 | 251 | 248 | 2.45 | 2.42 | 240 | 2.38 | 2.37 | 2.35 | 2.34 | 2.33 | 2.29 | 2.25 | 2.20 | 2.16 | 2.11 | 2.07
16 449 13.63 |3.24 |3.01 | 285|274 |266 | 259 | 254 | 249 | 246 | 242 | 2.40 | 2.37 | 2.35 | 2.33 | 2.32 | 2.30 | 2.29 | 2.28 | 224 | 219 | 215 | 2.11 | 2.06 | 2.01
17 4.45 1359 |3.20 | 296 | 2.81 | 270 | 2.61 | 2.55 | 249 | 2.45 | 2.41 | 2.38 | 2.35 | 2.33 | 2.31 | 2.29 | 2.27 | 2.26 | 2.24 | 2.23 | 219 | 215 | 2.10 | 2.06 | 2.01 | 1.96
18 4.41 1 3.55 | 3.16 | 2.93 | 2.77 | 2.66 | 2.58 | 2.51 | 246 | 2.41 | 2.37 | 2.34 | 2.31 | 2.29 | 2.27 | 225 | 2.23 | 222 | 220 | 219 | 2.15 | 2.11 | 2.06 | 2.02 | 1.97 | 1.92
19 4.38 1352 | 313 | 290 | 2.74 | 263 | 2.54 | 248 | 242 | 2.38 | 2.34 | 231 | 2.28 | 2.26 | 223 | 2.21 | 2.20 | 2.18 | 217 | 2.16 | 2.11 | 2.07 | 2.03 | 1.98 | 1.93 | 1.88
20 4351349 |3.10 | 2.87 | 2.71 | 260 | 251 | 2.45 | 2.39 | 2.35 | 2.31 | 228 | 2.25 | 2.22 | 220 | 2.18 | 217 | 2.15 | 2.14 | 212 | 2.08 | 2.04 | 1.99 | 1.95 | 1.90 | 1.84
21 432 | 347 | 3.07 | 2.84 | 2.68 | 257 | 249 | 242 | 237 | 2.32 | 228 | 225 | 2.22 | 220 | 218 | 216 | 2.14 | 212 | 211 | 2.10 | 2.05 | 2.01 | 1.96 | 1.92 | 1.87 | 1.81
22 4.30 | 3.44 | 3.05 | 2.82 | 2.66 | 2.55 | 2.46 | 2.40 | 2.34 | 2.30 | 2.26 | 2.23 | 2.20 | 2.17 | 215 | 213 | 2.11 | 2.10 | 2.08 | 2.07 | 2.03 | 1.98 | 1.94 | 1.89 | 1.84 | 1.78
23 4.28 | 342 | 3.03 | 2.80 | 2.64 | 2.53 | 2.44 | 2.37 | 2.32 | 2.27 | 2.24 | 2.20 | 2.18 | 2.15 | 2.13 | 2.11 | 2.09 | 2.08 | 2.06 | 2.05 | 2.01 ] 1.96 | 1.91 | 1.86 | 1.81 | 1.76
24 4.26 | 340 | 3.01 | 2.78 | 2.62 | 251 | 242 | 2.36 | 2.30 | 2.25 | 2.22 | 2.18 | 2.15 | 213 | 211 | 2.09 | 2.07 | 2.05 | 2.04 | 2.03 | 1.98 | 1.94 | 1.89 | 1.84 | 1.79 | 1.73
25 4.24 13.39 | 299 |2.76 | 2.60 | 249 | 240 | 2.34 | 228 | 2.24 | 220 | 2.16 | 214 | 2.11 | 2.09 | 2.07 | 2.05 | 2.04 | 2.02 | 2.01 | 1.96 | 1.92 | 1.87 | 1.82 | 1.77 | 1.71
26 4.23 | 3.37 | 298 | 2.74 | 259 | 247 | 2.39 | 232 | 227 | 222 | 218 | 215 | 212 | 2.09 | 2.07 | 2.05 | 2.03 | 2.02 | 2.00 | 1.99 | 1.95 | 1.90 | 1.85 | 1.80 | 1.75 | 1.69
27 421 1335|296 | 273 | 257 | 246 | 2.37 | 2.31 | 225 | 2.20 | 2.17 | 213 | 2.10 | 2.08 | 2.06 | 2.04 | 2.02 | 2.00 | 1.99 | 1.97 | 1.93 | 1.88 | 1.84 | 1.79 | 1.73 | 1.67
28 4.20 1 3.34 | 295 | 271 | 256 | 245 | 2.36 | 229 | 224 | 219 | 215 | 212 | 2.09 | 2.06 | 2.04 | 2.02 | 2.00 | 1.99 | 1.97 | 1.96 | 1.91 | 1.87 | 1.82 | 1.77 | 1.71 | 1.65
29 418 1 3.33 | 293 | 270 | 255 | 243 | 2.35 228 | 222 | 218 | 2.14 | 210 | 2.08 | 2.05 | 2.083 | 201 | 1.99 | 1.97 | 1.96 | 1.94 | 1.90 | 1.85 | 1.81 | 1.75 | 1.70 | 1.64
30 417 1332 | 292 | 2.69 | 253 | 242 | 233 | 227 | 221 | 216 | 2.13 | 2.09 | 2.06 | 2.04 ] 2.01 | 1.99 | 1.98 | 1.96 | 1.95 | 1.93 | 1.89 | 1.84 | 1.79 | 1.74 | 1.68 | 1.62
40 4.08 | 3.23 | 2.84 | 261 | 245|234 1225|218 | 212|208 |2.04 |2.00 | 197 |195]192|190 |1.89 |1.87 | 185|184 |1.79 |1.74 |1.69 |1.64 | 1.58 | 1.51
60 4.00 | 3.15 | 2.76 | 253 | 2.37 | 225 | 217 | 210 | 2.04 | 1.99 | 195 | 192 | 1.89 | 1.86 | 1.84 | 1.82 | 1.80 | 1.78 | 1.76 | 1.75 | 1.70 | 1.65 | 1.59 | 1.53 | 1.47 | 1.39
120 3.92 | 3.07 | 268 | 245|229 218 |2.09 |202 196 |191 |187 | 183|180 |1.78 | 1.75 | 1.73 | 1.71 | 1.69 | 1.67 | 1.66 | 1.61 | 1.55 | 1.50 | 1.43 | 1.35 | 1.25
) 3.84 | 3.00 1260 | 237 | 221 | 210 | 2.01 | 1.94 | 1.88 | 1.83 | 1.79 | 1.75 | 1.72 | 169 | 1.67 | 1.64 | 1.62 | 1.60 | 1.59 | 1.57 | 1.52 | 1.46 | 1.39 | 1.32 | 1.22 | 1.00

6lc
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F values for a = 0.025

Degrees of Freedom for Numerator (n4)

DF for
e 1 23456 |7 |89 |10[11[12[13]14]15]16] 17|18 19|20 24|30 40]60[120] =

1 648 800 864 900 922 937 948 957 963 969 973 977 980 983 985 987 989 990 992 993 997 ] 1001 | 1006 | 1010 | 1014 | 1018
2 38.51 | 39.00 | 39.17 ] 39.25 | 39.30 | 39.33 | 39.36 | 39.37 | 39.39 | 39.40 | 39.41 | 39.41 | 39.42 ] 39.43 ] 39.43 ] 39.44 ] 39.44 | 39.44 | 39.45 | 39.45 | 39.46 | 39.47 | 39.47 | 39.48 | 39.49 ] 39.50
3 17.44 1 16.04 | 1544 | 1510 | 14.88 | 14.73 | 1462 | 14.54 | 14.47 | 14.42 | 14.37 | 14.34 | 14.30 | 14.28 | 14.25 | 14.23 | 14.21 | 14.20 | 14.18 | 14.17 | 14.12 | 14.08 | 14.04 ] 13.99 ] 13.95 | 13.90
4 12.22|10.65] 9.98 | 9.60 | 9.36 | 9.20 | 9.07 | 8.98 | 8.90 | 8.84 | 8.79 | 8.75 | 8.72 | 8.68 | 8.66 | 8.63 | 8.61 | 8.59 | 8.58 | 8.56 | 8.51 | 8.46 | 8.41 | 8.36 | 8.31 | 8.26

5 10.01| 843 | 7.76 | 739 | 7.15 | 6.98 | 6.85 | 6.76 | 6.68 | 6.62 | 6.57 | 6.52 | 6.49 | 6.46 | 6.43 | 6.40 | 6.38 | 6.36 | 6.34 | 6.33 | 6.28 | 6.23 | 6.18 | 6.12 | 6.07 | 6.02

6 8.81 |7.26 | 6.60 | 6.23 | 5.99 | 5.82 | 5.70 | 5.60 | 5.52 | 5.46 | 5.41 | 5.37 | 5.33 | 5.30 | 5.27 | 5.24 | 5.22 | 5.20 | 5.18 | 5.17 | 5.12 | 5.07 | 5.01 | 4.96 | 4.90 | 4.85

7 8.07 | 6.54 | 589 | 552 | 529 | 512 | 499 | 490 | 482 | 4.76 | 4.71 | 467 | 463 | 460 | 457 | 4.54 | 452 | 450 | 4.48 | 4.47 | 442 | 4.36 | 431 | 425 | 4.20 | 4.14

8 7.57 | 6.06 | 542 | 5.05 | 4.82 | 465 | 453 | 4.43 | 4.36 | 4.30 | 424 | 420 | 4.16 | 413 | 410 | 4.08 | 4.05 | 4.03 | 4.02 | 4.00 | 3.95 | 3.89 | 3.84 | 3.78 | 3.73 | 3.67
9 721|571 1508 | 472 | 448 | 432 | 420 | 410 | 4.03 | 3.96 | 3.91 | 3.87 | 3.83 | 3.80 | 3.77 | 3.74 | 3.72 | 3.70 | 3.68 | 3.67 | 3.61 | 3.56 | 3.51 | 3.45 | 3.39 | 3.33
10 6.94 | 546 | 4.83 | 4.47 | 4.24 | 407 | 3.95 | 3.85 | 3.78 | 3.72 | 3.66 | 3.62 | 3.58 | 3.55 | 3.52 | 3.50 | 3.47 | 3.45 | 3.44 | 3.42 | 3.37 | 3.31 | 3.26 | 3.20 | 3.14 | 3.08
11 6.72 | 5.26 | 463 | 428 | 404 | 3.88 | 3.76 | 3.66 | 3.59 | 3.53 | 3.47 | 3.43 | 3.39 | 3.36 | 3.33 | 3.30 | 3.28 | 3.26 | 3.24 | 3.23 | 3.17 | 3.12 | 3.06 | 3.00 | 2.94 | 2.88
12 6.55 | 510 | 447 | 412 |1 3.89 | 3.73 | 3.61 | 3.51 | 3.44 | 3.37 | 3.32 | 3.28 | 3.24 | 3.21 | 3.18 | 3.15 | 3.13 | 3.11 | 3.09 | 3.07 | 3.02 | 2.96 | 291 | 2.85 | 2.79 | 2.73
13 6.41 | 497 | 435 | 4.00 | 3.77 | 3.60 | 3.48 | 3.39 | 3.31 | 3.25 | 3.20 | 3.15 | 3.12 | 3.08 | 3.05 | 3.03 | 3.00 | 2.98 | 2.96 | 2.95 | 2.89 | 2.84 | 2.78 | 2.72 | 2.66 | 2.60
14 6.30 | 4.86 | 4.24 | 3.89 | 3.66 | 3.50 | 3.38 | 3.29 | 3.21 | 3.15 | 3.09 | 3.05 | 3.01 | 2.98 | 2.95 | 2.92 | 2.90 | 2.88 | 2.86 | 2.84 | 2.79 | 2.73 | 2.67 | 2.61 | 2.55 | 2.49
15 6.20 | 4.77 | 415 | 3.80 | 3.58 | 3.41 | 3.29 | 3.20 | 3.12 | 3.06 | 3.01 | 2.96 | 2.92 | 2.89 | 2.86 | 2.84 | 2.81 | 2.79 | 2.77 | 2.76 | 2.70 | 2.64 | 2.59 | 2.52 | 2.46 | 2.40
16 6.12 | 469 | 4.08 | 3.73 | 3.50 | 3.34 | 3.22 | 3.12 | 3.05 | 299 | 2.93 | 2.89 | 2.85 | 2.82 | 2.79 | 2.76 | 2.74 | 2.72 | 2.70 | 2.68 | 2.63 | 2.57 | 2.51 | 2.45 | 2.38 | 2.32
17 6.04 | 462 | 401 | 3.66 | 3.44 | 3.28 | 3.16 | 3.06 | 2.98 | 2.92 | 2.87 | 2.82 | 2.79 | 2.75 | 2.72 | 2.70 | 2.67 | 2.65 | 2.63 | 2.62 | 2.56 | 2.50 | 2.44 | 2.38 | 2.32 | 2.25
18 598 | 456 | 3.95 | 3.61 | 3.38 | 3.22 | 3.10 | 3.01 | 2.93 | 2.87 | 2.81 | 2.77 | 2.73 | 2.70 | 2.67 | 2.64 | 2.62 | 2.60 | 2.58 | 2.56 | 2.50 | 2.45 | 2.38 | 2.32 | 2.26 | 2.19
19 592 | 451 | 3.90 | 3.56 | 3.33 | 3.17 | 3.05 | 2.96 | 2.88 | 2.82 | 2.76 | 2.72 | 2.68 | 2.65 | 2.62 | 2.59 | 2.57 | 2.55 | 2.53 | 2.51 | 245 | 2.39 | 2.33 | 2.27 | 2.20 | 2.13
20 587 | 4.46 | 3.86 | 3.51 | 3.29 | 3.13 | 3.01 | 291 | 2.84 | 2.77 | 2.72 | 2.68 | 2.64 | 2.60 | 2.57 | 2.55 | 2.52 | 2.50 | 2.48 | 2.46 | 2.41 | 2.35 | 2.29 | 2.22 | 2.16 | 2.09
21 583 | 442 | 3.82 | 3.48 | 3.25 | 3.09 | 2.97 | 2.87 | 2.80 | 2.73 | 2.68 | 2.64 | 2.60 | 2.56 | 2.53 | 2.51 | 248 | 2.46 | 2.44 | 242 | 2.37 | 2.31 | 225 | 218 | 2.11 | 2.04
22 579 | 4.38 | 3.78 | 3.44 | 3.22 | 3.05 | 2.93 | 2.84 | 2.76 | 2.70 | 2.65 | 2.60 | 2.56 | 2.53 | 2.50 | 2.47 | 2.45 | 243 | 2.41 | 2.39 | 2.33 | 2.27 | 2.21 | 2.15 | 2.08 | 2.00
23 575 1435|375 |3.41|3.18 | 3.02 | 290 | 2.81 | 2.73 | 2.67 | 2.62 | 257 | 253 | 250 | 2.47 | 2.44 | 2.42 | 2.39 | 2.37 | 2.36 | 2.30 | 2.24 | 218 | 2.11 | 2.04 | 1.97
24 572 1432 372|338 |3.15|299 | 287 | 278 | 2.70 | 2.64 | 2.59 | 2.54 | 250 | 247 | 2.44 | 2.41 | 2.39 | 2.36 | 2.35 | 2.33 | 2.27 | 221 | 215 | 2.08 | 2.01 | 1.94
25 5.69 | 4.29 | 3.69 | 3.35 | 3.13 | 297 | 2.85 | 2.75 | 2.68 | 2.61 | 2.56 | 2.51 | 248 | 244 | 2.41 | 2.38 | 2.36 | 2.34 | 2.32 | 2.30 | 2.24 | 2.18 | 212 | 2.05 | 1.98 | 1.91
26 5.66 | 4.27 | 3.67 | 3.33 | 3.10 | 2.94 | 2.82 | 2.73 | 2.65 | 2.59 | 2.54 | 2.49 | 245 | 242 | 2.39 | 2.36 | 2.34 | 2.31 | 229 | 2.28 | 222 | 2.16 | 2.09 | 2.03 | 1.95 | 1.88
27 5.63 | 4.24 | 3.65 | 3.31 | 3.08 | 2.92 | 2.80 | 2.71 | 2.63 | 257 | 2.51 | 2.47 | 243 | 2.39 | 2.36 | 2.34 | 2.31 | 229 | 227 | 225 | 219 | 2.13 | 2.07 | 2.00 | 1.93 | 1.85
28 561 |4.22 | 3.63 | 3.29 | 3.06 | 2.90 | 2.78 | 2.69 | 2.61 | 255 | 249 | 2.45 | 241 | 2.37 | 2.34 | 232 | 229 | 227 | 225 | 223 | 217 | 2.11 | 2.05 | 1.98 | 1.91 | 1.83
29 559 | 4.20 | 3.61 | 3.27 | 3.04 | 2.88 | 2.76 | 2.67 | 2.59 | 2.53 | 2.46 | 2.48 | 2.43 | 2.39 | 2.36 | 2.30 | 2.27 | 2.25 | 223 | 221 | 215 ]| 2.09 | 2.03 | 1.96 | 1.89 | 1.81
30 557 | 418 | 3.59 | 3.25 | 3.03 | 2.87 | 2.75 | 2.65 | 2.57 | 2.51 | 2.33 | 241 | 2.37 | 2.34 | 2.31 | 2.28 | 2.26 | 223 | 2.21 | 2.20 | 2.14 | 2.07 | 2.01 | 1.94 | 1.87 | 1.79
40 542 | 4.05 | 3.46 | 3.13 | 290 | 2.74 | 262 | 253 | 245 | 239 | 226 | 229 | 225 | 221 | 218 | 215 | 213 | 211 | 2.09 | 2.07 | 201 | 194 | 1.88 | 1.80 | 1.72 | 1.64
60 529 1393|334 |3.01]279|263]251]|241 233227 |222]217 |213]2.09 |206|203]201 198|196 |194]|188 |182]|1.74|1.67 |1.58 | 1.48
120 5.15]13.80 | 3.23 | 2.89 | 267 | 2.52 | 2.39 | 2.30 | 2.22 | 2.16 | 210 | 205 | 2.01 | 1.98 | 1.94 | 1.92 | 1.89 | 1.87 | 1.84 | 1.82 | 1.76 | 1.69 | 1.61 | 1.53 | 1.43 | 1.31
) 5.02 | 369 | 312 | 2.79 | 257 | 241 1229 | 219|211 ] 2.05 | 1.99 | 194 | 190 | 1.87 | 183 |1.80 | 1.78 | 1.75 | 1.73 | 1.71 | 1.64 | 1.57 | 1.48 | 1.39 | 1.27 | 1.00
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F values for a = 0.01

Degrees of Freedom for Numerator (n4)

DF for
e 1 23456 |7 |89 |10[11[12[13]14]15]16] 17|18 19|20 24|30 40]60[120] =

1 4063 | 4992 | 5404 | 5637 | 5760 | 5890 | 5890 | 6025 | 6025 | 6025 | 6025 | 6167 | 6167 | 6167 | 6167 | 6167 | 6167 | 6167 | 6167 | 6167 | 6235 | 6261 | 6287 | 6313 | 6339 | 6366
2 98.50 | 99.00 | 99.15 | 99.27 | 99.30 | 99.34 | 99.34 | 99.38 | 99.38 | 99.38 ] 99.42 | 99.42 | 99.42 | 99.42 | 99.42 | 99.42 | 99.46 ] 99.46 ] 99.46 | 99.46 | 99.46 | 99.47 | 99.47 | 99.48 | 99.49 | 99.50
3 34.11 | 30.82 | 29.46 | 28.71 | 28.24 | 27.91 | 27.67 | 27.49 | 27.34 | 27.23 | 27.13 | 27.05 | 26.98 | 26.92 | 26.87 | 26.83 | 26.79 | 26.75 | 26.72 ] 26.69 | 26.60 | 26.51 | 26.41 | 26.32 | 26.22 | 26.13
4 21.20 | 18.00 | 16.69 | 15.98 | 15.52 | 15.21 | 14.98 | 14.80 | 14.66 | 14.55 | 14.45 | 14.37 | 14.31 | 14.25 | 14.20 | 14.15 | 14.11 ] 14.08 | 14.05 | 14.02 | 13.93 | 13.84 | 13.75 | 13.65 | 13.56 | 13.46

5 16.26 | 13.27 | 12.06 | 11.39 | 10.97 | 10.67 | 10.46 | 10.29 | 10.16 | 10.05 | 9.96 | 9.89 | 9.83 | 9.77 | 9.72 | 9.68 | 9.64 | 9.61 | 9.58 | 9.55 | 9.47 ] 9.38 | 9.29 | 9.20 | 9.11 | 9.02

6 13.75 1 10.92 | 9.78 | 9.15 | 8.75 | 8.47 | 8.26 | 8.10 | 7.98 | 7.87 | 7.79 | 7.72 | 7.66 | 7.60 | 7.56 | 7.52 | 7.48 | 7.45 | 742 | 7.40 | 7.31 | 7.23 | 7.14 | 7.06 | 6.97 | 6.88

7 12.25 1 9.55 | 845 | 785 | 7.46 | 7.19 | 6.99 | 6.84 | 6.72 | 6.62 | 6.54 | 6.47 | 6.41 | 6.36 | 6.31 | 6.28 | 6.24 | 6.21 | 6.18 | 6.16 | 6.07 | 5.99 | 591 | 5.82 | 5.74 | 5.65

8 11.26 | 8.65 | 7.59 | 7.01 | 6.63 | 6.37 | 6.18 | 6.03 | 5.91 | 5.81 | 5.73 | 5.67 | 5.61 | 556 | 5.52 | 5.48 | 5.44 | 5.41 | 5.38 | 5.36 | 5.28 | 5.20 | 5.12 ] 5.03 | 4.95 | 4.86
9 10.56 | 8.02 | 6.99 | 6.42 | 6.06 | 5.80 | 5.61 | 547 | 5.35 | 5.26 | 5.18 | 5.11 | 5.05 | 5.01 | 4.96 | 4.92 | 489 | 4.86 | 4.83 | 4.81 | 4.73 | 4.65 | 4.57 | 4.48 | 4.40 | 4.31
10 10.04 | 7.56 | 6.55 | 5.99 | 5.64 | 5.39 | 5.20 | 5.06 | 4.94 | 4.85 | 4.77 | 4.71 | 4.65 | 460 | 4.56 | 4.52 | 449 | 4.46 | 443 | 4.41 | 4.33 | 4.25 | 4.17 | 4.08 | 4.00 | 3.91
11 9.65 | 7.21 | 6.22 | 567 | 5.32 | 5.07 | 4.89 | 4.74 | 463 | 454 | 446 | 440 | 434 | 429 | 425 | 421|418 | 415|412 |4.10 | 402 | 3.94 | 3.86 | 3.78 | 3.69 | 3.60
12 9.33 | 6.93 | 5.95 | 541 | 5.06 | 4.82 | 4.64 | 4.50 | 4.39 | 4.30 | 422 | 4.16 | 4.10 | 4.05 | 4.01 | 3.97 | 3.94 | 3.91 | 3.88 | 3.86 | 3.78 | 3.70 | 3.62 | 3.54 | 3.45 | 3.36
13 9.07 | 6.70 | 5.74 | 5.21 | 4.86 | 4.62 | 4.44 | 430 | 4.19 | 4.10 | 4.02 | 3.96 | 3.91 | 3.86 | 3.82 | 3.78 | 3.75 | 3.72 | 3.69 | 3.66 | 3.59 | 3.51 | 3.43 | 3.34 | 3.26 | 3.17
14 8.86 | 6.51 | 5.56 | 5.04 | 4.70 | 4.46 | 428 | 414 | 4.03 | 3.94 | 3.86 | 3.80 | 3.75 | 3.70 | 3.66 | 3.62 | 3.59 | 3.56 | 3.53 | 3.51 | 3.43 | 3.35 | 3.27 | 3.18 | 3.09 | 3.00
15 8.68 | 6.36 | 542 | 489 | 456 | 4.32 | 4.14 | 4.00 | 3.89 | 3.80 | 3.73 | 3.67 | 3.61 | 3.56 | 3.52 | 3.49 | 3.45 | 3.42 | 3.40 | 3.37 | 3.29 | 3.21 | 3.13 | 3.05 | 2.96 | 2.87
16 8.53 | 6.23 | 529 | 4.77 | 444 | 420 | 4.03 | 3.89 | 3.78 | 3.69 | 3.62 | 3.55 | 3.50 | 3.45 | 3.41 | 3.37 | 3.34 | 3.31 | 3.28 | 3.26 | 3.18 | 3.10 | 3.02 | 2.93 | 2.85 | 2.75
17 8.40 | 6.11 | 519 | 4.67 | 4.34 | 410 | 3.93 | 3.79 | 3.68 | 3.59 | 3.52 | 3.46 | 3.40 | 3.35 | 3.31 | 3.27 | 3.24 | 3.21 | 3.19 | 3.16 | 3.08 | 3.00 | 2.92 | 2.84 | 2.75 | 2.65
18 8.29 | 6.01 | 5.09 | 458 | 4.25 | 4.01 | 3.84 | 3.71 | 3.60 | 3.51 | 3.43 | 3.37 | 3.32 | 3.27 | 3.23 | 3.19 | 3.16 | 3.13 | 3.10 | 3.08 | 3.00 | 2.92 | 2.84 | 2.75 | 2.66 | 2.57
19 8.19 | 5.93 | 5.01 | 450 | 417 | 3.94 | 3.77 | 3.63 | 3.52 | 3.43 | 3.36 | 3.30 | 3.24 | 3.19 | 3.15 | 3.12 | 3.08 | 3.05 | 3.03 | 3.00 | 2.93 | 2.84 | 2.76 | 2.67 | 2.58 | 2.49
20 8.10 | 5.85 | 494 | 443 | 410 | 3.87 | 3.70 | 3.56 | 3.46 | 3.37 | 3.29 | 3.23 | 3.18 | 3.13 | 3.09 | 3.05 | 3.02 | 2.99 | 2.96 | 2.94 | 2.86 | 2.78 | 2.70 | 2.61 | 2.52 | 2.42
21 8.02 | 5.78 | 4.87 | 4.37 | 4.04 | 3.81 | 3.64 | 3.51 | 3.40 | 3.31 | 3.24 | 3.17 | 3.12 | 3.07 | 3.03 | 2.99 | 2.96 | 2.93 | 2.90 | 2.88 | 2.80 | 2.72 | 2.64 | 2.55 | 2.46 | 2.36
22 7.95 | 56.72 | 482 | 431 |3.99 | 3.76 | 3.59 | 3.45 | 3.35 | 3.26 | 3.18 | 3.12 | 3.07 | 3.02 | 2.98 | 2.94 | 291 | 2.88 | 2.85 | 2.83 | 2.75 | 2.67 | 2.58 | 2.50 | 2.40 | 2.31
23 7.88 | 5.66 | 4.76 | 4.26 | 3.94 | 3.71 | 3.54 | 3.41 | 3.30 | 3.21 | 3.14 | 3.07 | 3.02 | 2.97 | 2.93 | 2.89 | 2.86 | 2.83 | 2.80 | 2.78 | 2.70 | 2.62 | 2.54 | 2.45 | 2.35 | 2.26
24 7.82 | 561 |4.72 | 422 | 3.90 | 3.67 | 3.50 | 3.36 | 3.26 | 3.17 | 3.09 | 3.03 | 2.98 | 2.93 | 2.89 | 2.85 | 2.82 | 2.79 | 2.76 | 2.74 | 2.66 | 2.58 | 249 | 240 | 2.31 | 2.21
25 7.77 | 5.57 | 468 | 418 | 3.85 | 3.63 | 3.46 | 3.32 | 3.22 | 3.13 | 3.06 | 2.99 | 2.94 | 2.89 | 2.85 | 2.81 | 2.78 | 2.75 | 2.72 | 2.70 | 262 | 2.54 | 245 | 2.36 | 2.27 | 217
26 7.72 | 5.53 | 464 | 414 | 3.82 | 3.59 | 3.42 | 3.29 | 3.18 | 3.09 | 3.02 | 2.96 | 2.90 | 2.86 | 2.82 | 2.78 | 2.75 | 2.72 | 2.69 | 2.66 | 2.59 | 2.50 | 2.42 | 2.33 | 2.23 | 2.13
27 7.68 | 549 1460 | 411 | 3.78 | 3.56 | 3.39 | 3.26 | 3.15 | 3.06 | 2.99 | 2.93 | 2.87 | 2.82 | 2.78 | 2.75 | 2.71 | 2.68 | 2.66 | 2.63 | 2.55 | 2.47 | 2.38 | 2.29 | 2.20 | 2.10
28 7.64 | 545 | 457 | 4.07 | 3.75 | 3.53 | 3.36 | 3.23 | 3.12 | 3.03 | 2.96 | 2.90 | 2.84 | 2.79 | 2.75 | 2.72 | 2.68 | 2.65 | 2.63 | 2.60 | 2.52 | 2.44 | 2.35 | 2.26 | 2.17 | 2.06
29 7.60 | 542 1454 | 4.04 | 3.73 | 3.50 | 3.33 | 3.20 | 3.09 | 3.00 | 2.93 | 2.87 | 2.81 | 2.77 | 2.73 | 2.69 | 2.66 | 2.63 | 2.60 | 2.57 | 250 | 2.41 | 2.33 | 223 | 2.14 | 2.03
30 7.56 | 5.39 | 451 | 4.02 | 3.70 | 3.47 | 3.30 | 3.17 | 3.07 | 2.98 | 291 | 2.84 | 2.79 | 2.74 | 2.70 | 2.66 | 2.63 | 2.60 | 2.57 | 2.55 | 2.47 | 2.39 | 2.30 | 2.21 | 2.11 | 2.01
40 7311518 | 4.31 | 3.83 | 3.51 |3.29 1312|299 1289|280 |273 266 |261]256 |252]|248 |245 |242 |239]|237|229]|220 |211]202]192] 1.81
60 7.08 | 498 | 413 | 3.65|3.34 | 3.12 1295|282 | 2.72 | 2.63 | 256 | 250 | 2.44 | 2.39 | 2.35 | 2.31 | 2.28 | 2.25 | 2.22 | 220 | 212 | 2.03 | 194 | 1.84 | 1.73 | 1.60
120 6.85 |4.79 | 3.95 | 3.48 | 3.17 | 296 | 2.79 | 2.66 | 2.56 | 2.47 | 240 | 2.34 | 2.28 | 223 | 219 | 215 | 2.12 | 2.09 | 2.06 | 2.03 | 1.95 | 1.86 | 1.76 | 1.66 | 1.53 | 1.38
) 6.64 | 461 | 3.78 | 3.32 | 3.02 | 280 | 2.64 | 251 | 241 | 2.32 | 225 | 219 | 2.13 | 2.08 | 2.04 | 2.00 | 1.97 | 1.94 | 1.91 | 1.88 | 1.79 | 1.70 | 1.59 | 1.47 | 1.33 | 1.00
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values for a = 0.005

Degrees of Freedom for Numerator (n4)

DF for
e 1 23456 |7 |89 |10[11[12[13]14]15]16] 17|18 19|20 24|30 40]60[120] =
1 16211 | 19999 | 21615 | 22500 | 23056 | 23437 | 23715 | 23925 | 24091 | 24224 | 24334 | 24426 | 24505 | 24572 | 24630 | 24681 | 24727 | 24767 | 24803 | 24836 | 24940 | 25044 | 25148 | 25253 | 25359 | 25464
2 198.50 | 199.00 1199.17 1199.25 1199.30 | 199.33 |199.36 |199.37 | 199.39 | 199.40 ]199.41 1199.42 1199.42 |199.43 [199.43 | 199.44 [199.44 |199.44 |199.45 | 199.45 | 199.46 |199.47 |199.47 | 199.48 | 199.49 | 199.50
3 55.55149.80 |47.47 |46.19 | 45.39 | 44.84 | 44.43 | 44.13 | 43.88 | 43.69 | 43.52 | 43.39 | 43.27 | 43.17 |43.08 | 43.01 | 42.94 |42.88 | 42.83 | 42.78 | 42.62 | 42.47 | 42.31 |42.15|41.99 | 41.83
4 31.33126.28 |24.26 |23.15 | 22.46 | 21.97 |21.62 | 21.35]21.14 | 20.97 |20.82 | 20.70 | 20.60 |20.51 | 20.44 ]20.37 {20.31 | 20.26 ] 20.21 | 20.17 | 20.03 | 19.89 |19.75 | 19.61 | 19.47 | 19.32
5 22.78118.31 116.53 | 15.56 | 14.94 | 14.51 | 14.20 | 13.96 | 13.77 | 13.62 | 13.49 | 13.38 | 13.29 |13.21 | 13.15]13.09 [ 13.03 | 12.98 | 12.94 | 12.90 | 12.78 | 12.66 | 12.53 | 12.40 | 12.27 | 12.14
6 18.63 |14.54 |12.92 ]112.03 | 11.46 | 11.07 | 10.79 | 10.57 | 10.39 ] 10.25 | 10.13 | 10.03 | 9.95 | 9.88 | 9.81 | 9.76 | 9.71 | 9.66 | 9.62 | 9.59 | 9.47 | 9.36 | 9.24 | 9.12 | 9.00 | 8.88
7 16.24 |12.40 |10.88 ]10.05] 9.52 | 9.16 | 8.89 | 8.68 | 8.51 | 8.38 | 8.27 | 8.18 | 8.10 | 8.03 | 7.97 | 791 | 7.87 | 783 | 7.79 | 7.75 | 764 | 7.53 | 742 | 7.31 | 7.19 | 7.08
8 14.69]11.04]9.60 | 881 | 830 | 795 | 769 | 750 | 7.34 | 7.21 | 7.10 | 7.01 | 6.94 | 6.87 | 6.81 | 6.76 | 6.72 | 6.68 | 6.64 | 6.61 | 6.50 | 6.40 | 6.29 | 6.18 | 6.06 | 5.95
9 13.61(10.11 1 8.72 | 7.96 | 7.47 | 7.13 | 6.88 | 6.69 | 6.54 | 6.42 | 6.31 | 6.23 | 6.15 | 6.09 | 6.03 | 5.98 | 5.94 | 5.90 | 5.86 | 5.83 | 5.73 | 5.62 | 5.52 | 5.41 | 5.30 | 5.19
10 12.8319.43 | 8.08 | 7.34 | 6.87 | 6.54 | 6.30 | 6.12 | 5.97 | 5.85 | 5.75 | 5.66 | 5.59 | 5.53 | 5.47 | 5.42 | 5.38 | 5.34 | 5.31 | 5.27 | 5.17 | 5.07 | 4.97 | 4.86 | 4.75 | 4.64
11 12.23]8.91 | 7.60 | 6.88 | 6.42 | 6.10 | 5.86 | 5.68 | 5.54 | 542 | 5.32 | 5.24 | 5.16 | 5.10 | 5.05 | 5.00 | 4.96 | 4.92 | 4.89 | 4.86 | 4.76 | 4.65 | 455 | 4.45 | 4.34 | 4.23
12 11.75] 8.51 | 7.23 | 6.52 | 6.07 | 5.76 | 552 | 5.35 | 5.20 | 5.09 | 4.99 | 4.91 | 4.84 | 4.77 | 472 | 467 | 463 | 459 | 456 | 4.53 | 4.43 | 433 | 423 | 4.12 | 4.01 | 3.90
13 11.37|8.19 | 6.93 | 6.23 | 5.79 | 548 | 525 | 5.08 | 494 | 482 | 4.72 | 4.64 | 4.57 | 451 | 4.46 | 4.41 | 4.37 | 433 | 430 | 4.27 | 417 | 4.07 | 3.97 | 3.87 | 3.76 | 3.65
14 11.06| 7.92 | 6.68 | 6.00 | 5.56 | 5.26 | 5.03 | 4.86 | 4.72 | 4.60 | 4.51 | 4.43 | 4.36 | 4.30 | 4.25 | 4.20 | 4.16 | 4.12 | 4.09 | 4.06 | 3.96 | 3.86 | 3.76 | 3.66 | 3.55 | 3.44
15 10.80] 7.70 | 6.48 | 5.80 | 5.37 | 5.07 | 4.85 | 4.67 | 4.54 | 442 | 433 | 425 | 4.18 | 412 | 4.07 | 4.02 | 3.98 | 3.95 | 3.91 | 3.88 | 3.79 | 3.69 | 3.58 | 3.48 | 3.37 | 3.26
16 10.58 | 7.51 | 6.30 | 5.64 | 5.21 | 491 | 469 | 452 | 4.38 | 4.27 | 418 | 4.10 | 4.03 | 3.97 | 3.92 | 3.87 | 3.83 | 3.80 | 3.76 | 3.73 | 3.64 | 3.54 | 3.44 | 3.33 | 3.22 | 3.11
17 10.38| 7.35 | 6.16 | 5.50 | 5.07 | 4.78 | 4.56 | 4.39 | 4.25 | 4.14 | 4.05 | 3.97 | 3.90 | 3.84 | 3.79 | 3.75 | 3.71 | 3.67 | 3.64 | 3.61 | 3.51 | 3.41 | 3.31 | 3.21 | 3.10 | 2.98
18 10.22| 7.21 | 6.03 | 5.37 | 4.96 | 4.66 | 444 | 4.28 | 4.14 | 4.03 | 3.94 | 3.86 | 3.79 | 3.73 | 3.68 | 3.64 | 3.60 | 3.56 | 3.53 | 3.50 | 3.40 | 3.30 | 3.20 | 3.10 | 2.99 | 2.87
19 10.07 ]| 7.09 | 592 | 527 | 485 | 4.56 | 434 | 4.18 | 4.04 | 3.93 | 3.84 | 3.76 | 3.70 | 3.64 | 3.59 | 3.54 | 3.50 | 3.46 | 3.43 | 3.40 | 3.31 | 3.21 | 3.11 | 3.00 | 2.89 | 2.78
20 9.94 | 6.99 | 582 | 517 | 4.76 | 447 | 426 | 4.09 | 3.96 | 3.85 | 3.76 | 3.68 | 3.61 | 3.55 | 3.50 | 3.46 | 3.42 | 3.38 | 3.35 | 3.32 | 3.22 | 3.12 | 3.02 | 2.92 | 2.81 | 2.69
21 9.83 | 6.89 | 5.73 | 5.00 | 468 | 4.39 | 4.18 | 4.01 | 3.88 | 3.77 | 3.68 | 3.60 | 3.54 | 3.48 | 3.43 | 3.38 | 3.34 | 3.31 | 3.27 | 3.24 | 3.15 | 3.05 | 2.95 | 2.84 | 2.73 | 2.61
22 9.73 | 6.81 | 5.65 | 5.02 | 4.61 | 432 | 411 | 3.94 | 3.81 | 3.70 | 3.61 | 3.54 | 3.47 | 3.41 | 3.36 | 3.31 | 3.27 | 3.24 | 3.21 | 3.18 | 3.08 | 2.98 | 2.88 | 2.77 | 2.66 | 2.55
23 9.63 | 6.73 | 5.58 | 495 | 454 | 426 | 4.05 | 3.88 | 3.75 | 3.64 | 3.55 | 3.47 | 3.41 | 3.35 | 3.30 | 3.25 | 3.21 | 3.18 | 3.15 | 3.12 | 3.02 | 2.92 | 2.82 | 2.71 | 2.60 | 2.48
24 9.55 | 6.66 | 5.52 | 4.89 | 4.49 | 420 | 3.99 | 3.83 | 3.69 | 3.59 | 3.50 | 3.42 | 3.35 | 3.30 | 3.25 | 3.20 | 3.16 | 3.12 | 3.09 | 3.06 | 2.97 | 2.87 | 2.77 | 2.66 | 2.55 | 2.43
25 9.48 | 6.60 | 5.46 | 4.84 | 443 | 415 | 3.94 | 3.78 | 3.64 | 3.54 | 3.45 | 3.37 | 3.30 | 3.25 | 3.20 | 3.15 | 3.11 | 3.08 | 3.04 | 3.01 | 2.92 | 2.82 | 2.72 | 2.61 | 2.50 | 2.38
26 9.41 | 6.54 | 541 | 4.79 | 4.38 | 410 | 3.89 | 3.73 | 3.60 | 3.49 | 3.40 | 3.33 | 3.26 | 3.20 | 3.15 | 3.11 | 3.07 | 3.03 | 3.00 | 2.97 | 2.87 | 2.77 | 2.67 | 2.56 | 2.45 | 2.33
27 9.34 | 649 | 5.36 | 4.74 | 434 | 4.06 | 3.85 | 3.69 | 3.56 | 3.45 | 3.36 | 3.28 | 3.22 | 3.16 | 3.11 | 3.07 | 3.03 | 2.99 | 2.96 | 2.93 | 2.83 | 2.73 | 2.63 | 2.52 | 2.41 | 2.29
28 9.28 | 6.44 | 532 | 470 | 4.30 | 4.02 | 3.81 | 3.65 | 3.52 | 3.41 | 3.32 | 3.25 | 3.18 | 3.12 | 3.07 | 3.03 | 2.99 | 2.95 | 2.92 | 2.89 | 2.79 | 2.69 | 2.59 | 248 | 2.37 | 2.25
29 9.23 | 6.40 | 5.28 | 4.66 | 4.26 | 3.98 | 3.77 | 3.61 | 3.48 | 3.38 | 3.29 | 3.21 | 3.15 | 3.09 | 3.04 | 2.99 | 2.95 | 2.92 | 2.88 | 2.86 | 2.76 | 2.66 | 2.56 | 2.45 | 2.33 | 2.21
30 9.18 | 6.35 | 5.24 | 462 | 423 | 3.95 | 3.74 | 3.58 | 3.45 | 3.34 | 3.25 | 3.18 | 3.11 | 3.06 | 3.01 | 2.96 | 2.92 | 2.89 | 2.85 | 2.82 | 2.73 | 263 | 2.52 | 242 | 2.30 | 2.18
40 8.83 | 6.07 | 498 | 437 |3.99 | 3.71 | 3.51 | 3.35 | 3.22 | 3.12 | 3.03 | 2.95 | 2.89 | 2.83 | 2.78 | 2.74 | 2.70 | 2.66 | 2.63 | 2.60 | 2.50 | 2.40 | 2.30 | 2.18 | 2.06 | 1.93
60 849 | 579 | 473 | 414 | 3.76 | 3.49 | 3.29 | 3.13 | 3.01 | 290 | 2.82 | 2.74 | 2.68 | 2.62 | 257 | 253 | 249 | 2.45 | 242 | 2.39 | 2.29 | 2.19 | 2.08 | 1.96 | 1.83 | 1.69
120 8.18 | 5.54 | 4.50 | 3.92 | 3.55 | 3.28 | 3.09 | 293 | 2.81 | 2.71 | 2.62 | 2.54 | 2.48 | 2.42 | 2.37 | 2.33 | 2.29 | 225 | 222 | 2.19 | 2.09 | 1.98 | 1.87 | 1.75 | 1.61 | 1.43
) 7.88 | 5.30 | 428 | 3.72 | 3.35 | 3.09 | 290 | 2.74 | 2.62 | 252 | 243 | 2.36 | 2.29 | 2.24 | 219 | 2.14 | 210 | 2.06 | 2.03 | 2.00 | 1.90 | 1.79 | 1.67 | 1.53 | 1.36 | 1.36
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