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17.1 INTRODUCTION

In the previous unit, we discussed the hypothesis testing for the population Tools You Will Need
mean and the comparison of two population means of two independent and

paired groups. For hypothesis testing related to mean using parametric tests,
we require measurable data or in other words, interval or ratio scales of
measurement such as weight, height, distance, time, income, etc. But in many
real-world situations, the data are collected in the form of counts, or the

The following terms are
considered essential
background material for this
Unit. If you doubt your
knowledge of any of these

collected data is classified into two categories or groups according to an terms, you should review
attribute or characteristic under study such as defective, non-defective; male, the appropriate Unit or
female; educated, uneducated; smoker, non-smoker; etc. In such situations, section before proceeding:

we consider the proportion of elements/individuals/units/items that possesses
or do not possess a given characteristic or attribute instead of the mean.

e Sampling distribution of
proportions (Unit 3).

There are so many situations where it becomes necessary to test the

hypotheses about a single population proportion and compare two population

proportions. For example,

e Basic concepts of
testing of hypotheses
(Unit 15).

e One may be interested in hypothesis testing that 56% of the adult people

of a city use Facebook,

e The Z- test (Unit 16).

e The course coordinator of the MST-016 course wants to test the
hypothesis that 75% of the students are satisfied with the counselling

classes of the course,

e A medicine research team of an institute wants to test whether a new

treatment cures a disease more than 85%,

¢ A market researcher wants to test whether the proportion of men who

shop for bargains is significantly lower than the proportion of women who
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shop for bargains,

e Aresearcher wants to test whether there is a significant difference
between the proportions of taxes on the citizens of two countries, etc.

In such types of problems of hypothesis testing, we require the test for a single
population proportion and a comparison of two population proportions. In this
unit, we shall discuss various tests for the same.

This unit comprises six sections. Section 17.1 introduces the need for tests of
hypothesis testing about the population proportions. Section 17.2 is devoted to
explaining the various tests for a single population proportion with
assumptions. The tests for comparing two population proportions are
discussed with assumptions in Section 17.3. The unit ends by providing a
summary of what we have discussed in this unit in Section 17.4. The terminal
questions and the solution of the SAQs/TQs are given in Sections 17.5 and
17.6, respectively.

In the next unit, we shall discuss the tests for a population variance and a
comparison of two population variances.

Expected Learning Outcomes
After studying this unit, you should be able to:

% describe the need for tests for a population proportion and comparison of
two population proportions;

% select an appropriate test for a population proportion and comparison of
two population proportions;

% describe the procedure of the Z-test for hypothesis testing for a
population proportion and comparison of two population proportions;

+ draw a statistical conclusion in hypothesis testing for a population
proportion and comparing two population proportions; and

% explain the assumptions of the various tests for testing population

proportions.

17.2 HYPOTHESIS TESTING FOR POPULATION
PROPORTION

The hypothesis testing of mean is mostly used but, in many situations,
especially in business, social sciences, engineering and behavioural sciences,
we would like to test a hypothesis regarding the population proportion of the
number of observations/units/ elements that possess a certain attribute
instead of testing the population mean. For example:

e One may be interested in hypothesis testing that 56% of the adult people
of a city use Facebook,

¢ A medicine research team of an institute wants to test whether a new
treatment cures a disease more than 85%,

e A market researcher wants to test whether the proportion of new car
purchasers who are female has been increased significantly,
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e The course coordinator of the MST-016 course wants to test the
hypothesis that 75% of the students are satisfied with the counselling
classes of the course,

e A multinational manufacturing company's quality management wants to
test whether the percentage of defective items in a batch is less than 5%,

e A student of the MSCAST programme is interested in testing whether the
passing ratio of the students of the MSCAST programme is greater than
50%, etc.

To test the hypotheses in such situations, we require tests for population
proportion.

The procedure of hypothesis testing for the population proportion has a similar
rationale and approach as the mean that you have studied in Unit 16.

Suppose we want to test the hypothesis that the population proportion (P) has
a specified value, say, Po. For the hypothesis testing procedure, first of all, we
set up the null and alternative hypotheses. Here, we want to test the claim
about the specified value P, of population proportion P so we can formulate
the null and alternative hypotheses as

H,:P=P, and H,:P =P, [two-tailed test]

Or
H,:P<P, and H,:P >P, [right-tailed test]

Or
H,:P>P, and H,:P <P, [left-tailed test]

For testing the hypothesis, suppose we take a random sample of size n from
the population with population proportion P. Also, suppose X denote the
number of observations/units/ elements that possess a certain attribute
(successes) out of n observations of the sample then we can define the
sample proportion p as

p= 5 <1
n
As you have seen, the tests for the population mean depend on the sampling
distribution of the sample mean, in a similar way, the tests for population
proportion also depend on the sampling distribution of the sample proportion.
In Unit 3, you have studied that the sampling distribution of the proportion
converges to the normal distribution with mean P and variance P(1 — P)/n if

e nP>15and
e n(1-P)>15

whatever the form of the population may be. Therefore, we consider the
following test statistic for hypothesis testing for a population proportion:

__pP-P _
z= s N(0,1)
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Since the test statistic is calculated under the assumption that the null
hypothesis is true and here, the null hypothesis states that P =P, or P <P, or

P >P, . In each case, we take P = Po under the null hypothesis, therefore, the

test statistic becomes as

Z= & under null hypothesis
P, (1 —PO)

n

The test statistic follows the standard normal distribution with mean 0 and
variance 1. Therefore, if nP >15 and n(1 — P) > 15 then we apply the Z-test for
hypothesis testing for a single population proportion.

After deciding the test, we follow the rest of the steps of the procedure of
hypothesis testing of the Z-test for a single population mean as discussed in
Unit 15. That is, we calculate the value of the test statistic based on the
observed sample and compare it with the critical (or cut-off) value(s) in the
sampling distribution of the test statistic. If the test statistic lies within the
rejection region of the null hypothesis, then we reject the null hypothesis
otherwise we do not reject it at the given level of significance. Finally, we draw
a conclusion about the claim of the population proportion.

p-Value Approach

We calculate the p-value using the Z-test for hypothesis testing of a population
proportion and take the decision of rejection or non-rejection of the null
hypothesis using the p-value approach as discussed in Unit 16.

After understanding the Z-test for a single population proportion, let us see the
assumptions of the test.

Assumptions

The Z-test for a single population proportion has similar assumptions as the
Z-test for a single population mean. Therefore, here, we just discuss them in
short. The assumptions of the Z-test for a population proportion are given as
follows:

1. The variable of interest should be a binary outcome. It means that it can
take only two values. For example, a coin toss (heads/tails), the presence
of a disease (yes/no), morality (dead/alive), etc.

2. Your data should be large enough so that the normality conditions, nP >15
and n(1 — P) > 15 are fulfilled. It means that the sampling distribution of
the proportion is approximately normally distributed.

3. You must draw a random sample from your population of interest.
4. The sample observation should be independent (i.e., not correlated)

After understanding the conditions under which we apply the Z-test and its
assumption, we now discuss which test will apply if the normality conditions
are not fulfilled.

When any of these normality conditions is not fulfilled, that is, if
e nP<150r

e« n(1-P)<15
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then the sampling distribution of the sample proportions follows a binomial
distribution, and we apply the binomial test for hypothesis testing of a
population proportion. However, the binomial test is out of the scope of this
course.

From the above discussion, you noted that there are various tests for testing
hypotheses about the population proportion. For selecting an appropriate test
quickly, you may use the following flow chart as shown in Fig. 17.1.

Tests for Population Proportion

Yes Are normali No

conditions
Binomial
test

fulfilled?

Fig. 17.1: Tests for a population proportion.

Let us discuss how to apply the Z-test for population proportion in real-life
situations with the help of an example.

Example 1: A manager of a fast-food chain observed that they had served the
order correctly 85% of the time. To improve it, the manager has developed a
new process to make sure that orders are served correctly. To test the new
process, he checked a sample of 200 orders using the new process and
observed 182 were served correctly. To test whether the new process has
increased the proportion of orders served correctly or not:

(i) Formulate the null and alternative hypothesis for this test situation.

(i) Which test, one-tailed or two-tailed is used and why?

(iii) Conduct a hypothesis test for this situation at the 5% level of significance.
(iv) What management conclusion would be drawn from the findings?

(v) What conclusion could be drawn from the p-value?

Solution: Here, we are given that

The specified value of population proportion (Po) = 0.85

The sample size (n) = 200

The number of times the order is correctly served (X) = 182

We can calculate the sample proportion of the order correctly served as

p=2-182_4
n 200
Here, we want to test that the new process has increased the proportion of
orders served correctly. We can say that the new process has increased the
proportion of orders served correctly if it is greater than 85% of the time. If we
denote the proportion of orders served correctly by P, then the claim is
P > 0.85 and its complement is P < 0.85. Since the complement contains the

equality sign so we can take the complement as the null hypothesis and the 181
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claim as the alternative hypothesis. Therefore, we can formulate the null and
alternative hypotheses as

H, : P <0.85[the proportion of orders served correctly has not increased]
H, : P > 0.85 [the proportion of orders served correctly has increased] (claim)

Since the alternative hypothesis is right-tailed, therefore, we will use a right-
tailed test.

Now, you have to decide which test is appropriate for this situation. There are
two tests for a single population proportion: the Z-test and the binomial test. To
decide which test out of these will be used, you have to check whether the
conditions of normality are fulfilled or not as

nP =200x0.85=170 > 15 and
n(1-P)=200x(1-0.85)=200x0.15=30 > 15

Since the conditions of the normality are fulfilled so we go for the Z-test and
the test statistic for the Z-test for a single population proportion is given by

— P- I:)o
P (1-P,)
n
We can calculate the value of the test statistic using the sample as

~ 091-085  0.06
- \/0.85(1 ~0.85) 0.0252
200

=2.38

Since the alternative hypothesis is right-tailed, therefore, the critical region will
lie at the right-tailed of the distribution as shown in Fig. 17.2. From the Z-table
(Table 1), the critical value for the right-tailed test at o = 0.05 is zq = Zo.05 =
1.645.

Since the calculated value of the test statistic (= 2.38) is greater than the
critical value (=1.645), it means that it lies in the rejection region at the 5%
level of significance as shown in Fig. 17.2. So, we reject the null hypothesis
and support the alternative hypothesis. Since the alternative hypothesis is the
claim so we support the claim.

Thus, we conclude that the sample does not provide us with sufficient
evidence against the manager’s belief so we may assume that the new
process has increased the proportion of orders served correctly.

Decision using p-value approach:
Since the test is right-tailed, therefore, we can calculate the p-value as
p-value = P[Z>z]|=P[Z>2.38]
=1-P[Z<2.38]
=1-0.9913 =0.0087 (From Table IV)

Since the p-value (= 0.0087) is less than a (= 0.05) so we reject the null
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hypothesis at the 5% level of significance. Therefore, we draw the same
conclusion as we have obtained using the critical value approach.

Now, you can try the following exercises.

SAQ1

An online grocery company believes that more than 78% of the visitors to its
website will make a purchase. A researcher in the marketing department
thinks to test this claim. The researcher randomly selected 157 visits to the
website and found that 126 of the visits resulted in a purchase. Does the
company'’s belief that more than 78% of the visitors to its website will make a
purchase at a 5% level of significance?

After understanding the hypothesis testing procedure and various tests for the
population proportion, let us discuss the same for the two groups in the next
section.

17.3 HYPOTHESIS TESTING FOR COMPARING
TWO POPULATION PROPORTIONS

In the previous section, you studied which test is applied for hypothesis testing
for a population proportion. There are many situations where someone is
interested in comparing the proportions of an attribute in two different
populations/ groups. For example:

e A market researcher wants to test whether the proportion of men who
shop for bargains is significantly lower than the proportion of women who
shop for bargains,

e Aresearcher wants to test whether there is a significant difference
between the proportions of taxes on the citizens of two countries,

e An analyst wishes to determine whether the proportion of consumption of
tea is more than coffee in a city, etc.

In each example, someone is interested in comparing the proportions of an
attribute in two different populations/groups. For testing such types of
claims/statements, we need to study the procedure and tests for hypothesis
testing for comparing the proportions of an attribute in two different
populations/groups. Let us discuss it.

Suppose we are interested in hypothesis testing for comparing the proportions
of an attribute in two different populations, say, Population-I and Population-Il
and P1 and P», denote their proportions of an attribute/characteristic,
respectively. To test the hypothesis about the comparison of two population
proportions of an attribute in two populations, we can formulate the null and
alternative hypotheses as

H,:P, =P, and H,:P, #P, [two-tailed test]

Or
H,:P, <P, and H,:P, >P, [right-tailed test]
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Or
H,:P,>P, and H, :P, <P, [left-tailed test]

To test the hypothesis, suppose we draw two independent random samples of
sizes ns and n2 from Population-I and Population-Il, respectively and also,
suppose X1 and Xz represent the number of observations or elements
possessing the attribute under study, respectively. We can calculate the
sample proportions ps and p2 as

p, = % and p, = X
n1 2
As you have seen the tests for the single population proportion depend on the
sampling distribution of the sample proportion, in a similar way, the tests for
comparing proportions of two populations depend on the sampling distribution
of the difference of two sample proportions, that is, sampling distribution of

(p1 — p2). In Unit 3, you have studied that the sampling distribution of difference
of two proportions converges to the normal distribution with mean (P, —P,)and

P.(1-P) P,(1-P)
n, n,

P1(1—P1)+P2(1—P2)J

n, n,

variance

that is,

P — P, ~N[P1 -P,,

under the normality conditions

e npP>15n,(1-P,)>15 and

e n,P,>15n,(1-P,)>15

Note: Generally, the population proportions P+ and P, are unknown, so we

take sample proportions p1 and p2 in the conditions of normality, therefore,

e np,>15,(1-p,)>15 and
e np,>15,n,(1-p,)>15

Thus, we consider the following test statistic for hypothesis testing for
comparing two population proportions:

Z: p1_p2_(P1_P2) ~N(O, 1)

\/P1(1—P1)+P2(1—P2)

n, n,

Since the test statistic is calculated under the assumption that the null
hypothesis is true and the null hypothesis states that P, =P,or P, <P, or

P, > P, . In each case, we take P1 = P, = P =P1— P2 = 0 under the null

hypothesis, therefore the test statistic becomes as

7= p1_p2
1 1
P(1-P)| —+—
\/ ( )[n1+nzj

where P is estimated by P using sample information as

under null hypothesis
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p_ NP +NP, _ X, + X,
n, +n, n, +n,

The test statistic approximately follows the standard normal distribution with
mean 0 and variance 1. Therefore, if the normality conditions are fulfilled then
we apply the Z-test for comparing two proportions.

After deciding an appropriate test, we follow the rest of the steps of the
procedure of testing of hypothesis for a single proportion discussed in the
previous section.

After understanding the Z-test for comparing two population proportions, let us
see the assumptions of the test.

Assumptions

The Z-test for comparing two population proportions has similar assumptions
as the Z-test for a single population proportion. Therefore, here, we just
discuss them in short as follows:

1. The variable of interest should be a binary outcome. It means that it can
take only two values.

2. Your data should be large so that it fulfils the normality conditions and the
sampling distribution of difference of two proportions approximately
normally distributed.

3. The sample should be randomly drawn from each population.

4. The sample observations should be independent (i.e., not correlated/
related) which means that there is no relationship between the
observations in each group or between the groups themselves. For
example, there must be different participants in each group with no
participant being in more than one group.

Note: When any of these normality conditions is not fulfilled, that is, if

e np;<150rn(1-py)<150r
e nypy,<150rn,(1-p,)<15

are not fulfilled then we apply the non-parametric tests such as Fisher’s Exact
test, Chi-square test of independence, etc. which you will study in the MST-
025: Categorical and Survival Analysis course.

Note: As you have seen in Unit 16 when we compared the two population
means then we considered the cases when samples are independent or
paired. Here, we will consider only the case when samples are independent
because when the samples are paired then we apply the non-parametric test
(McNemar’s Test) which you will study in the MST-025: Categorical and
Survival Analysis course.

From the above discussion, you noted that there are various tests for
comparing two population proportions. For selecting an appropriate test
quickly, you may use the following flow chart as shown in Fig. 17.3.
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Tests for Comparing Two
Population Proportions

Are
samples

independent?,

Yes

Fig. 17.3: Test for comparing two population proportions.

Let us take an example to show how to apply the Z-test to compare the
proportions of two independent groups in real-life situations.

Example 2: A market researcher believes that men who shop for bargains are
less likely than women. To test his belief, he conducted a survey and observed
that 143 men out of 352 men go for bargains whereas 209 women out of 417
women go for bargains. Test whether the proportion of men who shop for
bargains is significantly less than the proportion of women who shop for
bargains at a 5% level of significance.

Solution: Here, we are given that
n1 = total men in the survey = 352, X1 = the men who bargains = 143
n, = total women in the survey = 417, X, = the women who bargains = 209

We can calculate the sample proportion of men who shop for bargains as

o e 13

n, 352
and the sample proportion of women who shop for bargains as

X2 209450

P n, 417
Here, we want to test that the proportion of men who shop for bargains is
significantly lower than the proportion of women who shop for bargains. If the
proportions of men and women who shop for bargains are denoted by P; and
P, respectively, then the claim is Py < P, and its complement is P1 = P,. Since
the complement contains the equality sign so we can take the complement as
the null hypothesis and the claim as the alternative hypothesis. Therefore, we

can formulate the null and alternative hypotheses as
the proportion of men who shop for
Hy P, > P{ ProP b }

bargains is not less than to women

the proportion of men who shop for

H,:P, <P
e {bargains is less than the women

} (claim)

Since the alternative hypothesis is left-tailed, therefore, we will use a left-tailed
test.
186
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To decide which test out of these will be used, you have to check whether the
conditions of normality are fulfilled or not as

np, = 352x0.41=144.32 > 15

n,(1-p,) =352 x (1-0.41) = 207.68 > 15
n,p, =417 x0.5=208.5>15
n,(1-p,)=417x(1-0.5) = 208.5 > 15

Since the conditions of the normality are fulfilled so we go for the Z-test and
the test statistic for the Z-test for comparing two population proportions is
given by

_ p1 _pz

el

We can estimate the combined proportion (P) as

B np, +n,p, X, +X, 143+264

= =0.46
n, +n, n,+n, 352+417

We can compute the value of the test statistic Z as

A p1_p2
17 1
PA-P) —+—
\[( )[n1+n2]
0.41-0.5 _-0.09

1 1) 0036

Since the alternative hypothesis is left-tailed, therefore, the critical region will
lie at the left-tailed of the distribution as shown in Fig. 17.4. Thus, from the
Z-table (Table 1), the critical value for the left-tailed test at a. = 0.05 is —z4 = —
Zo.os5 = —1.645.

Sampling distribution
of Z-statistic

|
|
1
1
1
I
Non-réjection
re#ion

Since the calculated value of the test statistic (= —2.5) is less than the critical
value (=—1.645), it means that it lies in the rejection region at the 5% level of
significance as shown in Fig. 17.4. So, we reject the null hypothesis and
support the alternative hypothesis. Since the alternative hypothesis is the
claim so we support the claim.

2,525 7=1.645
Fig. 17.4

Thus, we conclude that the samples do not provide us with sufficient evidence

against the researcher’s belief so we may assume that the proportion of men

who shop for bargains is significantly lower than the proportion of women who

shop for bargains at the 5% level of significance.

After understanding how to apply the Z-test for hypothesis testing for
comparing two population proportions, you can try the following Self
Assessment Question.

§AQ2

A medical researcher speculates that the proportion of smokers who have
wrinkles around the eyes is greater than non-smokers. In an observational 187
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study, the researcher enrolled 120 smokers and 230 non-smokers. Based on a
standardised wrinkle score, the researcher discovered that 85 of the smokers
and 134 of the non-smokers had noticeable wrinkles around their eyes in the
sample. Test the belief of the medical researcher at a 1% level of significance.

We now end this unit by giving a summary of what we have covered in it.

17.4 SUMMARY

In this unit, we have covered the following points:

e We use the Z-test for comparing a population proportion if the normality
conditions

nP > 15 and
n(1-P)>15
are fulfilled otherwise the binomial test is used.

e For comparing proportions of two independent populations, we apply the
Z-test if the normality conditions

np, >15,n,(1-p,)>15 and
np, >15,n,(1-p,)>15

are fulfilled otherwise, we apply the non-parametric tests

17.5 TERMINAL QUESTIONS

1.  Write the difference between the Z-test and binomial test for hypothesis
testing for a population proportion.

2. Consider Example 2. Test whether the proportion of men who shop for
bargains is significantly less than the proportion of women who shop for
bargains at a 5% level of significance using the p-value approach.

3. Consider SAQ 2 and test the belief of the medical researcher that the
proportion of smokers who have wrinkles around the eyes is greater than
the non-smokers using the confidence interval approach.

17.6 SOLUTIONS / ANSWERS

Self Assessment Questions (SAQs)

1. Here, we are given that
Po =0.78, n=157, X =126

We can calculate the sample proportion of visitors to the website that
result in a purchase as

P X126,

n 157
Here, we want to test that the proportion of the visitors to the website that
result in a purchase is more than 78%. If we denote the proportion of the
visitors to the website that result in a purchase by P, then the claim is

P > 0.78 and its complement is P < 0.78. Since the complement contains
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the equality sign so we can take the complement as the null hypothesis
and the claim as the alternative hypothesis. Therefore, we can formulate
the null and alternative hypotheses as

H, P < 0.n{the proportion of the visitors to the website }

that result in a purchase is not more than 78%

the proportion of the visitors to the website

H,:P>0.78 _ _
that result in a purchase is more than 78%

}(claim)
Since the alternative hypothesis is right-tailed, therefore, we will use a
right-tailed test.

Now, you have to decide which test is appropriate for this situation. There
are two tests for a single population proportion: the Z-test and the
binomial test. To decide which test out of these will be used, you have to
check whether the conditions of normality are fulfilled or not as

nP =157x0.78 =122.46 > 15 and
n(1-P)=157 x(1-0.78) = 200x 0.22 = 34.54 > 15

Since the conditions of the normality are fulfilled so we go for the Z-test
and the test statistic for the Z-test for a single population proportion is
given by

Z — p B PO
P (1-P)
n
We can calculate the value of the test statistic using the sample as
~080-0.78  0.02

Z = =] =]
“ [o.78(1-0.78) 0.033
157

Since the alternative hypothesis is right-tailed, therefore, the critical region
will lie at the right-tailed of the distribution as shown in Fig. 17.5. From the
Z-table (Table 1), the critical value for the right-tailed test at o = 0.05 is zq
= 2005 = 1.645.

0.61

Sampling distribution
of Z-statistic

Non-réjection
re{;ion Rejection/
region
Yo

Critical value

|
|
|
| 1

2,061 2=1.645
Since the calculated value of the test statistic (= 0.61) is less than the Fig. 17.5
critical value (=1.645), it means that it lies in the non-rejection region at

the 5% level of significance as shown in Fig. 17.5. So, we do not reject the

null hypothesis and support it. Since the claim is in the alternative

hypothesis so we do not support the claim.

Thus, we conclude that the sample provides us with sufficient evidence
against the company’s belief so we reject the claim that more than 78% of
the visitors to its website will make a purchase at the 5% level of
significance.

2. Here, we are given that
n1 = total smokers enrolled in the study = 120

X1 = the smokers who had noticeable wrinkles around their eyes = 85 189
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nz = total non-smokers enrolled in the study = 230
X2 = the non-smokers who had noticeable wrinkles around their eyes = 134

We can calculate the sample proportion of smokers who had noticeable
wrinkles around their eyes as

o= X 85 o,
n, 120

and the sample proportion of the non-smokers who had noticeable

wrinkles around their eyes as

P, &—E:O.SB

“n, 230
Here, we want to test that the proportion of smokers who have wrinkles
around the eyes is greater than non-smokers. If the proportions of
smokers and non-smokers who have wrinkles around the eyes are
denoted by P1 and P», respectively, then the claim is P > P2 and its
complement is P4 < P2. Since the complement contains the equality sign
so we can take the complement as the null hypothesis and the claim as
the alternative hypothesis. Therefore, we can formulate the null and
alternative hypotheses as

the proportion of smokers who have wrinkles }

H,:P, <P, .
around the eyes is not greater than non-smokers

the proportion of smokers who have wrinkles

H,:P,>P
"R Lround the eyes is greater than non-smokers

}(claim)

Since the alternative hypothesis is right-tailed, therefore, we will use a
right-tailed test.

To decide which test will be used, you have to check whether the
conditions of normality are fulfilled or not as

np, =120x0.71=85.2>15,n,(1-p,) =120x0.29 = 34.8 > 15
n,p, =230x0.58 =133.4 >15,n, (1-p,) =230 x 0.58 = 96.6 > 15

Since the conditions of the normality are fulfilled so we go for the Z-test
and the test statistic for the Z-test for two population proportions is given
by

7 = p1 B p2

el

We can estimate the combined proportion (P) as

X, +X, 85+134
n,+n, 120+230

P= -0.63

We can compute the value of the test statistic Z as

P, —P, 0.71-0.58

anl - -
17 1 1 1
1

190
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_ 013 _ 2.41
0.054

Since the alternative hypothesis is right-tailed, therefore, the critical region
will lie at the right-tailed of the distribution as shown in Fig. 17.6. From the
Z-table (Table 1), the critical value for the left-tailed test at a. = 0.01 is —z4 =
—Z0.01 — 2.33 and

Since the calculated value of the test statistic (= 2.41) is greater than the
critical value (= 2.33), it means that it lies in the rejection region at 1%
level of significance as shown in Fig. 17.6. So, we reject the null
hypothesis and support the alternative hypothesis. Since the alternative
hypothesis is the claim so we support the claim.

Sampling distribution
of Z-statistic

I Critical value
Non-réjection

Thus, we conclude that the samples do not provide us with sufficient
evidence against the medical researcher speculates. So we may assume
that the proportion of smokers who have wrinkles around the eyes is Fig. 17.6
greater than non-smokers at 1% level of significance.

Terminal Questions (TQs)

1. We use the Z-test for testing a hypothesis about a population proportion if
the normality conditions
e nP>15and

e n(1-P)>15
are fulfilled otherwise the binomial test is used.

2. Since the test is left-tailed, therefore, by the definition of the p-value, we
have

p-value = P[Z<z_]|=P[Z<-2.5]

From the standard normal table (Table Il), we can calculate the above
probability as

p-value = P[Z<-2.5]=0.0062

Since the p-value (= 0.0062) is less than a (= 0.05) so we reject the null
hypothesis at the 5% level of significance. So we get the same conclusion
as we have observed when we have used the critical values approach.

3. In SAQ 2, we have formulated the null and alternative hypotheses as

around the eyes is not greater than non-smokers

H, P, <P, {the proportion of smokers who have wrinkles }

the proportion of smokers who have wrinkles

H P >P
e Lround the eyes is greater than non-smokers

}(claim)
Since we are interested in testing the hypothesis related to the
comparison of two population proportions and the alternative hypothesis is
right-tailed, therefore, we use the following (1 — a) 100% upper/right one-
sided confidence interval for the difference of two population proportions:

Lm —pz)—Za\/p1(1_p1) (RellPe) }

n, n,
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For the 1% level of significance, we have z =z,,, = 2.33.

Thus, we can calculate the lower 99% confidence limit as

(p1—pz)—za\/p1(1‘p1)+Pz(1—p2)

n, n,

0.71x0.29 N 0.58x0.42
120 230

=0.13-2.33x0.053 =0.0065

~(0.71-0.58)-2.33 XJ

Therefore, the required confidence interval is [0.0065,00).

Since the 99% upper one-sided confidence interval does not contain
(P, <P, =P, -P, <0)0 and lower values, therefore, we reject the null

hypothesis. Therefore, we draw the same conclusions as we have
obtained using the critical value approach.



