
 

 

28 

Vectors and Three 

Dimensional Geometry UNIT 2  VECTORS – 2 

 

Structure 
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2.3 Vector Product (or Cross Product) of two Vectors   

2.4  Triple Product of Vectors  

2.5 Answers to Check Your Progress 

2.6 Summary 

 

2.0 INTRODUCTION 

 

In the previous unit, we discussed vectors and scalars.  We learnt how to add and 

subtract two vectors, and how to multiply a vector by a scalar.  In this unit, we 

shall discuss multiplication of vectors.  There are two ways of defining product 

of vectors.  We can multiply two vectors to get a scalar or a vector.  The former 

is called scalar product or dot product of vectors and the latter is called vector 

product or cross product of vectors.  We shall learn many applications of dot 

product and cross product of vectors. We shall use dot product to find angle 

between two vectors.  Two vectors are perpendicular if their dot product is zero. 

Dot product helps in finding projection of a vector onto another vector. The cross 

product of two vectors is a vector perpendicular to both the vectors. 

 

If cross product of two vectors is zero then the two vectors are parallel (or 

collinear).  Cross product of vectors is also used in finding area of a triangle or a 

parallelogram.  Using the two kinds of products, we can also find product of 

three vectors.  Many of these products will not be defined. In this unit, we shall 

discuss the two valid triple products, namely, the scalar triple product and the 

vector triple product.  

 

2.1 OBJECTIVES 

 

After studying this unit, you should be able to: 

 define scalar product or dot product of vectors; 

 find angle between two vectors; 

 find projection of a vector on another vector; 
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 use cross product to find area of a parallelogram vector product of vectors; 

 define scalar triple product and vector triple product of vectors. 

 

2.2 SCALAR PRODUCT OF TWO VECTORS 

 

Definition :  The scalar product or the dot product of two vectors  and , 

denoted by .   is defined by  

                                                     .   = | | | |  

 

where  is the angle between the vectors  and . 

 

Also the scalar product of any vector with the zero vector is, by definition, the 

scalar zero.  It is clear from the definition that the dot product .  is a scalar 

quantity. 

 

Sign of the Scalar Product 

 

If   and   are two non zero vectors, then the scalar product 

 

.   = | | | | cos   

 

is positive, negative or zero, according as the angle , between the vectors is 

acute,  obtuse or right.  In fact,  

 

 is acute    cos 0     . 0a b


 

 is right  cos 0     . 0a b


 

 is obtuse   cos 0     . 0a b


 

 

 

Also, note that if and and  are non zero vectors then . = 0 if and only if  

and  are perpendicular (or orthogonal) to each other. 

 

 

If . is any vector, then the dot product . ., of  with itself, is given by  

. = | || | cos 0= | |
2
 

 

Thus, the length | | of any vector   is the non negative square root , i.e., of 

the scalar product   , i.e.,  

 

| |  = , 
 

Angle between two Vectors 

 

 If  is an angle between two non zero vectors and , then  

 

                                    .  = | || | cos  
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So, the angle  between two vectors is given by  

 

 

 

Properties of Scalar Product 

 

1. Scalar product is cumulative, i.e., . = .  for every pair of vectors and . 

2. . (– ) = – ( . ) and (– ). (– ) = .  for every pair of vectors and . 

3. ( λ1 ) . (λ2 ) =( λ1 λ2) ( . ) where  and  are vectors and λ1 , λ2 are scalars 

4. (Distributivity) .(  + ) = . + .  

 

The following identities can be easily proved using above properties. 

(i)   (  + ) . ( – )  = a
2
 –  b

2
   (here, a

2 
  = .  = | |

2
) 

(ii)   (  + )
2 

    =  a
2
 + 2 .  + b

2
 

(iii)   
( – )

2 
    =  a

2
 – 2 .  + b

2
 

If  ,   and  are mutually perpendicular unit vectors, then 

. =  .  = .  = 1 and  

. .= .  = .  = 0       (1) 

 

If  and    be two vectors in component 

form, then their scalar product is given by  

 

  
1 1 2 3 2 1 2 3 3 1 2 3

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ   . (  + ) (  + ) (  + )  (using distributivity)a i bi b j b k a i bi b j b k a k bi b j b k
 

2 3 3 1 3 2 3 3
ˆ ˆ ˆ ˆ ˆˆ=   ( . ) ( . ) ( . ) ( . )                                   (using properties)a b j k a b k i a b k j a b k k

=    a1 b1 + a2 b2 + a3 b3                          (using (1)) 

Thus  .    =  a1 b1 + a2 b2 + a3 b3 .  

Projection of a Vectors on another Vector 

Let  =     be two vectors 

             A 

 

                          

         
 

 
  Figure 1 

 O                L                    B 
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Vectors - II Drop  a perpendicular form A on OB as shown in Figure 1.  The projection of    

on  is the vector .  If  is the angle between   and , then projection of   

and  has length   | cos  and direction along unit vector .  Thus,  projection 

of    on  = (|  | cos )  

2

. .

| | | |

a b a b
b b

b b

 


 

 

The scalar component of project of    on    is   Similarly, the scalar 

component of   projection of    on      

a . b
a b  .     

|b |

a . b
b a

| a |




 


        
 

Example 1:  Find the angle  between the following pair of vectors. 

(a)    +    

(b)        

 

Solution:     (a)          .      = (2  + 3  ) . (   + 4   ) 

       =  2.1 + 0.4 + 3 ( 1) 

       =  2  3 = 1 

        =  .  = (2   + 3  ) . (2   + 3  )         

       = 2.2 + 0.0 + 3.3 

       = 13 

    |a|      =  

     = .       =    (   +4  –  ) . (   +4    )                             

        = 1.1 + 4.4 + ( 3)  ( 3) 

        = 26 

                          |a| =  

 

 

  

 

 

(b)  Here,  .  =  ( + 2  + ). (2  + 2  + )    

       = 1.2 + 2.(–2) + 2.1 

       = 0 

         =  = 3 
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. 

Example 2 :  Show that  is perpendicular to – , for any 

two non zero vectors . 

   

Solution :  We know that two vectors are perpendicular if their scalar product is 

zero. 

 

   (  ) . (  ) 

 

= (  ) +  . (  )  

 (using distributivity) 

 

     (  )  (  ) +  (  ) ( ) 

 

   (  ) +  (  )   = 0 

        

so, the given vectors are perpendicular. 

 

Example 3 : Find the scalar component of projection of the vector  

 

                   
ˆ ˆˆ ˆ ˆ      2 3 5  on the vector   2 2 . a i j k b i j k

 


 
 

 

 

Here,    

 

          

2 22
and  |b|  =  = 3( 2) ( 1)2



 
                  

 

 

Example 4 :  Show that the diagonals of a rhombus are at right angles. 

Solution :  Let A B C D be a rhombus (Figure 2 ) 

 

   D                           C 

 

           

  

 

 

        A                      B 
   (Figure 2) 
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 =   
 

 

                             =   (  + ) . (  )                                         

               =      

             = – = 0 

                                                                          
2 2

( )AB AD
 

  
 

Example 5 :  For any vectors  and , prove the triangle inequality  

  

|  + | ≤ | | + | | 

Solution :   If   =  or   = , then the inequality holds trivially.                                                                 

So let | | ≠ 0 ≠ | |.  Then,  

 =  (  + )
2  

=   (  + ). ( + ) 

     =   

     = | |
2
  2 + | |

2 
    (   = ) 

     = | |
2 

2| | |cos   | |
2 

 where  is the angle between  and  

        | |
2 

 2| | |  | |
2 

   (cos   1  ) 

                 = (| | | |) 
2 

Hence | |  | | | | 

Remark : Let =  and  =  , then + =   

          C 

                 +  

 

 

             A                                B  

 
    Figure 3 
 

As shown in figure 3 inequality says that the sum of two sides of triangle is 

greater than the third side.  If the equality holds in triangle inequality, i.e., 

| + |  | | +| | 

 

Then | AC


| = | AB


| + | BC


| 

 

showing that the points A, B and C are collinear. 

 

Check Your Progress – 1 

1. If  = 5  –3  –3  and =  +  –5   then show that +  and – are 

perpendicular. 
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2.  Find the angle between the vectors 

(a)  = 3  –  +2      =    – 4   +2  

(b)  =  –  –2                    =     –2  +2  +4                     

3. Find the vector projection of  on  where  =3  –5  +2    and = 7  +  –2 .  

Also find  the scalar component of projection of vector  on . 

4.  Prove the Cauchy – Schwarz Inequality 

 | .  |  ≤    | | | | 

5. Prove that  |  – |
2
 = | |

2
  + | |

2
   – 2 .a b

 
 

 

2.3 VECTOR PRODUCT (OR CROSS PRODUCT) OF TWO 

VECTORS 

 

Definition : If and  are two non zero and non parallel (or equivalently non 

collinear) vectors, then their vector product  ×  is defined as 

 

    = |  | | |sin  

 

where   is the angle between and  (0 <  < ) and  is a unit vector 

perpendicular to both and  such that ,  and  form a right handed system. 

 

If and  are parallel (or collinear) i.e., when   = 0 or , then we define the 

vector product of and to be the zero vector i.e.,   = .   Also note that if 

either  or ,then   

 

Properties of the Vector Product 

 

1.  =  since   = 0 

2. Vector product is not commutative i.e., ≠  .   

However,   =  –   

We have  = | || |sin where ,  and  form a right handed system and 

  = | || | |sin | where , and ight handed system.  So the 

direction of | is opposite to that of  

Hence,  = | || |sin   

             = –| || |sin   

             =  – . 

3. Let    from a right–handed system of mutually perpendicular unit vectors 

in three dimensional space.   Then 

    

  =   =   =    and                

    =           =                                                            

Also,   = –    = –      

 

 

a


 

 

Figure 4 
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  =  

5.  Vector product is distributors over addition i.e., if ,   and   

 are three vectors, then  

(i)  (   )  =       . 

(ii) (  )   =       . 

6.  If  is a scalar and and  are vectors, then 

(   =  (   

Vector Product in the component form  

 Let      =   a1   a2  a3   and  

           =   b1   b2  b3   

Then 

  =  (a1   a2  a3  ) (b1   b2  b3  

          = a1 b1 (  )  a1 b2 (  )  a1 b3 (  )  a2 b1 ( )  a2 b3   

(  )    a2 b3 (  )  a3 b1   )   a3 b2 (  )  a3 b3 

(  ) 

          = a1 b2   a1 b3 (–   a2 b1 (–   a2 b3 a3 b1   a3 b2 (–  

          = (a2 b3  a3 b2)   (a1 b3   a3 b1)  (a1 b2   a2 b1)  

                   =  

 

Example 6:  Find  if  =      and   =      3  

 

Solution :   We have 

  =  

     = (3 – 2)  – (3 – 1)  + (2 – 1)  

   =   – 2   

Example 7:  Find a unit vector perpendicular to both the vectors 

ˆ ˆˆ ˆ ˆ      4 3  and   2 2  a i j k b i j k
 


 

Solution :   A vector perpendicular to both and  is   

  =  

 = (2 – 3)  – (–8  6)   (4 – 2)  

 = –  2   

    | |   =  =  = 3. 

So the desired unit vector is  
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Example 8 :  Prove the distributive law 

   ( )      a b c a b a c
     

 
using component form of vectors. 

 

Solution :  Let  =   +  +  

=   +  +   and 

     =   +  + . 

So, +  =  +  + ( +  

 

Now,  

 × ( + ) =  

 

      =  

 

                  =      +   .  

 

Example 9:  Show that  

|    |
2 

  = (  

                             

Solution : |    |
2 

  = |  ||  | sin  

 |     |
2 

  = (| || | sin )
2
  

  =   | |
2
| |

2
 (1– cos

2
) 

=   | |
2
| b


|
2
 – (  | |

2
| |

2
 cos

2
) 

  
2 2 ( ) ( )  ( . )aa bb a b

    
 

 

Example 10  :  Find
 
|       | if  

 

      |  | = 10,   |  | = 2,     = 12. 

 

Solution :   Here = 12 

 

 

 

 

                 

  

 

a


a
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Let , be two vectors and let  be the angle between them ( O <  < ).  Let O  

be the origin for the vectors as shown in figures (Fig. 5) below and let  

 = ,  =                        

        B                                   D 

                                    

 

 

                                                                        

  

       O                  C               A 
    Figure  5 

Draw BC  OA. 

Then BC = OB Sin   = |b| sin  

 

 

 

 

 

Thus, if  and represent the  adjacent sides of a triangle, then its area is given as  

 

 

Area of a Parallelogram 

 

In above figure, if  D is the fourth vertex of the parallelogram formed by O, B, A 

then  its area is twice the area of the triangle OBA. 

 

Hence, area of a parallelogram with  and  as adjacent sides = |   

 

Example 11: Find the area of  ABC with vertices A (1,3,2), B (2, –1,1) and    

C(–1, 2, 3). 

 

Solution :  We have 

 

      = –  

    = (2 – 1)  (–1 – 3)   (1 – 2)   

  =   – 4  –  

 

and = ( –1 – 1)      (2 – 3)     (3 – 2)  

               = – 2  –     

 

 

 

θ 
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Example 12 :  Show that (  – )   (  )  = 2(  ).  Interpret the result 

geometrically. 

 

Solution :      (  – )   (  )   

= (  – )    (  – )        

=      –      –  

=  0        0  

= 2 (  )  

Let ABCD be a parallelogram  with  =   and   = – . 

 

Then area of parallelogram =       =      

         D                                   C 

                                

                           b


 
         

    

                         A                  a


           B           
   Figure 6 

Also, diagonal  =   +  

and diagonal   =  –  

  (    ) (   ) =   

= area of parallelogram formed by  and . 

 

Thus, the above result shows that the area of a parallelogram formed by diagonals 

of a parallelogram is twice the area of the parallelogram. 

 

Check Your Progress – 2 

 

1. Find a unit vector perpendicular to each of the vector (  + ) and (  – ),  

where  =    2  – 4  and   =  –   2  

 

2. Show that 

  (   )    (  )    (    ) =  

 




























