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12.1   INTRODUCTION 

In Unit 11, you have learnt how to deal with heteroscedasticity and 

autocorrelation while fitting the linear regression model. In regression 

modelling, we often come across two terms: evaluation of subset regression 

models and variable selection methods, essential processes in regression 

model development. In regression analysis, it is crucial to identify the subset 

of variables that best explains the variation in the response variable, 

especially when dealing with a large number of potential explanatory 

variables. The subset regression model is a type of regression model that 

uses a subset of explanatory variables instead of using all available 

explanatory variables. 

In variable selection, we determine which explanatory variables are suitable 

to choose in the model. At the same time, the evaluation of subset regression 

models assesses the performance and validity of the models fitted on the 

already chosen explanatory variables. In other words, we can say that the 

variable selection procedure aims to identify the most relevant explanatory 

variables for inclusion (or insignificant explanatory variables for exclusion) in 

the model. In this unit, we focus on the evaluation of subset regression 

models.  

You have already learnt in Unit 3 how to determine the coefficient of 

determination, adjusted coefficient of determination and residual sum of 

squares. In Section 12.2, we will discuss how to use the coefficient of 
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determination, adjusted coefficient of determination, and residual sum of 

squares to determine the best subset of the regression model. This section will 

also describe the Mallows' Cp and PRESS statistic(s) to obtain the best subset 

regression model. Akaike Information Criterion (AIC) and Bayesian 

Information Criterion (BIC) also help us evaluate the best subset model, which 

explains the maximum amount of variation using the least number of 

explanatory variables. The lowest is the value of the AIC or BIC score, and the 

best is the model to fit the data. Section 12.4 will deal with the Akaike 

information criterion (AIC) to compare all possible combinations of the models. 

In Section 12.5, we will discuss the Bayesian information criterion (BIC).  

In the next unit, you will study the variable selection approach, which 

identifies the most significant explanatory variables to be included in the 

regression model. 

Expected Learning Outcomes 

After studying this unit, you should be able to:  

❖ explain the concept of subset regression models in case of several 

explanatory variables; 

❖ identify the best subset regression model using 2R , 2

adjR  and ResMSS ;  

❖ assess the subset models with the Mallows' Cp statistic and PRESS 

statistic; 

❖ evaluate the best subset regression model using the Akaike information 

criterion (AIC); and  

❖ apply the Bayesian information criterion (BIC) to evaluate subset 

regression models. 

12.2    EVALUATION OF SUBSET REGRESSION 
   MODELS  

We first decide the subsets of explanatory variables and fit the regression 

models for the response variable regressed on subsets of the explanatory 

variables. In the next step, we evaluate how well these models perform and 

then choose the best-performing model. In this section, we describe how we 

can evaluate the various subset models and obtain the most suitable set of 

explanatory variables. Note that there will be total of (2k – 1) all possible 

subset regression models for k explanatory variables. If we wish to include 

only the intercept model in these subsets, there will be total of 2k possible 

subset regression models. For example, if you have three explanatory 

variables, say, income from salary (X1), income from farming (X2), income 

from house rent (X3), and a response variable, say, saving from the income 

(Y). In this case, you can define a maximum of ( )32 1 7− =  subset models and 

an intercept only, which are given as follows: 

(i) Y on X1, (ii) Y on X2, (iii) Y on X3, (iv) Y on X1 and X2, (v) Y on X1 and X3, (vi) 

Y on X2 and X3, and (vii) Y on X1, X2 and X3 as well as (viii) one intercept only 

model. 

Here, we discuss how to use the coefficient of determination ( 2R ), adjusted 

coefficient of determination ( )2

adjR ,  residual mean sum of squares ( ResMSS ), 
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Mallows' Cp and PRESS statistic for evaluating subset regression models to 

find the best-fitted model. For k explanatory variables X1, X2, …, Xk, the 

regression model will have p = k + 1 parameters 0 1 2 k, , , ...,    . 

We can define the intercept-only model as: 

0Y =  +   

The value of the intercept can be obtained as: 

n

i

i 1
0

y
ˆ y

n

= = =


 

Since we have iŷ y=  in the case of intercept only model, the value of SSRes 

will be equal to the total sum of squares (SST), which is obtained as: 
n n n

2 2 2 2

Res i i i

i 1 i 1 i 1

ˆSS y y y ny
= = =

= − = −    

Let us now discuss each method one by one. 

12.2.1   Coefficient of Determination  

In Section 3.6 of Unit 3, you have learnt about the coefficient of determination 

(R²). It measures the proportion of variation in the response variable predicted 

by the explanatory variables. A higher value of R² indicates a better fit. We 

often use the R2 for subset regression models. For the sake of simplicity, let 

us denote the coefficient of determination by 2

pR  in case p parameters' (k 

explanatory variables) model, which is defined as: 

p.Res2

p

T

SS
R 1

SS
= −                                                   …(1) 

where p.ResSS  is the residual sum of squares for p parameters subset model 

with k explanatory variables. 

Note that the coefficient of determination also increases as the number of 

explanatory variables increases. A question arises: how many explanatory 

variables can be included to have a best-fitted model? The following approach 

can judge this: 

• We select an appropriate number of explanatory variables, say k, which 

will here p = k +1 model parameters.  

• We fit the model and compute the value of 2

pR .  

• We then include one more explanatory variable and compute 2

p 1R
+

. If the 

value of 2 2

p 1 p(R R )
+
−   is small, we stop the inclusion of more explanatory 

variables as this will provide the best-fitted model.  

• Obviously, the value of 2 2

p 1 p(R R )
+
− is always greater than zero. However, 

if the value of 2 2

p 1 p(R R )
+
−  is large, we continue including more 

explanatory variables until this value is small, i.e. not providing a large 

difference. 
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You can plot the values of 2

pR  against the number of parameters in the model 

(p) to identify the required value of p by recognising a point where the curve 

visibly bends. 

12.2.2   Adjusted Coefficient of Determination  

Moreover, adding the new explanatory variables increases the value of the 

adjusted coefficient of determination ( 2

AdjR ). The beauty of the adjusted 

coefficient of determination is that its value is always less than the value of the 

coefficient of determination. Sometimes, its value can be negative also, 

whereas the value of the coefficient of determination is always positive. Since 

adding more explanatory variables can artificially inflate R2, so the 2

AdjR  is 

often preferred for subset regression models.  

As discussed in Section 3.6 of Unit 3, the value of 2

AdjR  for p parameters (k 

explanatory variables) can be determined as: 

( )2 2

p.Adj p

n 1
R 1 (1 R )

(n k 1)

−
= − −

− −
                           …(2) 

The 2

AdjR  penalises the addition of unnecessary explanatory variables to the 

model, providing a more reliable measure of model fit when comparing 

models with different numbers of variables. We consider the 2

AdjR  for subset 

model selection following the same procedure as used for 2

pR . 

12.2.3   Residual Mean Sum of Squares 

We have already discussed how to determine the residual mean sum of 

squares in Section 3.5 of Unit 3. In the case of p parameters (k explanatory 

variables), the residual mean sum of squares can be defined as: 

p.Res

p.Res

SS
MSS

n k 1
=

− −
                            …(3) 

The lowest residual mean sum of squares leads to the best subset model. In 

that case, 2

pR  will be higher among all the subset models. The value of p.ResSS  

will decrease as we increase the number of explanatory variables in the 

model. But with this increase in k, the value of p.ResMSS  at first decreases and 

then gradually becomes stable, but it may increase when the model is not 

adequate. 

As discussed for the coefficient of determination, you can also plot p.ResMSS  

against the values of p and choose the value of p, which gives the minimum 

p.ResMSS (we identify p near the point on the plot where the minimum p.ResMSS  

bends upward). 

We can also rewrite equation (2) as discussed in Unit 3 as: 

( )2 2

p.Adj p

n 1
R 1 (1 R )

(n k 1)

−
= − −

− −
                                                …(4) 

              
p.Res

T

SS (n k 1)
1

SS (n 1)

− −
= −

−
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p.Res

T

MSS
1

SS (n 1)
= −

−
                            …(5) 

From equations (3) and (5), we can say that both minimum p.ResMSS  and 

maximum 2

p.AdjR  provide the equivalent criteria. 

12.2.4   Mallows' Cp Statistic  

We can also use Mallows' Cp criterion for subset model selection, which is 

related to the fitted model's residual mean sum of squares. The Mallows' Cp 

statistic can be defined as: 

p.Res

p 2

SS
C n 2(k 1)

ˆ
= − + +


                                      …(6) 

where 2̂  is an estimate of 2 , which is determined based on the full model, 

i.e., the model fitted using all k explanatory variables. 

We consider the model with the smallest Cp to be the best compared to the 

models with higher values of Cp.  

If a subset model with k explanatory variables has negligible bias, we have 

2

p 2

(n k 1)
E C | Bias 0 n 2(k 1)

− − 
 = = − + +  

= k + 1= p                        …(7) 

We can plot the values of Cp against the number of parameters in the model p 

corresponding to each regression model. The values of Cp of the regression 

models with a smaller bias will fall near the diagonal line, i.e., Cp = p, 

compared to the model with a larger bias. 

12.2.5   PRESS Statistic 

As discussed in Unit 7, we consider the regression models for estimating the 

mean response or mostly prediction of future observations. So, we can also 

consider the PRESS statistic explained in Unit 7 to evaluate the subset 

regression models. The PRESS statistic can be defined for p model 

parameters (k explanatory variables) in the model as: 

n n
2 2

p i (i) (i)

i 1 i 1

ˆPRESS (y y ) r
= =

= − =                             …(8) 

or, 

2
n

i

i 1 ii

r
PRESS

1 h=

 
=  

− 
    i

(i)

ii

r
r

1 h

 
= 

− 
            …(9) 

We prefer the model with a lower value of PRESS statistic. 

The following example will make the concept of using 2

pR , 2

p.AdjR , p.ResMSS , pC  

and pPRESS  for evaluating subset regression models clearer. 

Example 1: Suppose a researcher is interested in fitting a regression model 

for blood pressure, considering relevant explanatory variables. Let us consider 

a sample of 15 patients whose blood pressure (in mmHg), age (in years), 

weight (in kg) and body surface area ( )2m  are measured. The data are shown 

in Table 12.1. 
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Table 12.1: Blood pressure, age, weight and body surface area of 15 patients 

S. 
No. 

Blood 
Pressure (Y) 

Age 1(X )  Weight 2(X )   Body Surface 3(X )   

1 115 45 76 1.84 

2 127 53 84 2.21 

3 128 53 85 2.08 

4 123 55 85 2.11 

5 133 58 80 1.98 

6 133 52 89 2.36 

7 121 53 76 2.36 

8 125 51 81 2.00 

9 125 53 80 1.92 

10 126 52 83 2.17 

11 125 51 84 2.17 

12 126 53 84 2.08 

13 125 51 76 2.15 

14 116 44 72 2.02 

15 137 59 91 2.30 

Evaluate all subset regression models using (i) 2

pR , (ii) 2

p.AdjR , (iii) p.ResMSS , (iv) 

pC  and (v) pPRESS .  

Solution: In this example, there are three explanatory variables: age (X1), 

weight (X2) and body surface (X3). Hence, we can form 23 = 8 subset 

regression models and one intercept-only model, as mentioned in Table 12.2.  

The value of intercept for the intercept-only model can be obtained as: 

n

i

i 1
0

y
ˆ y

n

= = =


 

         125.6667
1885

15
= =  

We can define the intercept-only model as: 

125.6667Ŷ =  

Since we have iŷ y=  for the intercept-only model, the value of SSRes will be 

equal to the total sum of squares (SST), which is obtained as: 
n n n

2 2 2 2

Res i i i

i 1 i 1 i 1

ˆSS y y y ny
= = =

= − = −    

                               2237363 15(125.6667) 481.3333− ==  

We can also determine the MSSRes as: 

Res
Res

SS
MSS

n k 1
=

− −
 

                 5
15 0 1

481.3333
34.3809= =

− −
 

You can easily confirm that the coefficient of determination and adjusted 

coefficient of determination will be zero in the case of the intercept-only model. 
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You can also try computing values of pC  and pPRESS  in case of intercept 

only model and verify your results with the values obtained in the third row of 

Table 12.2. 

Table 12.2: Summary of subset regression models 

Explanatory 
Variable 

p p.Re sSS  p.Re sMSS  2

pR  2

p.AdjR  pC  pPRESS  

(1) (2) (3) (4) (5) (6) (7) (8) 

 – 1 481.33333 34.380952 0 0 41.576472 552.5510 

X1 2 146.33333 11.256410 0.6959834 0.6725975 5.592155 181.4433 

X2 2 184.19385 14.168757 0.6173258 0.5878893 9.885007 238.0267 

X3 2 377.67159 29.051661 0.2153637 0.1550071 31.822679 561.0885 

X1, X2 3 98.54793 8.212327 0.7952605 0.7611373 2.173958 175.8237 

X1, X3 3 135.17503 11.264586 0.7191654 0.6723597 6.326959 233.7448 

X2, X3 3 178.85269 14.904391 0.6284224 0.5664928 11.279395 264.3171 

X1, X2, X3 4 97.01372 8.819429 0.7984479 0.7434792 4.000000 273.4310 

We now compute the coefficient of determination ( 2

pR ) for the remaining seven 

regression models considering different combinations of the explanatory 

variables, as discussed in Section 3.6 of Unit 3. These values of 2

pR  are 

shown in Table 12.2. You can notice that as the number of explanatory 

variables increases, 2

pR  also increases.  

The highest value of 2

pR  is for the model with three explanatory variables X1, 

X2 and X3, i.e. 2

4R = 0.7984479. However, for two models corresponding to 

explanatory variables X1, X2 and X1, X2, X3, the difference between 
2

3R  and 2

4R

, i.e., 
2 2

4 3(R R )− = 0.7984479 – 0.7952605 = 0.0031874, which is very small. 

Hence, you can stop the inclusion of another explanatory variable X3, after 

considering 1 2X and X  in the model. It is also demonstrated by the plot shown 

in Fig. 12.1.   

 
Fig. 12.1: 2

pR  versus number of parameters 

Similarly, we can determine the adjusted coefficient of determination ( 2

p.AdjR ) 

for all combinations of models. The highest value of 2

p.AdjR  is corresponding to 
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the model with two explanatory variables X1 and X2, i.e., 2

3R = 0.7611373. 

Thus, the model with 1 2X andX can be considered the best subset model. 

As explained in Example 6 of Unit 3, you can determine the values of p.ResSS  

and p.ResMSS  for all subset models. We have noted these values in Columns 3 

and 4 of Table 12.2, respectively. From Table 12.2, you can observe that the 

lowest value of p.ResSS  is 97.01372 (for the model with X1, X2, and X3), and the 

lowest value of p.ResMSS  is 8.212327 (for the model with X1 and X2) among the 

eight considered models. But the value of p.ResSS  corresponding to the model 

with X1 and X2 is 98.54793, which is not much different from the value of 

p.ResSS for the model with X1, X2, and X3. Hence, we can say that the model 

with two explanatory variables, X1 and X2 can be considered the best fitted 

model, which is also evident from Fig. 12.2.  

 
Fig. 12.2: p.Re sMSS  versus number of parameters 

Let us now discuss the computation of Mallows' Cp statistic. For example, we 

now show you how to determine Cp for the model with X1 and X2 explanatory 

variables.  

Since 2̂  is determined based on the full model having all explanatory variables 

X1, X2 and X3, we obtain from Table 12.2: 

2̂  = 4.ResMSS  = 8.819429 

And for the model having two explanatory variables X1 and X2, we have 

3.ResSS  = 98.54793 

 The Mallows' Cp statistic can be computed as: 

p.Res

p 2

SS
C n 2(k 1)

ˆ
= − + +


 

            
98.54793

8.81
)

9
15 2(2 1

429
= − + +  = 2.173958 

In the same way, we can obtain the Mallows' Cp statistic for all eight subset 

models presented in the 7th column of Table 12.2. 
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Fig. 12.3: pC  versus number of parameters 

Both Table 12.2 and Fig. 12.2 depict that the model with two explanatory 

variables X1 and X2 is the best-fitted model since it has the lowest value of Cp.  

We can now determine the PRESS statistic for all subset models as explained 

in Unit 7 and recorded in the 8th column of Table 12.2. Again, You can observe 

that the value  pPRESS  is also the lowest, corresponding to the model with 

two explanatory variables X1 and X2. Hence, the regression model of blood 

pressure on age and weight may be considered the best model to fit the given 

data. 

Now let us solve the following Self Assessment Question for practice. 

SAQ 1 

To study the effectiveness of a 10-day training programme, an educationist 

recorded the data on marks obtained in the end training assessment, the 

average number of hours spent on self-study, the number of hours spent on 

mobile gaming, and attendance of the training programme for 15 participants. 

The data are given in the following table: 

Table 12.3: Training data of 15 participants 

S. 
No. 

Marks obtained 
Hours spend 
on self-study 

Hours spend on 
mobile gaming 

Attendance 

1 78 9 4 9 

2 88 10 3 7 

3 73 8 6 9 

4 80 9 4 9 

5 63 7 6 10 

6 67 8 4 10 

7 70 8 6 9 

8 77 9 4 9 

9 69 9 4 10 

10 74 8 6 9 

11 84 8 6 7 

12 68 7 4 9 

13 75 6 4 9 

14 80 8 6 7 

15 72 7 6 9 
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Evaluate all subset regression models using (i) 2

pR , (ii) 2

p.AdjR , (iii) p.ResMSS , (iv) 

pC  and (v) pPRESS .  

12.3  AKAIKE INFORMATION CRITERION 

The Akaike information criterion is abbreviated as AIC. This criterion is a 

mathematical approach to selecting the best subset model based on the 

corresponding value of the AIC score. According to AIC, the model that 

explains the maximum amount of variation using the least number of 

explanatory variables will best fit the given data. You can use AIC to compare 

several subset models to choose the best-fitted model. The lower AIC score 

suggests the lower penalty term, resulting in the best-fitted model.  

In the case of more than two explanatory variables, we first form several 

subset models. We then select a model that best fits the given data by 

calculating and comparing the AIC scores. The AIC helps us by comparing the 

several models you have formed to find which explanatory variable contributes 

to the maximum variation in the response variable. It is a well-known result 

that if one of the AIC scores is lower among the several models, then that 

model will best fit the data. Additionally, you will also have several parameters 

in case of several explanatory variables. Suppose you have considered three 

models, and all three models have explained the same amount of variations in 

the response variable. Now, the question arises: which of the models fits the 

data best? In such circumstances, the model with the least number of 

parameters and the least AIC score will be the best model to fit the given 

dataset.   

Therefore, while obtaining the AIC score, we give importance to the following 

two values: 

(i) Maximum log-likelihood, which measures the amount of variation in the 

response variable for the given model 

(ii) Number of parameters involved in the model  

As discussed in Unit 1, for k explanatory variables X1, X2, …, Xk, the multiple 

linear regression model for the ith observation is given as: 

ii 0 1 1i 2 2i k kiy x x ... x  =  +  +  + + + ;   i = 1, 2, …, n           …(10) 

where, 0 1 2 k, , , ...,     are the parameters of the regression model and i  is 

the ith error term distributed normally with mean 0 and variance 2 , i.e.,  
2

i ~ N(0, )  . Similar to the likelihood function discussed in Unit 1 for simple 

linear regression model, we can define the likelihood function for multiple linear 

regression model as: 

( )
n/2 n

2

i 0 1 1i 2 2i k ki2 2
i 1

1 1
L exp y x x ... x

2 2 =

  
= − − − − − −   

    
              …(11) 

We define the log-likelihood function as: 

( )
n

22

i 0 1 1i 2 2i k ki2
i 1

n 1
lnL ln(2 ) y x x ... x

2 2 =

= −  − −  − − − −

                 …(12) 

If we consider k 

explanatory variables in 

the model, there will be 

total (k + 1) parameters 

in the model (number of 

regression coefficients 

corresponding to 

explanatory variables 

plus intercept). If 

number of explanatory 

variables is 2, there will 

be 2 + 1 = 3 parameters 

in the model. 
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From equation (33) given in Unit 1, we define the maximum likelihood 

estimates of 2 as: 

( )
n 2

2 2Res
i 0 1 1i 2 2i k ki

i 1

SS1 n k 1ˆ ˆ ˆ ˆˆ y x x ... x ˆ
n n n=

− −
     = −  − − − − = =          …(13) 

where, 2 ResSS
ˆ

n k 1
 =

− −
. 

Let us replace the 2  by its maximum likelihood estimate 2 ResSS
ˆ

n
 = , and 

model parameters by its estimates, then the maximised log-likelihood (equation 

(12)) is rewritten as: 

( ) ( )
n

2Res
i imax

i 1Res

2 SSn n
ˆlnL ln y y

2 n 2SS =

 
= − − − 

 
             …(14) 

where, 
i 0 1 1i 2 2i k ki

ˆ ˆ ˆ ˆŷ x x ... x   =  − − − −  and ( )
n

2

Res i i

i 1

ˆSS y y
=

= −  

( ) Res

max

2 SSn n
lnL ln

2 n 2

 
 = − − 

 
       

or, ( ) ( )Res

max

SSn n
lnL ln ln 2 1

2 n 2

 
 = − −  +   

 
            …(15) 

Hence, the AIC score can be computed as: 

AIC = – 2(maximised log-likelihood) + 2(number of parameters in the model) 

         ( )
max

2 lnL 2(k 1)= − + +  

 ( )ResSS
AIC nln n ln 2 1 2(k 1)

n

 
 = +  + + +   

 
                       …(16) 

Since the term ( )n ln 2 1  +  is constant and will be the same for all considered 

subset models, so some literature excludes this term. After excluding the term 

( )n ln 2 1  +  , the AIC is determined as: 

ResSS
AIC n ln 2(k 1)

n

 
= + + 

 
                         …(17) 

However, in this section, we compute the AIC using equation (16) because the 

R package uses the same formula to obtain the AIC score. 

Let us consider the following example to understand the computation of AIC. 

Example 2: Let us consider the data on blood pressure, age, weight, and body 

surface given in Example 1. For the given data, compute the AIC for the 

regression models of blood pressure using all possible subsets of available 

explanatory variables. 

Solution: We now determine the AIC scores for all 23= 8 subset models 

mentioned in Table 12.2. For example, let us calculate the AIC score for the 

regression model, which considers age (X1) to be an explanatory variable. 

From Table 12.2, we have 
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ResSS = 146.33333, n = 15 and k = 1. 

The AIC score can be calculated using the expression given in equation (16) 

as: 

( )ResSS
AIC nln n ln 2 1 2(k 1)

n

 
 = +  + + +   

 
 

22
15ln 15 ln 2 1 2(1 1)

146.33333

15 7

    
= +  + + +    

    
 

  = 80.74175  

In the same way, if we fit a model with three explanatory variables, X1, X2 and 

X3, the AIC can be obtained as:  

( )ResSS
AIC nln n ln 2 1 2(k 1)

n

 
 = +  + + +   

 
 

              
22

15ln 15 ln 2 1 2(3 1)
1

1

97.0 372

5 7

    
= +  + + +    

    
 

            = 78.57623 

Similarly, you can obtain the AIC scores of all eight models defined for all 

subsets of explanatory variables, which are shown in Column 4 of the 

following table: 

Table 12.4: AIC and BIC scores 

Model 
No. 

Explanatory variable p AIC BIC 

(1) (2) (3) (4) (5) 

1 – 1 96.60184  97.30989  

2 X1 2 80.74175  82.15785  

3 X2 2 84.19327  85.60937  

4 X3 2 94.96381  96.37991  

5 X1 and X2 3 76.81158  78.93574  

6 X1 and X3 3 81.55200  83.67615  

7 X2 and X3 3 85.75188  87.87603  

8 X1, X2 and X3 4 78.57623 81.40843 

From Table 12.4, you can observe that the AIC score of the model with two 

explanatory variables X1 and X2 is the minimum. Hence, this model is 

considered as the best as its AIC score is the least. You can say that the best 

model with two explanatory variables age (X1) and weight (X2) is the best 

subset model.  

Now, you can try the following Self Assessment Question. 

SAQ 2 

Let us consider the data given in SAQ 1 to study the effectiveness of a 10-day 

training programme. Compute the AIC for the regression models of marks 

obtained using all subsets of available explanatory variables. 
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12.4   BAYESIAN INFORMATION CRITERION 

The Bayesian information criterion, abbreviated as BIC, is a criterion for model 

selection among several subset models. A model with lower BIC is generally 

preferred. The BIC is based on the likelihood function. Hence, it is related to 

the Akaike information criterion (AIC). While fitting a model, the likelihood may 

sometimes increase when the parameters are added. In such circumstances, 

the model is overfitting. In this situation, the BIC helps in solving the problem 

of overfitting by introducing a penalty term for the number of parameters in the 

model. However, the penalty term is larger in BIC compared to AIC.  

Like the AIC, we can also select the best model based on the BIC score. The 

BIC also helps us in choosing the best model among several available models. 

The lower BIC score suggests a lower penalty term. The model with a lower 

penalty term is considered the best. Though BIC is always higher than AIC, 

lower values of these two measures result in a better model. 

Similar to AIC, we can obtain the value of BIC as: 

( ) ( ) ( )
max

BIC  2  k 1  l nl L nn= − + +                           …(18) 

After substituting the value of maximised log-likelihood from equation (15), we 

obtain  

( ) ( ) ( )ResSS
n ln l nB n 2 1IC  k 1  ln

n

  
+=  +  


+ +

 
            …(19) 

After excluding the term ( )n ln 2 1  +  , the BIC is computed as: 

( ) ( )ResBIC  k 1  ln n
SS

nln
n


+ +





=


                                   …(20) 

In several literatures, ( )n ln 2 1  +   being the constant term is excluded from 

the expression. But we have considered it because the BIC score computed 

using this formula is the same as that calculated using R.  

As discussed, the model with a lower BIC score is generally preferred out of 

several models. The BIC is an increasing function of the error variance and k. 

In other words, the increased values of unexplained variation in the response 

variable and the number of explanatory variables increase the BIC score. 

However, a lower BIC score does not necessarily indicate that the given model 

is better than another. It is important to note that the BIC can be used to 

compare the estimated models only when the numerical values of the 

response variable are identical for all those models being compared. Notice 

from equations (16) and (19) that AIC penalises the complexity by a constant 

of 2, whereas BIC penalises by ln(n). 

Let us solve the following example to comprehend the computation of BIC. 

Example 3: Let us consider the data on blood pressure, age, weight, and body 

surface given in Example 1. Compute the BIC scores to determine the best 

subset model. 

Solution: In the solution of Example 2, we calculated the AIC scores for all 

subsets of regression models, considering all combinations of the explanatory 

variables, as shown in Table 12.4.  
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Let us compute the BIC score for the regression model having only one 

explanatory variable X1.  

Since from Table 12.2, we have ResSS = 146.33333, n = 15 and k = 1. 

Then, the BIC score can be calculated using the expression given in equation 

(19) as: 

( ) ( ) ( )ResSS
n ln l nB n 2 1IC  k 1  ln

n

  
+=  +  


+ +

 
 

            
22

15 ln ln 2 1 (1 1) ln(15)
15 7

146.33333    
= +  + + +     

    
 

  = 82.15785  

Similarly, if we fit a model with three explanatory variables X1, X2 and X3, the 

BIC can be obtained as:  

( ) ( )Res n
SS

BIC nln n ln 2 1 (k 1)
n

ln
 

 = +  + + +   
 

 

           
22

15 ln ln 2 1 2(3 1) ln(15)
15 7

97.01372    
= +  + + +     

    
 

            = 81.40843 

In the same way, you can obtain the BIC scores of all models and record all 

values in the last column of Table 12.2. You can notice that the BIC scores 

also show a similar pattern as the AIC scores. The interpretation of the BIC 

can be done similarly to that of the AIC. 

Let us now solve the following Self Assessment Question. 

SAQ 3 

Let us consider the data given in SAQ 1 to study the effectiveness of a 10-day 

training programme. Compute the BIC for all possible subset regression 

models of the marks obtained. 

We now end this unit by giving a summary of what you have learnt in it.  

12.5   SUMMARY 

• We measure the proportion of variation in Y explained by the fitted 

regression model using the coefficient of determination (R2). 

• In a multiple regression model, adding an explanatory variable can 

increase the value of R2 apart from the contribution of that explanatory 

variable. It is necessary to consider the number of explanatory variables 

on which this value is based to compare two values of the R2. That is 

why we prefer an adjusted R2.  

• In subset model selection, we evaluate how well these models perform 

with the help of 2 2

p p.Adj p.Res p pR , R , MSS , C and PRESS  and choose the 

best-performing model.  

• The PRESS statistic measures the model's predictive error by summing 

the squared differences between actual and predicted values when each 
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data point is left out from the model. The lower values indicate better 

prediction accuracy. 

• The Akaike information criterion (AIC) helps you select and compare the 

best model. The model with a lower AIC score fits the best model. The 

AIC score can be computed as: 

( )ResSS
AIC nln n ln 2 1 2(k 1)

n

 
 = +  + + +   

 
 

• The Bayesian information criterion (BIC) score is always greater than the 

AIC score for the same model. The BIC score can be obtained as:  

( ) ( ) ( )ResSS
n ln l nB n 2 1IC  k 1  ln

n

  
+=  +  


+ +

 
 

12.6   TERMINAL QUESTIONS 

1.  Explain the importance of the subset model selection method. 

2.  Describe the Mallows' Cp statistic. 

3.  Determine the reduced formula of pC  and pPRESS  in the case of 

 intercept-only model. 

4.  Define the Akaike information criterion (AIC) and Bayesian information 

 criterion (BIC).  

12.7   SOLUTIONS / ANSWERS 

Self Assessment Questions (SAQs) 

1.  Since there are three explanatory variables: number of hours spent on 

self-study (X1), number of hours spent on mobile gaming (X2) and attendance 

(X3), the number of subset regression models will be 23 = 8, including the 

intercept-only model. We now compute the coefficient of determination ( 2

pR ), 

adjusted coefficient of determination ( 2

p.AdjR ), residual sum of squares ( p.ResSS ) 

and residual mean sum of squares ( )p.ResMSS , Mallows' statistic (Cp) and 

PRESS statistic ( pPRESS ) for all possible subsets regression models. These 

computed values are given in Table 12.5.  

Table 12.5: Summary of subset regression models 

Explanatory 
Variable 

p p.Re sSS  p.Re sMSS  2

pR  2

p.AdjR  pC  pPRESS  

 – 1 641.73333 45.838095 0 0 63.400400 736.6837 

X1 2 457.39732 35.184409 0.28724706 0.23241991 43.454610 671.5633 

X2 2 606.67669 46.667438 0.05462805 –0.01809287 61.226795 857.8808 

X3 2 181.59722 13.969017 0.71702074 0.69525311 10.619728 244.8389 

X1, X2 3 457.35253 38.112711 0.28731686 0.16853634 45.449277 936.0450 

X1, X3 3 112.67398 9.389498 0.82442243 0.79515950 4.414196 203.7922 

X2, X3 3 120.28414 10.023678 0.81256368 0.78132429 5.320210 168.9345 

X1, X2, X3 4 92.39568 8.399607 0.85602170 0.81675489 4.000000 241.4256 
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The values of 2

pR , p.ResMSS  and Cp obtained in Table 12.5 are plotted 

against the number of parameters shown in Figs. 12.4, 12.5 and 12.6, 

respectively. 

 

                       Fig. 12.4: 2

pR   versus number of parameters 

 

Fig. 12.5: p.Re sMSS  versus number of parameters 
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 From Table 12.5, you can notice the following:  

• The highest values of 2

pR = 0.85602170 and 2

p.AdjR = 0.81675489 

correspond to the model with three explanatory variables X1, X2 and X3. 

The same is also demonstrated from the plot shown in Fig. 12.4.   

• The values of p.ResSS  = 92.39568 and p.ResMSS = 8.399607 for the 

model with X1, X2, and X3 are the lowest among the eight models. The 

same is also evident from Fig. 12.5.  

• The value of Cp = 4 is the lowest for the model with X1, X2, X3, and the 

same is evident from Fig. 12.6.  

• The lowest value of pPRESS  is 168.9345, corresponding to the model 

with two explanatory variables X2 and X3. Thus, the model with 

explanatory variables X2 and X3 best predicts future observations. 

 

Fig. 12.6: pC  versus number of parameters 

2.  You can obtain the AIC scores of all eight models for all subsets of 

 explanatory variables, which are shown in the following table: 

Table 12.6: AIC and BIC scores 

Model 
No. 

Explanatory 
Variable 

p AIC BIC 

1  – 1 100.91603   101.62408   

2 X1 2 97.83673  99.25283  

3 X2 2 102.07338   103.48948   

4 X3 2 83.98031   185.39641  

5 X1, X2 3 99.83526   101.95941   

6 X1, X3 3 78.82092   80.94507   

7 X2, X3 3 79.80129   81.92544   

8 X1, X2, X3 4 77.84464 80.67684 

X1

X2

X3

X1, X2

X1, X3

X2, X3

X1, X2, X3

0

10

20

30

40

50

60

70

0 1 2 3 4 5

M
a
ll

o
w

s
’ 
C

p
 S

ta
ti

s
ti

c

Number of Parameters in the Model



 
 
 

 

68 

Block 3 Diagnostics of Model Assumptions and Variable Selection  

From Table 12.6, you can observe that the AIC score of the model with 

three explanatory variables X1, X2 and X3 is the minimum. Hence, this 

model is the best as its AIC score is the least. You can say that the best 

model is one that includes all three explanatory variables.  

3.  We can obtain the BIC scores of all models and record them in the last 

 column of Table 12.6, which shows a similar pattern as the AIC score. 

 You can notice that the lowest BIC score is 80.67684. Thus, the model 

 with all three explanatory variables can be considered the best model. 

 You can also observe that the BIC of this best model is slightly lower than 

 the BIC of the second-best model with two explanatory variables X1 and 

 X3 by 0.26823 (= 80.94507 – 80.67684) units. Hence, we can also prefer 

 the model with 1 3X and X .  

Terminal Questions (TQs) 

1. Refer to Section 12.2. 

2. Refer to Section 12.2.4. 

3. Refer to Sections 12.2.4 and 12.2.5. 

4. Refer to Sections 12.3 and 12.4. 

 


