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16.1 INTRODUCTION

In the previous unit, you have learnt how to fit a simple logistic model for
determining the relationship between a dichotomous response variable and an
explanatory variable. We have also discussed testing the significance of the
fitted logistic model and individual model parameters, along with the
computation of the confidence interval of the model parameters. We may
require extending such considerations to two or more explanatory variables in
many real-life situations. We use multiple logistic regression to examine the
effect of more than one explanatory variable on the dichotomous response
variable at the same time.

In this unit, we will generalise the simple logistic model to cater to more than
one explanatory variable. The multiple logistic models are very useful when we
wish to relate a binary response variable, say, cure/non-cure of a disease, with
several explanatory variables such as drug dosage, drug type, age, presence
of other diseases, etc. Some of these explanatory variables can be
guantitative, and some can be qualitative.
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We will describe the multiple logistic regression model in Section 16.2. We will
explain how to fit a multiple logistic regression model using the maximum
likelihood estimation method in Section 16.3 while the iteratively reweighted
least squares algorithm in Section 16.4. We will discuss the goodness-of-fit of
the fitted multiple logistic regression model in Section 16.5. We will consider
testing the significance as well as the computation of (1- «)100% confidence
intervals of individual parameters of the fitted model in Section 16.6. We will
deliberate on the pseudo R? in Section 16.7 for the fitted multiple logistic
model.

In the next unit, you will learn about other generalised linear models.

Expected Learning Outcomes

After studying this unit, you should be able to:

+ depict the relationship between a dichotomous response variable and
more than one explanatory variable by multiple logistic model;

« fit a multiple logistic regression model using the maximum likelihood
method;

+ test the significance of overall fitted multiple logistic regression model;
+ check the significance of individual parameters of multiple logistic model;

+ determine the confidence interval of the parameters of multiple logistic
model; and
% compute pseudo R? for the fitted multiple logistic model.

16.2 MULTIPLE LOGISTIC MODEL

In this section, we generalise the logistic regression model defined in Unit 14
for k (k > 2) explanatory variables. Before discussing the multiple regression
model, we discuss the form of the data. Suppose we have data on a binary
response variable (YY), which takes values 1 and O for the presence and
absence of the outcome with probability = and (1 — «), respectively. Let there
be k explanatory variables, say, X,, X,, ..., X, of which some could be
qualitative and some quantitative. We can arrange the data obtained on n
subjects as given in the following table:

Table 16.1: Data for multiple logistic regression

Response Variable Explanatory Variables
S. No.
Y X1 X2 Xk
Y1 X11 X21 Xk1
Y2 X12 X22 Xk2
3 y3 X13 X23 Xk3
n Yn X1in X2n Xkn

We define a multiple logistic regression model for approximating the
relationship between a binary response variable Y and a set of k explanatory
140 variables as:
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exp(B, + B X, + B, X, +...+ B, X, )

= (1)
+exp(By + B, X, + B, X, +.. 4+ B X,)

where B,(j=0,1, 2,..., k) are the parameters, which need to be estimated to fit

the multiple logistic model.

As discussed in Unit 2 of Block 1, we write the model defined in equation (1) in
matrix form as:

exp(X
o OPOp) @)
© 1+exp(Xp)
where,
I X Xy Xkl— _nl_ _Bo_
X, Xpp e Xy n, B,

X _ Xl3 X23 Xk3 , Enxl — 7[3 and @ — BZ

11 Xy Xpn e X | L7 By

Let us assume that the response variable (Y) takes values yi= 1 or 0 with
probability =, and 1- =, respectively, for the i"" observation, i.e.,

(Vi) Xgs Xpi -0 X3 1=1,2,...,n) . It is to be noted that here also we assume that yi's
are independently distributed as Bernoulli (i.e., y, ~Ber(, 7)) and binomial
(i.e., y, ~Bin(n, =;) for ungrouped and grouped data, respectively. Suppose, =,
(i=1,2,...,n)is linked with the i values of k explanatory variables by logistic
relationship. We can define the multiple logistic regression model as:

B exp(B, + BiXy + BoXy + oo+ B X) 3)
L1+ exp(By + BuXy +ByXy + o+ BeXy

The logit function is defined by log-odds as discussed in Section 14.3.1 as:
n:log{ﬁ}:ﬁo+B1X1+[32X2...+kak (4

Hence, the log-odds (n) is linearly related to k explanatory variables, and we
interpret the model parameters (Bj; j=0,1, 2,...,k) in the same way as we did in

the case of multiple linear regression models.

16.2.1 Interpretation of Model Parameters

Let us consider the odds ratio for two values of the k™ explanatory variable
(X, ). keeping other explanatory variables (X,,X,.,..., X, ;) constant. Suppose

k" explanatory variable X« be a quantitative variable. We determine the impact
of changing X« by one unit on the odds ratio. For X, = X,, we determine

Nix, =x,) = exp(By + By Xy + B X, + ..+ ByXo)
For X, =X, +1, we obtain
Mo - xoeny = EXP(By + B X, + B, X, +. 4+ B (X +1))

Hence, the odds ratio is computed as:
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OR = M= _ exp(B,) ... (5)

Nx,=x,)
Thus, exp(B,)is the multiplicative impact on odds for Xk = Xo + 1 over the odds

for Xk = xo for the k™ explanatory variable, keeping other explanatory variables
constant (at the same level). If Bk is positive, the odds will increase with an
increase in Xk. And if B is negative, then the odds will decrease with an
increase in X. It is very important to note that these are impacts of change in
only one explanatory variable Xk, when all other explanatory variables are kept
constant. In the same way, if we increase the explanatory variable Xx by m
units, the odds ratio will be exp(mpy).

16.3 MAXIMUM LIKELIHOOD ESTIMATION

As discussed in Section 14.5 of Unit 14, we use the maximum likelihood
method to estimate the parameters of the multiple logistic regression model.
We obtain the log-likelihood as defined in equation (40) of Unit 14 as:

logL = iloge @2} iyi logr, + ini log(1— ni)—iyi log(1-1) .. (6)

You have already studied that ungrouped data is a particular case of grouped
data with n. =1 (i=1 2,..., n). Here, we are considering the case of grouped
data.

To determine the maximum likelihood estimators of parameters [} we

differentiate the log-likelihood function obtained in equation (6) with respect to
parameters B,, B,, B,, ..., B, one at a time and equate it to zero as:

6IogL:O+Z£_%_ n_om s Y om .. (7)
aBO i—1 TCi 8[30 i=1 1- Tri aBo i=1 1- Tti aBO

From equation (3), we know that =, is a function of B, B, B,, ..., B, which is
given as:

ol exp(B, +BiXy + B Xy +... + B Xy
1+exp(By +ByXy + ByXy + oo+ BXy)

1
1+exp(By +BXy +ByXy + .o+ By Xy

we differentiate =, given in equation (8) with respect to §, and get

or, 1-=

B | L+exp(By +BiXy +BoXor + ot BXy

_[ exp (B, +BXy +BoXy +- + BXyi) jZ:I

1+exp(By +ByXy +ByXy + .o+ By Xy

om, _{ exp(By + ByXy + BoXy oo+ BXy)

:ni(]_— ni) (10)

After substituting the values gi from equation (10) to equation (7), the
0

ologL
By

=0 gives
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v Y
i=1 TEi

=1

ELLES. 1 }ni(l—ni)zo
l-m 1-m

= [yi(l_ni)_ni ni+yini]zo

i=1

3i(Yi -nm)=0

... (11)
In the same way, alo_gL =0 forj=1, 2, ..., k provides
i
Z(yi -nm)x; =0 - (12)
i=1
We can rewrite equations (11) and (12) in matrix notation as:
X'(y-p)=0 ... (13)

where y' = (Y, Y,,es V)

and ' =(n,m, N,m,, ..., N, 7T,)

n'n

Thus, we obtain (k+1) simultaneous maximum likelihood score equations,

which are

non-linear, given in equation (13) in matrix form. We use the

Newton-Raphson approach to solve these score equations using the iteratively

reweighted least squares (IRLS) method described in Section 14.6 of Unit 14
to obtain maximum likelihood estimators of B, B,, B,, ..., B, - In the next

section, we describe the IRLS algorithm based on the Newton-Raphson
method to fit multiple logistic model.

16.4

ITERATIVELY REWEIGHTED LEAST

SQUARES ALGORITHM

We apply the iteratively reweighted least squares (IRLS) method to obtain

maximum

likelihood estimators of B =(B,, By, B, .., B,) for fitting the multiple

logistic model as follows:

Step 1:

Step 2:

Step 3:

First of all, we compute the initial estimates of 8 say @0 , using the

ordinary least squares method as discussed in Unit 2 of this
course given as:
B =(X'X)* X'z

.. (14)

where w, = Y
n

After determining the initial value of B, we determine n using [:30

as:
Ay =BS +Boxy + B+ +Bix ... (15)
We calculate the probability 7, as:
= oxe() .. (16)
1+exp(t;)

|
We can also
rewrite the normal
equations in case
of linear

regression model
X'Xp=X'yas
X(y—-Xp)=0

or X'(y-p)=0
where

[EW) =XB=y]

]
We can also
choose arbitrary
initial values of

B,(j=0,12,.,Kk)
in Step 1 instead
of using ordinary

least squares
estimates.
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Step 4:  We now determine V = diagonal matrix with diagonal
V; =Var(n;) as:

-1 .. (17)
nm(l-m,)
Step 5: We obtain an inverse matrix of V, i.e., V*.
Step 6:  We compute the value of z, for the value of 7}, and &, computed in
Steps 2 and 3, respectively, as:

2i:ﬁi*‘(ni_ﬁi)-ﬁ - (18)

Step 7:  We obtain the revised value @ of the parameter § as:
B=(X'VX)'X'V'z
where ;’:[21, Z,, 2n].

We repeat Steps 2 to 7 using [ES obtained in Step 7. We iterate the procedure

defined in Steps 2 to 7 until the convergence criteria for [ES are satisfied, i.e.,
the estimated values of [} will coincide for two successive iterations.

Let us assume that [:3 = (Bo [31 [32 ﬁk) are the maximum likelihood
estimator. We define the fitted multiple logistic regression model as:

exp(By + B X, + B, X, +...+ B X,)

= s ~ = - (19)
1+exp(B, + B X, +B,X, +...+ B X,)
We can also rewrite it as:
= N _ .- (20)
1+ eXp(_Bo | lel B Bzxz N Bka)
The i" estimated value of the linear predictor is obtained as:
ﬁi :6B+BIXH+6;X2i+'"+BLin (21)

The fitted value of the multiple logistic regression model can be determined as:

exp(ii) _ exp(By +Bixy +BXs + o+ By ... (22)

=T = — = — = =
1+exp()  1+exp(By +BiXy + BoXy + .+ BeX)

If the model assumptions are correct, we can show asymptotically:

1. The maximum likelihood estimators B are unbiased estimators of [} i.e.,

ER)=p ... (23)
2. We define the variance-covariance matrix of @ as:

Var(p)=(X'V'X)*'=$S .. (24)
where, S= (Sij )(k+1)><(k+l)

Here, S is known as a variance-covariance matrix of the estimated model
parameters.
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Thus, the variances of Q] (j=0,1 2,..., k) are given by

V(B)=s; .. (25)
Hence, the standard errors of BJ (j=0,1 2,..., k) can be defined as:

SE(B;) =S; ... (26)
The covariance of B/ and B; (j=j' =0,1, 2, ...,k) is given by

cov(ﬁ;,ﬁ})zsjj, =S, .. (27)

Let us solve an example so that you will become familiar with the matrix
approach for two explanatory variables.

Example 1: The following table provides information on the birth weight of the
neonate (1 for normal birth weight and 0 for low birth weight), gestational age
of the foetus (in weeks) and increase in mother’s weight (in kg) during
pregnancy:

. Increase in Number Of. Total Number
S. No. stgtst(l)?l?)al Mother’s.Weight Nel\?:rer‘rtlzsl gﬁ\tlllqng of Neo.nates
(x2) Weight (yi) (M)
1 30 14 15 25
2 32 8 18 36
3 34 12 6 15
4 36 11 4 16
5 38 10 1 8
Total 170 55 44 100

(i)  Fit a multiple logistic model to study the relationship between birth
weight and the other variables mentioned in the above data.

(i)  Estimate the proportion of neonates having normal birth weight if
the gestational age is 31 weeks and the increase in mother’s
weight is 9 kg.

(i)  Determine the variance-covariance matrix and also compute the
standard errors of the estimated parameters.

Solution: Iteration 1: From the given data, we have

1 30 14
1 32 8 50.828571 -1.128571 -1.114286
1 34 12|, (X’X)*'=|-1.128571 0.028571 0.014286
1 36 11 -1.114286 0.014286 0.057143
1 38 10

[ 0.6 ]
0.5
andzt=| 0.4
0.25
10.125
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Step 1:  We compute the values of [:30 using equation (14) as discussed in
Unit 2 of Block 1 as:

E}O — (X! X)fl Xl 7;[

2.442857

@0 =|-0.060357

Note that here we have —-0.001429

performed all
computations using the
matrix approach up to
fifteen decimal places

B0 =2.442857, B° =-0.060357 and B = —-0.001429

of accuracy. The Step 2 Since 1y, = BJ +Brx, + BX, , we compute

results so obtained

may be different from 1, = 0.612143, 71, = 0.500000, 1}, =0.373571,
the results obtained

from varying decimal M, =0.254286 and 1, = 0.135000

places of accuracy.

Step 3:  We compute the value of 7, as:
71, =0.648429, 71, =0.622459, 1, = 0.592322,
7, =0.563231and 7, =0.533699
Step 4:  We compute the variance of 1, as:
V,, =0.175463, V,, =0.118201, V,, =0.276079,

V,, =0.254063 andV,, =0.502282

Step 5:  The matrix V can be written as:

[0.175463 0 0 0 0 |
0 0.118201 0 0 0
V= 0 0 0.276079 0 0
0 0 0 0.254063 0
. 0 0 0 0 0.502282 |
Step 6:  The inverse matrix of V can be determined as:
[5.699217 0 0 0 0 |
0 8.460134 0 0 0
V1= 0 0 3.622151 0 0
0 0 0 3.936029 0
| 0 0 0 0 1.990915 |

Step 7:  We determine the value of z; as:
z,=0.399704, 2z, =-0.021095, z, =-0.422868,
z, =-1.019002 and 7, =-1.507255
Step 8:  To obtain the modified estimate of , we compute
9.946683 —0.253387 -0.144092

(X'VX)*=|-0.253387 0.007111 0.001751 | and

-0.144092 0.001751 0.008054
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~6.443802
X'Vz = | -247.869236
~62.043295

Now, we can determine f as:

B=(X'VX)*' XV*z

[0.946683 -0.253387 -0.144092] [ —6.443802
f=|-0.253387 0.007111 0.001751 | | -247.869236
0144092 0.001751 0.008054 | | —62.043295
[7.652286
=| 0.238513
| -0.005121

— f3, = 7.652286, p, =0.238513 and {3, =-0.005121

Iteration 2: We now repeat all calculations done in Iteration 1 by replacing

Step 1.

Step 2:

Step 3:

Step 4.

Step 5:

Step 6:

By, B, and B, computed in Step 7 of Iteration 1 as follows:

We use f3, =7.652286, 5, =0.238513 and f3, = -0.005121

computed in Step 7 of Iteration 1 and determine the other values
from Step 2 to Step 7.

Since #, =, + X, + B,X,;, we compute
f}, = 0.425207, 7}, = —0.021095, 7, =—0.518604,
f, =—0.990509 and 7, = -1.462415

We compute the value of 7, as:
7, =0.604729, 71, =0.494726, 1, =0.373179,
ft, =0.270811 and 7, =0.188098

We compute the matrix V of variance of 1, as:

[0.167342 0 0 0 0
0 0.111123 0 0 0
V= 0 0 0.285002 0 0
0 0 0 0.316500 0
i 0 0 0 0 0.818506 |
The inverse matrix of V can be determined as:
[5.975798 0 0 0 0 ]
0 8.998999 0 0 0
V*t= 0 0 3.508745 0 0
0 0 0 3.159562 0
| 0 0 0 0 1.221739 |

We determine the value of z; as:

2, =0.405425, z, =0.000002, z, =-0.403942,
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z, =-1.095899 and z, =-1.875585

Step 7:  We now determine the modified estimate of p as:

[11.580276 -0.304713 -0.148119|[ -4.748613
[:3 =1-0.304713 0.008675 0.002001 ||-187.234840
| —0.148119 0.002001 0.007735 || —44.092430

[ 8.593518
=| 0.265485
-0.012250

— B, =8.593518, 3, = 0.265485 and 3, = —0.012250

lteration 3: We now repeat lteration 2 by replacing f,, 8, and 5, computed in
Step 7 of Iteration 2.

Step 1: We use f3, =8.593518 and f, = 0.265485 and 5, =-0.012250 as

obtained in Step 7 of Iteration 2 and determine the following
values from Step 2 to Step 7:

Step 2:  Since 7, =f, +Px, +B,X,;, We compute
#, = 0.457471, 7}, =0.000002, fi, = ~0.579968,
fi, = -1.098688 and 7}, = -1.617408
Step 3:  We compute the value of 7, as:
7, =0.612414, =, =0.5, n, =0.358940, 7, =0.249986 and
7y =0.165563

Step 4:  We compute the matrix V of variance of 7, as:

[0.168518 0 0 0 0
0 0.111111 0 0 0
V= 0 0 0.289727 0 0
0 0 0 0.333346 0
0 0 0 0 0.904803 |
Step 5:  The inverse matrix of V can be determined as:
5.934077 0 0 0 0 |
0 9.000000 0 0 0
V*= 0 0 3.451531 0 0
0 0 0 2.999886 0
. 0 0 0 0 1.105213 |

Step 6:  We determine the value of Z, as:
z,=0.405171 z, =0.000000, z, =-0.401525,
z,=1.098612 and z, =-1.911018

148 Step 7:  We now determine the modified estimate of § as:
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lteration 4: We now repeat Iteration 3 by replacing f,, 5, and 5, computed in

Step 1.

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

12.051481 -0.318787 -0.150733 || —4.389355
@ =|-0.318787 0.009097 0.002072 ||-173.895076
-0.150733 0.002072 0.007778 || —40.343745

8.618336
=|-0.266225
-0.012392

— B, =8.618336, f3, = -0.266225 and f3, =—-0.012392

Step 7 of Iteration 3.

We use f3, =8.618336, f3, = -0.266225 and 5, =—-0.012392 as

obtained in Step 7 of Iteration 3 and determine the following
values from Step 2 to Step 7:

Since #, =, + P, + f,%,,, we compute
f, = 0.458100, 7, = 0.000000, i, = —0.582017,
fi, =-1.102075 and 7, = -1.622134

We compute the value of 7, as:
7, =0.612563, 7, = 0.500000, 71, = 0.0358469,
ft, =0.249351and 71, =0.164911

We compute the matrix V of variance of 7, as:

[0.168542 0 0 0 0 ]
0 0.111111 0 0 0
V= 0 0 0.289894 0 0
0 0 0 0.333912 0
0 0 0 0.907670 |
The inverse matrix of V can be determined as:
[5.933237 0 0 0 0
0 9.000000 0 0 0
V= 0 0 3.449533 0 0
0 0 0 2.994803 0
| 0 0 0 0 1.101722 |

We determine the value of z, as:
z, =0.405164, z, =0.000000, z, =-0401421,
z, =-1.098609 and z, =-1.911941

We now determine the modified estimate of [§ as:

12.066904 -0.319245 -0.150826 || —4.377329
[3 =1-0.319245 0.009111 0.002074 ||-173.450850
-0.150826 0.002074 0.007779 || -40.217108
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8.618360
=| -0.266226
-0.012392

= B, =8.618360, p, =—-0.266226 and 3, = —0.012392
lteration 5: We now repeat Iteration 4 by replacing f3,, , and , computed in
Step 7 of Iteration 4.

Step 1:  We use f3, =8.618360, 3, = —0.266226 and f3, = —-0.012392 as

obtained in Step 7 of Iteration 4 and determine the following
values from Step 2 to Step 7:

Step 2:  Since 7, =, + P, + B,X,;, We compute
#, = 0.458100, i, = 0.000000, i, = ~0.582019,
fi, =—1.102079 and |, = -1.622138

Step 3:  We compute the value of & as:
7, =0.612563, 71, =0.500000, 71, = 0.358468,
7, =0.249351 and 7, =0164910

Step 4:  We compute the matrix V of variance of 7, as:

0.168542 0 0 0 0
0 0.111111 0 0 0
V= 0 0 0.289894 0 0
0 0 0 1.333.912 0
0 0 0 0 2.707673 |
Step 5:  The inverse matrix of V can be determined as:
[5.933237 0 0 0 0 |
0 9.000000 0 0 0
Vt= 0 0 3.449531 0 0
0 0 0 2.994798 0
0 0 0 0 1.101718 |
Step 6: We determine the value of z, as:

2, =0.405164, z, =0.000000, 7, =-0.401421,
z, =-1.098609 andz, =-1.911941

Step 7:  We now determine the modified estimate of p as:

[12.066919 -0.319246 -0.150826 || -4.377317
[3 =1-0.319246 0.009111 0.002074 ||-173.450421
-0.150826 0.002074  0.007779 || —40.216986

[ 8.618360
=| -0.266226
| -0.012392

150 = @3, =8.618360, p, =-0.266226 and f3, = -0.012392
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It is clear that the values of @ computed in Step 7 of Iterations 4 and 5 are the

same, so we terminate the process here. Thus, the optimum maximum
likelihood estimators of 3 are:

B, =8.618360, p; =—-0.266226 and 3, =-0.012392

Thus, the fitted logistic regression model is given as:

exp(8.618360 —0.266226 X, —0.012392X,)
1+exp(8.618360 —0.266226 X, —0.012392 X,)

ﬁ:

) 1
or, =
"~ 1+ exp(-8.618360 1 0.266226 X, + 0.012392X,)

The fitted values of the logistic regression model are computed as:
©, =0.612563, &, =0.500000, &, = 0.358468, t, =0.249351 and

7, =0.164910

From Step 7 of Iteration 5, we obtain the variance-covariance matrix of the
model parameters as follows:

12.066919 -0.319246 -0.150826
Var() = (X'VX)* =| -0.319246  0.009111  0.002074
~0.150826 0.002074 0.007779

Thus, the standard errors of the parameters are:

Var(f;) =12.066919 = SE(; ) = 3.473747

Var(f;) =0.009111 = SE(f;) = 0.095450

and Var(,) =0.007779 = SE(B,) = 0.088198
and all non-diagonal elements give covariance of f;and f; for j= j =0, 1, 2.
For instance, Cov(f;,B,)=0.002074 whenj=1and | = 2.

It would be best if you solve the following Self Assessment Question for
practice.

SAQ1

The data on the average duration of walk (minutes), serum creatinine (mg/dL)
and random blood sugar level (mg/dL) (1 for high blood sugar level and O for
normal sugar level) of 70 diabetic patients are given in the following table:

Number of
. Duration of SerF“T‘ Pf?‘“e”‘.s Total Number
No Walk (minutes) Creatinine having High of Patients
) (mg/dL) Random
Blood Sugar
1 25 0.5 15 20
2 30 0.6 4 8
3 35 0.7 3 10
4 40 0.4 9 12
5 45 0.5 8 16
6 50 0.7 1 4
Total 40 70
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O
It is to be noted that the
value of log-likelihood
for saturated model in
case of ungrouped data
(when the values of
response variable are in
the form of 0 or 1) will
be zero as:

(log,L)s =0

152

Fit a multiple logistic model for the dependence of random blood sugar level
on the average duration of walk and serum creatinine considering
B9 =5.657, f° =-0.047 and (33 =—6.89 as the initial values of the parameters.

Also, obtain the fitted values of the logistic regression model and the standard
errors of regression coefficients f,, B, and f, .

16.5 GOODNESS OF FIT OF THE FITTED
LOGISTIC MODEL

In Section 15.3 of Unit 15, you have learnt how to test the significance of the
fitted logistic model with a single explanatory variable using three types of
goodness-of-fit tests. So, in this section, we describe, in brief, the procedure of
determining the test statistic(s) based on deviance ‘D’ and ‘G’ as well as
Hosmer-Lemeshow for testing the significance of the fitted multiple logistic
model with more than one explanatory variable.

16.5.1 Deviance ‘DF’ Method

The null and alternative hypotheses for testing the Deviance Dr can be
formulated as:

Ho: The deviance is not significant, i.e, the logistic model fits good.
Hi: The deviance is significant, i.e, the logistic model does not fit good.

For grouped data (ni>1), the maximum log-likelihood for the saturated model
(ignoring the first term) using equation (6) can be defined as:

n

(logL)s = Z{yi logm, +(n; —y;)log(1- ni)} ... (28)

i=1
The maximum log-likelihood for the fitted full model after ignoring the first term
is given as:
(logL): = Z{yi log#, +(n, —y,)log(1- )} ... (29)
i=1
where, 7, is the estimated value of «; corresponding to the estimated
parameters f3,and j,.

The model deviance ‘Df’ is twice the difference between the maximum log-
likelihood for the saturated model and the fitted model, which is defined as:

Dr = -2[(log L)r —(log L)s] ... (30)

The degrees of freedom (df) is given by the difference between the number of
parameters in both models. The number of parameters in the saturated model
is n, while in the logistic model is (k + 1). Hence, the df for the model deviance
is(n—k-1).

Decision rule: We commonly compare the deviance with the tabulated Chi-
square with (n — k — 1) df to test the goodness-of-fit. If Dg> X(Zn—k—l),a' we may

reject the null hypothesis; otherwise, we may not reject Ho.
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16.5.2 Statistic ‘G’ Method

The null and alternative hypotheses for the G statistic can be formulated as:

Ho: B, =0, i.e, the fitted logistic model is not significant.
Hi: B, # 0, i.e, the fitted logistic model is significant.

The model without an explanatory variable (only intercept, Bo model) can also
be termed a null or reduced model. The maximum log-likelihood for a null
model is obtained as:

(logL), =N, log(N,) + N, log(N,) —Nlog(N) ... (31)
The deviance for the null model can be written as:

Dn = -2[(log L)n — (log L)s] .. (32
We define a likelihood ratio (LR) test statistic G, which is the difference
between the deviances of null and full models, as:

G =Dn—Dr .. (33)

=—2[(log L)n — (log L)s] + 2[(log L) — (log L)s]
= 2[(log L)r — (log L)n] ... (34)

Decision rule: The statistic G approximately follows Chi-square (XZ)
distribution with 1 degree of freedom. If G> Xfa’ we may reject the null

hypothesis. Otherwise, we may not reject Ho.

16.5.3 Hosmer-Lemeshow Test

As discussed in Unit 15, we divide the ungrouped data into g equal groups
based on the ordered predicted probabilities (rci ‘s)for applying the Hosmer-

Lemeshow test. It is to be remembered that each group should have enough
observations. We define the Hosmer-Lameshow test statistic as:

... (35)

where, y, is the number of observed outcomes in the i" group,

n; is the total number of observations in the i"" group,

7. is the average of the predicted probabilities (r“ci 's) in the i group, and

~

n'm =Y, is the expected number of outcomes in the i" group.
The Hosmer-Lemeshow Cy, - statistic follows the Chi-square distribution with
(g — 2) degrees of freedom.

We now solve an example so that you may comprehend all three methods to
test the goodness-of-fit of the fitted multiple logistic models.

Example 2: Using the data given in Example 1, test the significance of the
multiple logistic model at 5% level of significance.

Solution: From the solution of Example 1, we have

y,=15, y,=18,y,=6, y,=4,y.= 1, n1,=0.6,

1
In percentiles-based

method, we first of all
arrange the predicted
probabilities in
ascending order. The
observations having
lowest 10% predicted
probabilities constitute
the first group. The
second group consists of
the observations with
next 10% lowest
predicted probabilities. In
the same way, our 10™
group consists of the
observations with 10%
highest predicted
probabilities. In this way,
we split the observations
given in the data into 10
groups.
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n,=0.5, 1,=0.4,7,=0.25 and ,=0.125

n, =0.612563, , =0.5,7t, =0.358468,
n, =0.249351 and 7, =0.164910

(i) Using model deviance De

The maximum log-likelihood of the saturated model (equation (28)) is
computed as:

n

(logL)s = Z{y| logm, +(n; —y;)log(1- Tti)}

i=1
=—16.825292 — 24.953299 — 10.095175 — 8.997362 — 2.079442
=—-62.950569

The maximum log-likelihood of the fitted full model given in equation (29)
is obtained as:

(logL). = g{yi log#; +(n; —y;)log(1-#,)}
=—16.833573 — 24.953299 — 10.150561 — 8.997380 — 3.063866
=—63.998679

We compute the model deviance statistic given in equation (30) as:

Dr = —2[(log L)r — (log L)s]

= —2[-63.998679 + 62.950569] = -2 (— 1.048110) = 2.096220

Since df=n—k—-1=5-2-1=2, the tabulated value x; ;= 5.99.

As Dr < 5.99, we may not reject the null hypothesis at 5 % level of

significance and infer that the logistic model gives a reasonable fit.

(i) Using G statistic

The maximum log-likelihood for the null model (only intercept model) is
computed using equation (31) as:

(logL), =N, log(N,) + N, log(N,) —Nlog(N)
= 44l0g(44) + 56log(56) —100log(100)

=166.504344 + 225.419695 - 460.517019 = — 68.592980
From equation (34), we calculate the test statistic G as:
G = 2[(log L)r — (log L)n]
=2 (—63.998679 + 68.592980) = 2 (4.594301) = 9.188602
The tabulated value y; ., = 3.84.
Since G > 3.84, we may reject the null hypothesis at 5 % level of
significance and conclude that the fitted logistic model gives a reasonable

fit. The result indicates that adding both explanatory variables to the
logistic model is significantly better than the constant-only model.

(ilf) Using Hosmer-Lemeshow statistic

Since the given data is already grouped, we compute the HL statistic for g
154 = 5.
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From the data given in Example 1, we have
n,=n=25n,=n,=36,n;=n,=15,n, =n,=16 and n; =n,= 8
We compute the Hosmer-Lemeshow statistic C,, using equations (35) as:

_ (15-25x0.612563)? +(18—36xo.5)2
" 25x0.612563(1-0.612563) 36x0.5(1-0.5)

N (6 —15x0.358468)° . (4 —16x0.249351)?
15x0.358468(1—0.358468) 16 x0.249351(1—0.249351)

,_ (1-8x0.164910
8x0.164910(1—0.164910)

=0.016627 + 0 + 0.112508 + 0.000036 + 0.092529 = 0.221700
The tabulated value of Chi-square atdf =g—2=5-2=31is y; ,,s =7.81

Since C, <7.81, we may not reject the null hypothesis at 5% level of

significance. Hence, the fitted logistic model can be considered significant,
i.e., both explanatory variables are contributing significantly to the model.
We may conclude that the logistic relationship of Y on X; and Xzis
significant.

You may now like to solve the following Self Assessment Question to assess
your understanding.

§4Q2

Test the significance of the fitted multiple regression model in SAQ1 using the
Hosmer-Lemeshow test at 5% level of significance.

16.6 STATISTICAL INFERENCE OF INDIVIDUAL
PARAMETERS OF THE LOGISTIC MODEL

In Section 16.5, we have tested the significance of the logistic model using the
goodness-of-fit approach. If the fitted logistic model is insignificant, we may be
interested in determining which explanatory variables contribute significantly to
the logistic regression model and which do not. In Sections 15.4 and 15.5 of
Unit 15, you have learnt how to test the significance and compute the
confidence interval of the individual model parameters for the simple logistic
model, respectively. So, in this section, we describe, in brief, the procedure for
testing the significance as well as obtaining the confidence interval of the
individual parameters of the multiple logistic model:

16.6.1 Test of Significance

We formulate the null and alternative hypotheses for the i" model parameter
as:

Ho 1B =0 vs H :p;#0; (i=0,1,2, ...,k

We define the Wald z-statistic as:

* SE@)

.. (36)
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where, Wald z-statistic follows a standard normal distribution, i.e.,
W, ~N(0, 1).

The Wald Chi-square statistic can also be defined as:

c sz = BJZ"
Var(B))

.. (37)

It is simply the square of the Wald z-statistic defined in equation (36), which
follows the Chi-square distribution with 1 degree of freedom. The tabulated
values of z_,, or x7, at a% level of significance have been tabulated for

various levels of significance in Tables | and Il, respectively, given at the end
of this block.

Decision Rule: If |W,|>z_, (or, If |W_|>yZ,), we reject the null hypothesis at
a.% level of significance and conclude that the value of the j" parameter B)) is

significant. We may also conclude that the explanatory variable X; (j = 1, 2, ...,
k) contributes significantly to the model.

16.6.2 Confidence Interval

In Unit 15, we have explained how to determine the confidence interval for a

simple logistic model. In the same way, we define the (1 — a)100% lower and
upper confidence limits for the j"(j = 0, 1, 2, ..., k) parameter B, respectively,

in the multiple logistic regression model based on the Wald test as:
(Bj)L :Bj ~Zu2 SE(Bj) and (ﬁj)u :ﬁj 22 SE(E’J') .. (38)

((Bj)L,(Bj)U) is called the (1-¢)100% confidence interval for the j" parameter
p;-

In the following example, we will explain the procedure of testing the
significance and confidence interval of individual parameters.

Example 3: For the data on the birth weight of neonate considering the
gestational age of the foetus and increase in the mother’s weight as
explanatory variables given in Example 1, answer the following:

(i)  Test whether the regression parameters Bo, 31 and . are significant or
not at 5% level of significance.

(i)  Obtain the 95% confidence intervals forf,, B, and B,.

Solution: In order to test the significance of the parameters, we use the
following values computed in Example 1:

B, =8.618360, b, =—0.266226 and 3, =-0.012392
SE(B;) =3.473747, SE(B;)=0.095450 and SE(B;)=0.088198

(i) To test the null hypothesis H, : B, =0 against H,: B, # 0, we calculate

the Wald z-statistic using equation (36) for j = 0 as:

W, = P, _ 8618360 _, 1a0908
SE(B;) 3.473747
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(ii)

|W, | =2.480998
We can also determine the Wald y? -statistic (equation (37)) as:
W_ = W? =(2.480998)° = 6.155351

From Tables | and Il given at the end of this block, we have
Zoos =1.96 and 2, =3.84

Since |W, | =2.480998 > 1.96 (or W, = 6.155351> 3.84), we may reject
H, at 5% level of significance. Hence, we may conclude that the
intercept (B,) may be playing an important role in the fitted multiple

regression model.
To test the null hypothesis H, : B, =0 against H, : B, # 0, we use the
Wald z-statistic using equation (36) for j = 1 as:

W - B,  -0.266226
* SE(B;) 0.095450

=-2.789170

|W,| =2.789170
We can also determine the Wald y? -statistic using equation (37) as:
W, = W? =(-2.789170)* = 7.779467

Since |W,|=2.789170 > 1.96 (or W, =7.779467 > 3.84), we may reject

the null hypothesis at 5% level of significance and conclude that the
value of B, is significant. It means that the explanatory variable Xi is

contributing significantly to the model.
Similarly, we can test the null hypothesis H, : B, =0 against H,: B, #0
using the Wald z-statistic [equation (36) for j = 2] as:

B,  —-0.012392

W, =—r2__ =-0.140501
SE(B,) 0.088198

|W,|=0.140501
We can also determine the Wald y -statistic using equation (37) as:
W, = W? =(-0.140501)? = 0.019740

Since |W,|=0.140501<1.96 (or W, =0.019740 < 3.84), we may not

reject the null hypothesis at 5% level of significance and conclude that

the explanatory variable (X2) is not contributing significantly to the model.

So, we may infer that only the explanatory variable X, is significant and

important in constructing the fitted multiple logistic model at 5% level of
significance.

We obtain the lower and upper confidence limits of §; as:
B,). =B, —2,,, SE(B,) =8.618360 —1.96 x 3.473747 = 1.809815
Bo)y =By +2,,, SE(B,) = 8.618360 +1.96 x 3.473747 =15.426904

The lower and upper confidence limits of 8, can be determined as:
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B, =B, -z, SE(B,) =—-0.266226 —1.96 x 0.095450 = — 0.453307

B, =B, +2,,, SE(B,) = -0.266226+1.96 x 0.095450 = —0.079144
The lower and upper confidence limits of 3, can be determined as:

B,). =B, -z, SE(B,) = -0.012392 —1.96 x0.088198 = — 0.185260

B,), =B, +2,, SE(B,) =—0.012392 +1.96 x 0.088198 = 0.160476

Thus, the 95% confidence intervals for B, B, and B, are (1.809815,

15.426904), (- 0.453307, — 0.079144) and (— 0.185260, 0.160476),
respectively.

You may now like to solve the following Self Assessment Question to check
your understanding.

SAQ3

For the exercise given in SAQL, test whether the individual model parameters
B,, B, and B, are significant at 5% level of significance using the Wald y” -

statistic. Also, determine the 95% confidence limits of ,, 3, and B,.

16.7 PSEUDO R-SQUARED

You have already studied pseudo R-squared in the case of a simple logistic
model in Section 15.5 of Unit 15. You have learnt how to compute the
“‘McFadden”, “Cox and Snell” and “Nagelkerke” pseudo R-squared for the
simple logistic model. Here, we determine the McFadden”, “Cox and Snell”
and “Nagelkerke” pseudo R-squared for the multiple logistic model.

The McFadden pseudo R?is defined as:
2 _ (logL):

"7 (logL),

where, (logL)- and (logL),, are the full and null log-likelihood functions defined

... (39)

in equations (29) and (31), respectively.

We express the Cox and Snell pseudo R? in terms of log-likelihood as:

RZ =1- exp(%{(log L), — (log L)F}J ... (40)
In terms of likelihood function, we define
2/n
RZ =1—{@} ... (41)
(L)e

where, n = Total number of observations or sample size, and

(L) and (L), are the likelihood functions of the full and null models.
The Nagelkerke’s pseudo R?can be determined as:

- {(t)N}
S (O

- 2/n

1- {(L)N}
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R2
or, Rﬁ, =#2,n ... (42)
1_{(L)N}

In terms of log-likelihood, R is defined as:

2
Rcs

R2
1-exp (ﬁ (log L)Nj

N:

... (43)

Note that the Nagelkerke pseudo R-squared is the corrected version of the
Cox and Snell pseudo R-squared.

Let us consider the following example and compute different types of pseudo
R-squared.

Example 4: For the logistic model fitted on birth weight data of neonates given
in Example 1, determine the McFadden, Cox and Snell, and Nagelkerke
pseudo R-squared.

Solution: From the solution of Example 2, we have
(logL). = —63.998679 and (logL), = — 68.592980
We compute the McFadden pseudo R?using equation (39) as:

2 _, (logL).
(logL),

MF —
=1- M =1-0.933021=0.066979
(—68.592980)

From equation (40), the Cox and Snell pseudo R’is determined as:

2
R%Z =1-exp (ﬁ {(logL), — (log L)F}j
=1-exp [%{—63.998679 + 63.998679}}

=1- exp(ﬁ {—4.594301}J =1-exp(-0.091886)

=1-0.912209 =0.087791
The Nagelkerke’s pseudo R*can be obtained using equation (43) as:

RZ 0.087791

Rﬁ, - =
2 2 x(—68.592980)

1-exp| —(logL 1-
p(n( g )Nj eXp( 100 j

0.087791 0.087791  0.087791

_ _ - =0.117625
1-exp(-1.371860) 1-0.253635 0.746365

Thus, the values of McFadden, Cox and Snell, and Nagelkerke pseudo R-
squared are 0.066979, 0.087791 and 0.117625, respectively, for the logistic
model fitted in Example 1.

You may now like to solve the following exercises to check your

understanding: 159
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§4Q4

For the exercise given in SAQ1, obtain the value of Nagelkerke pseudo R
squared.

So far, you have learnt how to fit a multiple logistic regression model and its
related statistical inference. In the next unit, we will discuss other generalised
linear models.

We now end this unit by giving a summary of what you have learnt in it.

16.8 SUMMARY

In this unit, we have discussed:

o We fit a multiple logistic regression model when we have binary or
dichotomous (which takes only two possible values, say 0 or 1) response
variable and more than one explanatory variable.

o The fitted multiple logistic model for = is given as:

exp(By + B X, + By X, .+ B X,)
1+exp(By, + B X, +BoX, + .+ B X,)

fc =
o The maximum log-likelihood (logL) for grouped data is given as:

logL = Zlog@f}r > ylogm + > nlog(l-m)-> ylogl-m)
i=1 i=1 i=1 i=1

o We use the Newton-Raphson approach to solve the score equations

using the iteratively reweighted least squares (IRLS) method to obtain
the maximum likelihood estimators of B, B,, B,, .., By -

o We consider model deviance Dr = —2[(log L)r — (log L)s] to measure the
goodness-of-fit of the fitted logistic model with respect to the saturated
model, which is twice the difference between the maximum log-likelihood
for the saturated model and the fitted model.

o The statistic G = Dy— Dg, which is the difference between the deviances
of null and full models, is used to measure the goodness-of-fit of the
fitted logistic model with respect to the null (intercept) model.

o We also apply the Hosmer-Lameshow test to measure the goodness-of-
fit of the fitted logistic model. The Hosmer-Lameshow test statistic is
given as:

o The Wald z and x? -statistic(s) for testing the H, : 3, =0 against
H,:B,#0; (=0and 1) are given as:

~ ~

2
W,=—L— and W, =W?= P
SE(B)) Var(p))
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o We define the lower and upper limits of (1-«)100% confidence interval
((B)..(B))y)of B; (=0 and 1) as:
(B)). =B, ~ 2., SE(B) and (B)), =B, +2,, SE(B)
o The McFadden’s pseudo R? is defined as:

" (logL)y

o We define the Cox and Snell’s pseudo R? in terms of log-likelihood as:
Ris =1-exp (%{(Iog L)y —(log L)F}J

o The Nagelkerke’s pseudo R’is determined as:
RZ
2

1-exp (n(log L)Nj

R? -

16.9 TERMINAL QUESTIONS

1. A hypothetical data of 6 patients on age (in years), weight (in kgs) and
systolic blood pressure (in mmHg) denoting 1 for high SBP and 0 for
normal SBP are given in the following table:

S. No. Age Weight Pﬁ;gﬂtéé\gh
1 40 66 0
2 20 82 0
3 25 90 1
4 50 72 0
5 45 88 1
6 35 72 1

() Fit the multiple logistic model and obtain the fitted values of the
logistic regression model. Also, determine the variance-
covariance matrix and standard errors of the estimated
parameters.

(i) Test the significance of the fitted multiple regression model
compared to the null (intercept only) model at 5% level of
significance.

(i) Test the null hypothesis Ho: Bj = O against the alternative
hypothesis Hi: B; # 0 for j = 0, 1 and 2 for testing the
significance of the individual model parameters at 5% level of
significance using the Wald z-statistic.

(iv) Also, compute the 99% confidence limits of §3,,3, and f3, .

(v) Compute the value of Cox and Snell pseudo R-squared.

16.10 Solutions / Answers

Self Assessment Questions (SAQS)

1. Iteration 1: From the given data, we have
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25 0.5]
30 0.6
35 0.7
40 0.4
45 0.5
50 0.7]

6.636729 -0.070241 -6.769437
, (X'X)™"=| -0.070241 0.002359 -0.032172
—6.769437 -0.032172 14.075067

X
Il
N e

[0.75]
0.5
0.3

0.75
0.5
0.25 |

and & =

Step 1: The initial values of f,, B, and f, are given as:
Bo = 5.657 B0 =-0.047 and % =-6.89
Step 2: Since 7, = + °x, + 32x,;, we compute
f, =1.0370, #, = 0.1130, 7, = -0.8110,
fi, =1.0210, fi, =0.0970 and 7, = ~1.5160

Step 3: We determine
7, =0.738271, &, =0.528220, 7, =0.307677, 7, =0.735167,

7y =0.524231 and 71, =0.180051

Step 4: We compute the variance of 7, as:
V,, =0.258763, V,, =0.501598, V,, = 0.469457,
V,, =0.428017, V., = 0.250589 and V,, =1.693390

The matrix V can be written as:

0.258763 0 0 0 0 0 |
0 0.501598 0 0 0 0
Ve 0 0 0.469457 0 0 0
0 0 0 0.428017 0 0
0 0 0 0 0.250589 0
| 0 0 0 0 0 1.693390 |
Step 5: The inverse matrix of V can be determined as:
3.864541 0 0 0 0 0 |
0 1.993629 0 0 0 0
Vo 0 0 2.130120 0 0 0
0 0 0 2.336356 0 0
0 0 0 0 3.990606 0
| O 0 0 0 0 0.590531

162 Step 6: We determine the value of z; as:
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z,=1.097702, z, =-0.000241, z, =-0.847042, z, =1.097184,

z, =-0.000152 and z, =-1.042198
Step 7: We now obtain the modified estimate of [:3 as:
B=(X'V'X)* X'V'Z
Now, we can determine @ as:

3.684986 —-0.038478 -4.194314 | 4.384686

[§= —0.038478 0.000988 0.005853 || 114.624484
-4.194314 0.005853  7.459355 || 1.452003
5.656831

=| —-0.47008
—6.888891

— 3, =5.656831, 5, = —0.47008 and {3, = —6.888891

Iteration 2: We now repeat Iteration 1 by replacing the values of E’

considered in Step 1 with the computed values in Step 7.

Step 1: We now repeat Step 2 to Step 7 of Iteration 1 using éo =5.656831,
B, =—0.47008 and 3, = —6.888891. In this way, we obtain the
following values:

Step 2: Since n, =p, + f,x,, we compute
n, =1.037190, n, = 0.113262, 1, = —0.810666
n, =1.020962, n, =0.097034 and 1, = -1.515783
Step 3: We compute the value of r, as:
n, =0.738307, ©, = 0.528285, n, = 0.307749, nr, = 0.735160,
ng =0.524239 and ny =0.180083
Step 4: We compute the variance of n, as:
V,, = 0.258789,V,, = 0.501605, V,, = 0.469397,

V,, =0.428009,V,, =0.250589 and V,, =1.696156

The matrix V can be written as:

[0.258786 0 0 0 0 0
0 0.501605 0 0 0 0
vo| O 0 0.469397 0 0 0
0 0 0 0.428009 0 0
0 0 0 0 0.250589 0
|0 0 0 0 0 1.693156 |

Step 5: The inverse matrix of V can be determined as:
163
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V1=

[3.864191 0 0 0 0 0o |
0 1.993600 0 0 0 0
0 0 2.130394 0 0 0
0 0 0 2.336398 0 0
0 0 0 0 3.990599 0
0 0 0 0 0 0.590613 |

Step 6: We determine the value of z; as:

z,=1.097707,z, = -0.000242, z, =-0.847038,

z,=1.097182,z, =-0.000152 and z, =-1.042264

Step 7: We now obtain the modified estimate of [:3 as:

3.684903 -0.038479 -4.194036 || 4.384016
[§ =|-0.038479 0.000988 0.0058522 ||114.603023
—4.194036 0.005852 7.4587995 || 1.451594

5.656831
=| -0.047008
—6.888891

= f3, =5.656831, 5, = —0.047008 and j3, = —6.888891

From Step 7 of Iterations 1 and 2, we can check that the values of
B, B, and B, are the same.

The optimum maximum likelihood estimators are:

B, =5.656831, f3, = -0.047008 and 5, = —6.888891

Thus, the fitted logistic regression is given as:

exp(5.656831-0.047008X, — 6.888891X,)
1+exp(5.656831-0.047008X, —6.888891X,)

T =

) 1
"~ 1+ exp(-5.656831+ 0.047008X, + 6.888891X,)

The fitted values of the logistic regression model are computed as:

n, =0.738307, m, =0.528285, , =0.307749,
n, =0.735160, 7, =0.524239 and 7, =0.180083

From Step 4 of Iteration 2, we obtain the variance-covariance matrix
of the model parameters as follows:

3.684903 -0.038479 -4.194036
Var(B) = (X'VX)" =| -0.038479 0.000988  0.005852
~4.194036 0.005852 7.4587995

Thus, the standard errors of the model parameters are:
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Var(p,) = 3.684903 = SE(f,) =1.919610

Var(f,) = 0.000988 = SE(,) = 0.031427
and Var(B,) =7.4587995 = SE(,) = 2.731080

2.  Since the given data is already grouped, we compute the Hosmer-
Lemeshow statistic for g = 4.

From the solution of SAQ1, we have

np=n=20,n,=n,=8,n;,=n,=10,n, =n,=12,n; =n,=16 and nj =n,= 4

7, =7, =0.738307, 7, =&, =0.528285, &, =&, =0.307749, 7, = &, = 0.735160,
7, = ft, =0.524239 and T, =, =0.180083

We compute the Hosmer-Lemeshow statistic C, as:

g (Yi - ni'%i )2
Ch=D =%~
i1 N (1 - Tti)
_ (15-20x0.738307)° L (4-8x 0.528285)?
Mt 20x0.738307(1-0.738307) 8x0.528285(1—0.528285)

. (3-10x0.307749)* N (9-12x0.735160)*
10x0.307749(1-0.307749) 12x0.735160(1-0.735160)

(8-16x0524239)° (1-4x0.180083)’
8x0.524239 (1- 0.524239) 4x0.180083 (1—0.180083)

=0.014152 + 0.025684 + 0.002818 + 0.013573+ 0.037692
+0.132428

=0.226347
The tabulated value of Chi-square at g —2 =6 -2 =4 df is y},, =9.49.

Since C, <9.49, we may not reject the null hypothesis at 5% level of

significance. Hence, the fitted logistic model can be considered
significant, i.e., both explanatory variables are contributing significantly in
the model, and we may conclude that the logistic relationship of Y on X;
and X is significant.

3. Totest the significance of the coefficients, we use the following
values computed in SAQL:

B, =5.656831, f3; =—0.047008 and f3, = —6.888891
SE(B;) =1.919610, SE(B;) = 0.031427 and SE(f,) = 2.731080

(i)  To test the null hypothesis H, : B, =0 against H,: B, #0, we
calculate the Wald y -statistic using equation (37) as:

~ 2 2
wc=( Py J =(5'656831j = 8.684009

SE(B;) 1.919610
From Table I given at the end of this block, we have
As 005 = 3.84
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Since W, =8.684009 > 3.84, we may reject H, at 5% level of
significance. Hence, we may conclude that the intercept (B, ) plays

an important role in the fitted multiple logistic model.

(i)  To test the null hypothesis H, : B, =0 against H, : B, # 0, we use
the Wald y -statistic using equation (37) as:

A 2 2

W, = Bﬁ* =(_0'047008j =2.237328
SE(B,) 0.031427

Since W, =2.237328 < 3.84, we may not reject the null

hypothesis at 5% level of significance and conclude that the value
of B, is not significant. It means that the explanatory variable X1

does not contribute significantly to the model.

(i)  Similarly, we can test the null hypothesis H, : B, =0 against
H, : B, # 0 using the Wald y? -statistic [equation (37)] as:

~y 2 2
w, =[P (&8891) _ 6.362527
SE(B;) 2.731080

Since W, =6.362527 > 3.84, we may reject the null hypothesis at

5% level of significance and conclude that the explanatory variable
Xz is an important variable in the model.

So we may infer that only explanatory variable X: is significantly
important in constructing the fitted multiple logistic model at 5%
level of significance.

(i)  We obtain the lower and upper confidence limits of B, as:
B,). =B, —2,,, SE(B,) = 5.656831—1.96 x1.919610 = 1.894395
Bo)y =B, +2,,, SE(B,) =5.656831+1.96 x1.919610 = 9.419267
(i)  The lower and upper confidence limits of B, can be determined as:
(B,), =B, -2, SE(B,) = -0.047008 —1.96 x 0.031427 =— 0.108605
B, =B, +2z,, SE(B,) = —-0.047008+1.96 x 0.031427 = 0.014589
(iii) The lower and upper confidence limits of B, can be determined as:
B,). =B, -z, SE(B,) =—6.888891-1.96 x 2.731080=—12.241808

B,), =B, +z,, SE(B,) = —6.888891+1.96 x 2.731080=—1.535973

Thus, the 95% confidence intervals for B, B, and B, are

(1.894395, 9.419267), (— 0.108605, 0.014589) and (— 12.241808,
—1.535973), respectively.

From the solution of SAQ1, we have
y,=15,y,=4,y,=3,y,=9,y.=8,y¥,=1, 1, = 0.75,
n,=0.5,n,=0.3, n,=0.75, n,= 0.5 and ny = 0.25
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n, =0.738307,1, =0.528285, 7, =0.307749,
n, =0.735160, 1, =0.524239 and &1, = 0.180083

The maximum log-likelihood of the fitted full model is obtained as:

(IogL), = 3" {y,log7 +(n, - y,)log(1 )}

i=1

=—11.253849 — 5.557999 — 6.110059 — 6.754892
—11.109179 -2.309993

=—-43.095971

The maximum log-likelihood for the null model (intercept-only model) is
given as:

(logL), = {N,log(N,) + N, log(N,) —Nlog(N)}
=40log(40) + 30log(30) — 70log(70)
= 147.555178+ 102.035921—- 297.394667 = — 47.803567
The Nagelkerke’s pseudo R?can be obtained using equations (40) and

(43) as:

1- exp(z{(log L), —(log L)F}j
R = n

N

1-exp Ei (log L)NJ

1- exp[léo{—47.803567 +43.095971 }}

2x(-47.803567)
1-exp 100

~ 0.1258495

= =0.168965
1.342592

Thus, the value of Nagelkerke pseudo R-squared is 0.168965 for the
logistic model fitted in SAQL1.

Terminal Questions (TOS)

1. (i) From the given data, we have

1 40 66

1 20 82
L 25 o0 22.893665 -0.132655 -0.229449
X=] oo 75| (X'X)"=|-0.132655 0001792 0.000874
~0.229449 0.000874  0.002530

1 45 88

|1 35 72

andr’'=[0 0 1 0 1 1]
We compute the value of B using equation (14) as:

~2.610106
p° =| 0.008622
0.035759
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Table 16.2: Computation done in Iteration 1

A fi v, z B=(X'V'X)" XV'z
0.094897 | 0.523706 | 4.009012 | —2.004649
0.494595 | 0.621188 | 4.249652 | —2.145239 102.629159 -0.605799 -1.031474
=| -0.605799 0.007988 0.004106
0.823781 | 0.695038 | 4.717870 2.262550 ~1.031474 0.004106 0.011376
0.395676 | 0.597648 | 4.158613 | —2.089712 -0.056514
x| -4.519024
0.924711 | 0.716001 | 4.917785 | 2.321357 10.067960
0.266340 | 0.566194 | 4.071357 | 2.032519
= 8, =—13.447208, f3, =0.039477 and f3, =0.154270
Table 16.3: Computation done in lteration 2
A, i, v, 2, B=(X'V'X)' XV'z
~1.686313 | 0.156261 | 7.584738 | —2.871514 164.124576 -0.879012 -1.701584
~0.007538 | 0.498116 | 4.000057 | -2.00008 [ =| —0-879012 0.009668 0.006939
1.424006 | 0.805966 | 6.394476 | 2.664754 -1.701584  0.006939  0.018744
-0.365923 | 0.409527 | 4.135400 | —2.059479 ~0.084772
1.905009 | 0.870457 | 8.868290 | 3.053830 «| -5.553906
~0.958080 | 0.277263 | 4.990315 | 2.648606 4178691
=3, =—16.141680, ,=0.049816 and 5, = 0.184037
Table 16.4: Computation done in Iteration 3
A, fi; v, 3, B=(X'VX)' XV'z
—2.002570 | 0.118933 | 9.543060 | —3.137558 203.161936 —1.060353 -2 127591
—0.054301 | 0.486428 | 4.002949 | —2.001448 | —| —1.060353 0.010756 0.008826
1.667078 | 0.841186 | 7.485466 | 2.855876 ~2.127591 0.008826 0.023440
-0.400184 | 0.401268 | 4.162296 | —2.070381 0.113148
2.295330 | 0.908490 | 12.028442 | 3.396058 x| —6.557254
_1.147429 | 0.240059 | 5.467534 | 3.002654 0.210845
=3, =—16.483012, , =0.051308 and f3, =0.187799
Table 16.5: Computation done in Iteration 4
A; i, v, 7 B=(X'V'X)' XV'z
—2.035951 | 0.115480 | 9.790090 | —3.166507 209.255858 —1.089150 2194372
-0.057312 | 0.485676 | 4.003286 | —2.001611 | =| -1.089150 0.010921 0.009130
1.701621 | 0.845746 | 7.665215 | 2.884009 ~2.194372  0.009130 0.024178
-3.096079 | 0.402255 | 4.158941 | 3.447335 -0.119971
2.352173 | 0.913107 | 12.603542 | 3.447335 x| —6.805926
~1.165693 | 0.237634 | 5.519851 | 3.042451 —0.548458

= f, =—16.488545, B, = 0.051333 and B, = 0.187861
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Table 16.6: Computation done in Iteration 5

A, i, v, 7 B=(X'VX)* XV'z

—0.057318 | 0.485674 | 4.003286 —2.001612 -1.089648 0.010924 0.009136
1.702231 | 0.845826 | 7.668452 2.884508 -2.195513 0.009136  0.024191
—0.395931 | 0.402290 | 4.158820 —2.068984 {—0.120120}

X

—2.036425 | 0.115431 | 9.793658 | —3.166919 {209.359785 —-1.089648 —2.195513]

2.353172 | 0.913186 | 12.613954 | 3.448240 -6.811400
—1.165927 | 0.237592 | 5.520530 3.042970 -0.563777

— B, =—16.488546, B, = 0.051333 and , = 0.187861

Table 16.7: Computation done in Iteration 6

A fi v, 2 B=(X'V'X)" XV'z

—-0.057318 0.485674 | 4.003286 | —2.001612 | =| -1.089648 0.010924 0.009136
1.702232 0.845826 | 7.668453 2.884508 —-2.195513 0.009136 0.024191
—0.395931 0.402290 | 4.158820 | —2.068984 {0.120120]

X

—2.036425 0.115431 | 9.793659 | —3.166919 {209.359814 -1.089648 2.195513}

2.353173 0.913186 | 12.613957 | 3.448240 -6.811402
-1.165927 | 0.237592 | 5.520531 | 3.042970 -0.563782

= B, =—16.488546, B, =0.051333 and 3, = 0.187861

Since values of B obtained in Iterations 5 and 6 are the same, thus the

optimum maximum likelihood estimators of [:3 are:

B, =—16.488546, B, =0.051333 and B, =0.187861

Thus, the fitted logistic regression is given as:

exp(-16.488546+0.051333X, +0.187861X,)
1+exp(-16.488546+0.051333X, +0.187861X,)

=

1
1+ exp(16.488546 — 0.051333X,-0.187861X,)

or, T

The fitted values of the logistic regression model are computed as:
7, =0.115431, 7, =0.485674, 7, =0.845826,

7, =0.402290, i, =0.913186and &, =0.237592
From Table 16.7, we obtain the variance-covariance matrix of the model
parameters as follows:
209.359814 -1.089648 -—-2.195513
Var(@) =(X'V'X)'=| -1.089648 0.010924 0.009136
—-2.195513 0.009136 0.024191

Thus, the standard errors of the parameters are:

Var(B,) = 209.359814 = SE(3;) =14.469271

Var(f,) =0.010924 = SE(;) = 0.104516 169
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(ii)

(iii)

and Var(B,) = 0.024191 = SE(3,) = 0.155533

and all the non-diagonal elements give covariance of Bj and f%j, for
j=j'=0, 1, 2. Forinstance, Cov(,.,) =— 2.195513 when j = 1 and
i=2.
From the solution of (i), we have
¥150,¥,=0,y;=1,y,=0,y5=1,y,= 1,
=0 n,=0,n1,=1,1,=0,r,=1and ny =1,
7, =0.115431, 71, =0.485674, 7, = 0.845826,
7, =0.402290, 7ty =0.913186 and 7, =0.237592

The maximum log-likelihood of the fitted full model is obtained as:

(logL). = Zn:{yi log, +(n; —y;)log(1-T, )}

i=1

=-0.122655 - 0.664899 — 0.167442 — 0.514650
—0.090816 — 1.437201

=—-2.997662

The maximum log-likelihood for the null model (intercept-only model) is
given as:

(logL), =N, log(N,) + N, log(N,) — Nlog(N)
=3log(3) + 3log(3) — 6log(6)
= 3.295837+ 3.295837— 10.750557= — 4.158883
We calculate the test statistic G as:
G = 2[(log L)r — (log L)n]
=2 (-2.997662+ 4.158883) = 2 (1.161221) = 2.322442
The tabulated value y7, = 3.84.
Since G < 3.84, we may not reject the null hypothesis at 5 % level of
significance and conclude that the fitted logistic model does not give a
reasonable fit. The result indicates that the addition of both explanatory

variables to the logistic model is not significantly better than the
constant-only model.

To test the significance of the coefficients, we use the following values
computed in Part (i):

B, =—16.488546, 5, =0.051333 and j3, = 0.187861

SE(B;) =14.469271, SE(B;) = 0.104516 and SE(f)=0.155533

To test the null hypothesis H, : B, =0 against H, : B, # 0, we calculate
the Wald z-statistic using equation (36) as:

B,  —16.488546

=0 = = -1.139556
SE(B,) 14.469271

|W,| =1.139556



Unit 16 Multiple Logistic Regression

From Table Il given at the end of this block, we have Z,,,. =1.96

Since |W,|=1.139556 < 1.96, we may not reject H, at 5% level of
significance. Hence, we may conclude that the intercept (§,) does not

play an important role in the fitted multiple regression model.

To test the null hypothesis H, : B, =0 against H, : B, =0, we use the

Wald z-statistic using equation (36) as:

B 0051333 000
SE(B]) 0.104516

|W,|=0.49115

Since |W,|=0.49115 < 1.96 , we may not reject the null hypothesis at
5% level of significance and conclude that the value of B, is not
significant. It means that the explanatory variable X; does not
contribute significantly to the model.

Similarly, we can test the null hypothesis H, : B, =0 against H,: B, #0
using the Wald z-statistic [equation (36)] as:

- B,  0.187861
* SE(f,) 0.155533

=1.207848

|W,|=1.207848

Since |W,|=1.207848 < 1.96, we may not reject the null hypothesis at

5% level of significance and conclude that the explanatory variable X
is also not an important variable in the model.

So, we may infer that both explanatory variables are not significantly
important for the fitted multiple regression model at 5% level of
significance.

(iv) We obtain the lower and upper confidence limits of B, as:

By). =B, —2,,, SE(B,) = —16.488546 —1.96 x14.469271

= —44.848318
By)y =B +2,,, SE(B,) = —16.488546 +1.96 x14.469271

=11.871226

The lower and upper confidence limits of §, can be determined as:
B,). =B, -2, SE(B,) =0.051333-1.96 x0.104516 = —0.153519
B, =B, +2,, SE(B,) =0.051333 +1.96 x0.104516 = 0.256185

The lower and upper confidence limits of §, can be determined as:
®,), =B, -z, SE(B,) =0.187861-1.96 x 0.155533 = —0.116985

B,)o =B, +2,,, SE(B,) =0.187861+1.96 x0.155533 = 0.492706 71
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Thus, the 95% confidence intervals for B, B, and B, are

(—44.848318, 11.871226), (— 0.153519, 0.256185) and (— 0.116985,
0.492706), respectively.

(v)  From the solution of Part (ii), we have
(logL).=—2.997662 and (logL), = —4.158883

The Cox and Snell pseudo R? is determined as:

RZ =1- exp(% {(logL), —(log L)F}J

—1-exp| -2 {-4.158883 +2.997662 |
100

=1-0.679041= 0.320959

Thus, the value of Cox and Snell pseudo-R-squared is 0.320959, for
the logistic model fitted in Part (i).
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