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10.1 INTRODUCTION
You have studied the Fourier series of a periodic function in Unit 7 of the course PHE-05
entitled Mathematical Methods in Physics-11. You have learnt there that a periodic function
can be expanded in a series of sine and cosine functions. Physically, we could think of the
terms of the Fourier series as representing a set of harmonics. For example, the shape of the
wave train of a sound wave (e.g., a musical note) is periodic in space. Such a function
(extending.to infinity on both sides) can be expressed as a sum of sine and cosine functions
which would represent an infinite set of frequencies nv, n = 1,2,3.. .
In electricity, a periodic voltage is represented by a Fourier series. This means that the
voltage is made up of an infinite but discrete set of frequencies nu. We may now ask a
couple of related questions: Is it possible to extend this method to a function which is not
periodic? And, can we modify it to represent functions containing a continuous set of
frequencies? For example, we may like to analyse a single voltage pulse not repeated, or a
flash of light, or a note of sound which is not repeated. Or else we may want to analyse a
continuous spectrum of wavelength of light or a sound wave containing a continuous set of
frequendies. If you recall that an integral is a limit of a sum, then you would not be
surprised to know that such a method does exist. In such cases, the Fourier series (i.e., a
sum of terms) is rqlaced by an integral known as the Fourier transform.
This method was in fact developed by Fourie~himself to expand aperiodic functions.
Fourier transforms are very useful in the study'of waves, especially when we need to extract
information about their phase. For example, the electron distribution in an atom may be
obtained from the Fourier transform of the amplitude of scattered X-rays. Similarly, the
output of the stellar interferometer involves a Fourier transform of the brightness across the
stellar disc. Therefore, we have devoted two units of this course to Fourier transforms.
In this unit, we introduce the mathematical concepts related to Fourier transforms. In Unit
11, you will study their applications to physical problems. In order to study this unit
effectively, we would advise you to revise quickly Unit 7 of PHE-05 on Fourier series,
since we will be extending those very concepts here. There is another piece of advice.
Always sit with a notebook a d a pen when yoy are studyhi this unit. Work out all the
steps given in the unit yourself. Do not read this unit passively like it were a story book.
Remember, in mathematics andphysics, you must always work out the steps in a derivation
yourself: Only then each step will become clear to you and will remain in your memory
longer.

Objectives
After studying this unit, you should be able to:
determine whether the Fourier Transform of an aperiodic function exists or not;
obtain the Fourier transforms of simple functions; and
calculate the Fourier sine and cosine transforms of simple functions.
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10.2 WHAT IS A FOURIER TRANSFORM?
To arrive at a definition of Fourier transform, we begin by rewriting the Fourier series for a
periodic function using complex exponential h c t i o n s rather than sine and cosine functions
as we did in Unit 7 of PHE-05.

10.2.1 Complex Fourier Series
Recall that function which has a period Tand which has a finite number of finite
discontinuities in one period, can be expanded in an infinite series of the form
Notice that in the definition of
Fourier series here, we have
introduced an additional concept: that
off (x) having finite number of finite
discontinuities in one period. You
may be wondering what this means.

f(x) = a.

+Z[atl

cos(T)
+

(1O.la)

b,, Sin(?)]

where f (x + T) = f (x) for all values ofx. The coefficients ao,a, and b, are given by

The figure above shows a function
f (I) defined on the interval t E (a,b).

The fyction has two diswntinuities
on this interval, one at 11 and the other
at h. Thus the function is made up of
three pieces each of which is
continuous. Therefore it is a
precewise conhnuousfunction on the
given interval. The amount of
discontinuity at a point, for example
I,, is the difference between its values
just on the right and just on the left of
that point. The function shown here
hasfinrte discontinuities at both the
points t, and t2. Since the function has
two finite diswntinuities on the given
interval, it qualifies as having afinite
number offinite discontinuities.

Now from your school maths course, recall the relations
eB = COSX+
isinx,

e-" = cosx - isinxi

which are true for any x. Add and subtract the above
inverse relations

cos x =

elx

+

e-Ix

2

,ix

(10.2a)

40equations and you will obtain the

- e -ix

, sin x =

2i

Now use Eq. (10.2b) in the expressions for Fourier series of Eqs. (10.1 to d) (of course,
replacing x in Eq. (10.2b) by 2xnxlT) and you will get this equation:
e2nnirlT

+

e-2anixlT

e 2 ~ l -Te - 2 m h l T

+ b,

2

2i

]

(10.3)

Next combine the terms with the positive exponent and those with the negative exponent.
Also remember that I/i equals -i, so that you can write b, l i a$ - ib, in the last term in
Eq, (10.3). You will then obtain

We now define new coefficients through the equations
c0 = a o , c, =- a,

- ib,, ,
2

a,
d, =---

+ ib,
2

,

n = 1,2,3,...

(10.5)

Fourier Transfor

Then we can write the functionf (x) of Eq. (10.4) in terms of these coefficients as

: We once again define coefficients by
C-,

= d,,

n 2 1,

(10.7)

that is, we call dl as c-, ,d2 as C-Z,etc. Now substitute for dnfiom Eq. (10.7) in the last
term of Eq. (10.6) and make a change of the summation index by defining n = -m (only in
this term). Note that as ntakes values from 1 to co, m will take values between -1 and -a.
I Then you can rewrite this term as-follows:

where in the last part of the derivation, we have simply put m = n. If we rewrite the term
like this, we find that the right hand side of Eq. (10.6) contains the coefficients c, for all
values of n: positive, negative and zero. We can thus write the right hand side of Eq. (10.6)
as a single summation over n from -a, to + a , in a compact form:

What are the expressions for the new coefficients c,? These are related to the earlier
coefficients ao, anand 6, through Eqs. (10.5) and (10.7) which in turn are related to the
given functionf (x) through Eqs. (10.lb to d). In order to obtain cn, start with the second of
the Eqs. (10.5) and make the substitutions for anand 6,. You will obtain

I

The coefficient co is just equal to ao, which is given by Eq. (10.lb). You will see that it
agrees with the form of cnwhich we have found above in Eq. (10.10a) if we put n=O.
Therefore, you can now say that Eq. (10.10a) is true for n 2 0. Finally, you can see from
Eq. (10.5) that the coefficients dncan be obtained from cnby replacing the imaginary
quantity i by -i in Eq. (10.10a). But dn is just equal to c-,,, as defmed in Eq. (10.7). You will
thus get

This is of the same form as Eq. (10.10a) with n replaced by -n. Eqs. (1 0.10a and b) together
tell us that the form of Eq. (10.10a) holds good for all values of n: negative, zero and
positive.
We can now put all these results together and define the complex Fourier series of a
periodic function.

' ~ o u d e and
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Complex Fourier series 6f sp e m c function
A periodic fudctionj(x) with a period T and having a finite number of ffiite discontinuities
in one period, can be expanded in a complex Fourier series of the form
00

,

/(XI =

Ccne2-'IT

(10.1 la)

n=-Q

where the coefficients aqe given by

n =any integer.
The coefficients cnare called the complex Fourier coefficients off (x).

.

Given this background we are ready to define the Fourier transform.

10.2.2 Defining Feurier Transforms
As we have said in the indoduction to this unit, the powerful method of Fourier series is
restricted to periodic functions. Very often we come across ocmsims where we haye to deal
with aperiodic functions (that is, functions which are not periodic). Let us now extend this
method to such functions.
Consider a periodic function having a period 7'. If we now go on increasing the period so

' that it tends to infinity, the function will mt repeat itself and will be aperiodic. Let us

illustrate this point with the help of a couple of examples. Consider first the function shown
in Fig. lO.l(a) and mathematically defined by
1 for .IxI < 1
(10.12a)
0 for l < l 4 < ~ / 2withT>2,
and

Fig.lO.1: (a) A' rectanguiar periodic pulse with width 2 and period T; @) the same pulse with a larger' T;
(c) as T is made inflnltdy large, there in only one pulse, giving an aperiodic function.

The pulse of Fig. 10.l a is a periodic pulse of fixed width 2 and unit height repeating with a
period T. Now we make the period T larger and larger (such as 10, 100, ...) as in.
(Fig. 10.lb). Finally when Ttends to infinity, there is a single square pulse of unit height
'and width 2. This is an aperiodic k c t i o n shown in Fig. 1 0 . 1 and
~ dciined by
8
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1, 1x1 < 1

f (XI=
0, 1x1 >1.
Similarly, consider another function (Fig. 10.2a) mathematically defined by
gT(x) = e i x l for 1x1 < TI2
and
gT (X+ T) = g T ( 4 .

Fig.lO.2: (a) The function gdx) of Eq. (10.13a); (b) the same function with a larger T; (c) the same functibn
with T going to infinity.

This function is again periodic with period T. We now let T become very large as in
(Fig. 10.2b), and finally let it tend to infinity. You can see the resulting aperiodic function in
Fig. 10.2~.It is described by the equation

In both the cases, we can express the aperiodic function as the limiLof a periodic function as
its period tends to infinity. Thus

f (x) = lim
T+m

fT

(x),

g(x) = lim gT(x).
T+m

(10.14)

If the original periodic function contains a finite number of finite discontinuities in one
period, the function obtained after taking the limit T + co would possess a finite number of
finite discontinuities in the whole interval -co < x < co.
Now what should we do to obtain the expansion of such an aperiodic function? You can see
that the answer is contained in the above examples. We can start fiom the complex Fourier
series of a periodic function and take the limit T + co. Let us do that and see what we
obtain.
Let us consider a general periodic functionfdx) with period T and write its complex Fourier
series in the form of Eq.' (1 0.1 1a). To simplify further analysis, we define

so that the complex Fourier series can be written as
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or substituting for c, from Eq. (10.10a):

where we have changed the variable of integration.
In Eq. (10.17a), Ak = kt,+, - k, = 2n 1T. Hence we can replace 2lT by Akln..So we have

where

Now as we allow T to tend to infinity, three things happen:
(a) the limits of all integrals become -a to +a,
(b) IIT tends to zero, and
(c) the difference Ak = 2nlTbetween successive values of kn also becomes smaller and
smaller.
Because of (a), we can deal with the situation only if the integral

-00

1f( x ) < a,

where f (x) = lim fT (x)
T+m

(10.18)

that is, if the integral is finite. This is expressed by saying that the functionf (x) is
absolutely integrable.
Assuming that this condition is satisfied, we are now justified in taking the limit T + co for
fT (x). Its left hand side can be replaced byf (x) after taking the limit. In the integral on the
right hand side, we can replace kn by k and the summation over n from -a to a by
integration over k from -a, to co. You should note that these limits are consistent with the
definition k, = 2 m I T through which we have made the transformation from n to k. Thus
we have

10
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If we define g(k) by

then

f (x) =

rm

g(k)elkdk

,E

For reasons of symmetry, we multiply both f ( x ) and g(k) by - instead of having the
1

factor -in
2%
follows:

only one function. Thus, we obtain the definition of Fourier transforms as

9
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.The function gik) is c-alled the Fourier transform off (x) andf (x) is called the inverse
. Fourier transform of g(k). Notice that the two integrals differ in form only in the sign of
the exponent. Therefore it is also quite common to call either of them a Fourier transform
of the other.
Compare Eqs. (10.20a,b) and (10.1 la,b). The function g(k) correspbnds to c,, k corresponds

x.
m

m

to n and

corresponds to

The quantity k is a continuous analog of the integer n, and

-m

so the set of discrete coeficients has become a continuous function g(k): the sum over n has
become an integral over k.
We can state this result in the form of the Fourier integral theorem as follows:

Fourier Integral Theorem
If a functionf (x) possesses no more than a finite number of finite discontinuities and if the
integral

'L/

f (x)/dr is finite, then it can be expressed in the form of an integral as in

Eq. (10.20a) with the coeficients given by Eq. (10.20b).
Now you may want to know: What is the physical meaning of Eqs. (10.20a,b)? Let us
interpret these results from the point of view of physics.

. ..

Fourier and Lnplace

randf forms

Physical Interpretation
The Fourier series of a periodic function tells us which frequencies (or wave vectors) of
sinusoidal waves we should superimpose, and what should be the amplitude of each wave,
so as to get the original function. Similarly, the Fourier transform of a function tells us
which waves (what frequencies and what amplitudes) should be combined to get the
original aperiodic function. The only difference is that whereas it requires discrete
frequencies (multiples or harmonics of the frequency of the periodic function) to generate a
periodichnction, we require a continuous range of frequencies (all frequencies) to
generate an aperiodic function.
t a word about the dimensions of parameters in Fourier
We would also like to p t ~in
transforms.
As far as abstract mathematics is concerned, the algebraic parameters such as x, k,j; g need
not have any physical meaning and hence need not be assigned any physical dimensions.
But as you know, in physics we use mathematical models to describe physical situations.
When we do that, each parameter must denote some physical quantity. Since the product k x
appears as the argument of the exponential or the trigonometric function, it is clear that k
must have the dimensions of the reciprocal of x. Thus, if x stands for length, k stands for
reciprocal of length (wavenumber), if x denotes energy, k must denote some quantity which
is the reciprocal of energy, if x denotes time, k denotes angular frequency and so on.
Further, Eqs. (10.20a and b) show that the dimensions of g should be those of the product of
dimensions off and x, and the dimensions off should be the same as the product of the
dimensions of g and k. For example, you may be dealing with the problem of the vibrations
of a string. In that case,j'(x) will denote the instantaneous displacement of the string at the
point x. Thus x and f are both lengths (dimemion L). Then k would have the dimensions of
L-' and g those of L'. It is important to have these considerations in the back of your mind
when you physically interpret the fmal results of a mathematical calculation. You will
appreciate these points better when you study the next unit.
Let us now determine Fourier transforms of some simple functions.

10.2.3 Fourier Transforms of Simple Functions
As a first example, let us obtain the Fourier transform of the single square pulse of
Eq. (lO.12b).
Example 1: Fourier transform of a single square pulse
The single square pulse (Fig. 10.1c) may represent an impulse in mechanics (i.e., a force
applied only over a short time, for example, a bat hitting a ball), or a sudden short surge of
electric current or a short pulse of sound and light which is not repeated. This function has
two discontinuities on the entire real line: a discontinuity of i-1 at x = -1 and another one of

I / (XI
m

-1 at x = 1. Moreover, the integral

f

& comes out to be 2 (this is just the total area

m

enclosed between the function and the x-axis since the function is non-negative
everywhere). Thus you see that this function satisfies both the requirements for a function to
be expressed as a Fourier integral.
Using Eq. (10.20b) we have

since the integrand is finite over the interval [-I, 11. Thus

.

Fig.I0.3: Fourier transform of r

sink

single square pulse.

The ftnction g(k) is shown in Fig. 10.3.

.
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Now
42
f(x)=7=
d2x

--

sink

eik~dk

-a&

sin k(cos kx + i sin kr)
dk
k

sin k sin kx
sin k .
Since -- IS an even function,
will.be odd. Recall from Unit 7 of PHE-05 that
k
k
the integral of an odd function over a symmetric interval about the origin (here, -a, to +w)
is zero. Therefore the integration of sin k sin kx from -w to +w will be zero. Further, recall
that the integral of an even function over a symmetric interval is twice the integral over
positive values of the variable of integration. Thus
sin k cos kx

dk

But since the functionf (x) is given by Eq. (10.12b), we now see that

where we have denoted the integral by the symbol I@). In particular, at x = 0, cos kr = 1,
and therefore Eq. (10.2i) reduces to

which is the mid point of the jump in f (x) at 1x1 = 1.
Did.you notice in Example'l that the Fourier integral has provided us with a method to
obtain certain definite integrals? To evaluate the above integral, we would have otherwise
been compelled to use methods of complex integration, whichare somewhat more tedious.
You should also note that the integral I(x) on the left hand side of Eq. (10.21), regarded as a
function of x, is discontinuous at x = 1 and x = -1. But it does not mean that the integral
does not exist or does not possess a unique value at these two points. It is important to
realize that I(x) exists and is unique for every (fmite) value of x.
The value of the integral in Eq. (10.21) for x = 1 or x = -1 is nI4. This is half the sum of the
left hand limit a'nd the right hand limit of the functionf (x) at the point of discontinuity.
From this experience, we arrive at an important result:

Whenever a function has a discontinuity, its Fourier integral at that point equals the
average of the left hand limit and the right hand limit of the function at that point.
In Eq. (10.2 l), you will notice that we have not mentioned the value of the integral at
1x1= 1. With this result, we can write the value of I@), which is known as Dirichlet's
discontinuous factor, for all values of x:

Recall that in Unit 7 of PFE.
we have obtained a similar rc
for Fourier series.

and Laplace Transforms

In order to further clarify the evaluation of Fourier transforms, we consider an example
fiom physics.
Example 2: Fourier transform of the electric field in a radiated wave
The electric field in a radiated wave may be represented by a function like the following:
..

.

This function (Fig. 10.4) might also.represent the displacement of adamped harmonic
oscillator or the currea.in an antenna.

Fig.lO.4: Electric lield in a radiated wave

The Fourier transform off (t) is
1

I-

d o ) = -j=gOD f (t) e-jat dt
Substituting forf (t) we get

.

.

This was easy to obtain, was it not? Would you like to understand the physical meaning of

1

d o ) ? Iff (t)is a radiated electric field, the radiated power is prdportional to f (t)12 and the

6

03

total energy radiate& proportional to

v(t)l2 dt. %is is equal to.

2

a result you can take as given. Then Ig(co)l may be interpreted as the energy radiated per
unit frequency interval (times some constant).
sharply near o = fao.For
Now suppose Tis large (ao T>> 1). Then g(o) is
example, near w = oo, the second term will dominate the first term'and we have

-
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and

-

1

When o = ook ,j

g(o) is scaled down by a factor f

i and the radiated energy

1
( g ( ~ ) (is2reduced by a factor - (see Fig. 10.5). In other words, the width r at half (power)
2
maximum is given by r x 2 1T.

Fig.lO.5: Spectrum of radiated energy

This result is a iypical uncdtainty principle. Recall fiom Unit 5 of PHE-11, Heisenberg's
uncertainty principle relating the energy of a state with its life time. The time period (T) is
inversely proportional to the width r which is a measure of "uncertainty" in the energy or
the frequency.
You should now calculate the Fourier transform of some functions yourself to get some
more practice. .

Obtain the Fourier transforms of the following functions:

Spend
15 min

(b)

x

O<x<l

0

otherwise

f( 4 =

In Unit 7 of the course PHE-05, you have dealt with Fourier cosine and sine series
expansions of even or odd functions. You have seen that if the periodic function is an even
function of x, the coefficients b, in the Fourier series Eq. (10. Id) vanish. On the other hand,
if the function is an odd function of x, the coefficients a. and a,, vanish. In fact, this is clear
from the form of Eqs. (10. lb to d). In a similar manner, Eqs. (10.20a and b) suggest that the
Fourier integral would simplify in case the functionf (x) is even or odd. We shall mention
the two cases more explicitly for convenience and ready reference. In the next section, we
shall assume that the function can be expressed in the form of a Fourier integral and obtain
Fourier sine and cosine transforms.

Fourier and Laplace Transforms

10.3 FOURIER SINE AND COSINE TRANSFORMS
Iff (x) is an odd function, then g (k) is odd too, and Eqs. (10.20a and b) reduce to a pair of
Fourier sine transforms. Let us see how. We substitute
-ikX

=cosk-isink

in Eq. (10.20b) and get

Since cos kx is even and f (x) is odd, the product f (x) cos kx is ocfd. Therefore, the term
m

f (x) cos kx dx in Eq. (1 0.24) is zero. The product f (x) sin kx is even (product of two
odd functions). Substituting these results in Eq. (10.24) we have

If we now replace k by -k, the sign of sin kx and hence of g(k) changes. Thus

that is, g(k) is an odd function. Then using the same procedure we can obtain the inverse
Fourier transform

g(k) (cos kx + i sin kx) dk

A
-

f(x) =

,/:im
i

g(k) sin

dk

If we substitute g(k) from Eq. (10.24) into Eq. (10.26) we get an equation like Eq. (10.19),
f(x) = f i i

(- k)Jr

sin kx dk

s i ku du

Notice that the numerical multiple outside the integral becomes (-i2)(2 / n)"'
Thus the imaginary factors are not needed. Thus we obtain
-

= J2/n.

-

Fourier Sine Transforms
The pair of Fourier sine transforms representing odd functions is defined by the
equations
/,(~)=Elg,~(k)si.kxdk

r/,(x)sin k&

g,(k) =
X

0

(10.27a)

(10.27b)

We can discuss the even functions in a similar way and obtain Fourier cosine transforms.

t

Fourier Cosine Transforms

I-

The pair of Fourier cosine transforms representing even functions is defined by the
equations

You should verify Eqs. (10.28a and b) before studying further.
SAQ 2

Spend.
5 min

-

Prove Eqs. (10.28a q d b).

So far we have seen that the evaluation of Fourier transforms requires the full knowledge of
the given function in the entire interval from -oo to oo. We may occasionally come across
functions which are defined only on the positive real axis. Can we express such functiens in
terms of Fourier integrals?
A partial knowledge of the function as in the above case is not a disadvantage or a

stumbling block. It is, on the contrary, an advantage. We can extend the function on the
negative real axis in any manner we choose (subject to the conditions that the Fourier
integral theorem is satisfied) and obtain the Fourier integral of the extended function. The
procedure is similar to the even and odd periodic Fourier extensions you learnt in Unit 7 of
PHE-05. Let us study the same procedure for Fourier transfoims.
Fourier transforms for functions defined only.overx > 0

~ ef (x)
t be the given function, defmed only for x > 0. We defme an auxiliary function g(x)
such that

g(x)

=f(x) for x > 0, and
ii) g(x) is chosen arbitrarily for x < 0,
i)

subject to the two conditions that the complete function g(x) has no more than a finite
number of finite discontinuities and the integral of the modulus of the function over the
entire real line is finite. Then Sve determine the Fourier integral of g(x) and call it I(x), say.
It is clear that for values of x on the positive real line, the integral I(x) will also represent the
original functionf(x). Thus we would have

'

The two most common methods of choosing the extended function g(x) are to take either an
even continuation or an odd continuation off (x) itself.'~athematicall~,
we obtain it as
follows:
F(x) =f (-X)

for x < 0: even continuation;

F(J) = -f (-x)

for x < 0: odd continuation.

(10.30a)
(10.30b)
C

Due to this arbitrariness in the choice of F(x), you will notice that a functionf (x) which is
defined only in the half-interval x > 0 can be expressed in terms of a Fourier integral in two
ways. Let us take an example to illustrate this concept.

'

, and Laplace

Example 3: Obtain the Fourier cosine transform of the function

Solution

To obtain the Fourier cosine transform of the given function f (x), we define an auxiliary
function F(x) such that it is the same as f (x) for x > 0, and it is an even continuation off (x)
for x < 0 (as in Eq. (10.3011)). In fact, the complete function F(x) will look like that shown in
Fig. 10.6.

Fig.lO.6: Even periodic extension off (x)

This is an even function, so that it will have the pair of Fourier transforms

Fc(x) =

:J

rgE

(k) COP h.dk,

and

(Note that these are the same as Eqs. (10.28a and b) with the functionf replaced by F). For
y > 0, F . b ) = e-m from Eq. (10.3 1). Substituting this in Eq. (10.32b), we get

Having thus found g, (k), we shall substitute it back in Eq. (10.32a) to obtain F, (x). But
since F,(x) is equal to e* for x > 0, we shall finally have the Fourier cosine integral for this
function. You should note that F (x) is continuous at x = 0 (there is no discontinuity in Ax)).
Hence the Fourier integral would be equal to the function e-Pxnot only for x > 0 but for
x.20. Thus
e-p

=yb
2p

coskdk
p2 + k 2

, 1 1 0 , P>O.

You may now like to work out an SAQ on these concepts.

Obtain the Fourier sine transform of the function f (x) defined in Eq. (1 0.3 1) and show that
Spend
10 min

Hint: Choose an auxiliary function h(x) which is the same as f (x) for x > 0 and which is
given by Eq. (1 0.30b) for x < 0 (odd continuation off (x)). Obtain the Fourier sine
transforms by using Eqs. (10.27a and b).

Fourier Transforms

In SAQ 3, what happens at x = O? Why have we excluded x = 0 from the range of validity of
Eq. (10.35)? To anWer this question, you should plot a graph (rough, qualitative) of h(x)
dtfintd in this problem. You will find that it looks somewhat like that shown in Fig. 10.7.
By definition it is an odd function and has a discontinuity at x = 0. The left hand limit of
hfx) at x = 0 is -1 and the right hand limit is 1, the average of these two being 0. This is the
value of the Fourier integral on the right hand side of Eq. (10.35) for x = 0.

Fig.10.7: The h c t b n e - P x f ~ rx > 0 and its odd eontfnuatPon for x < 0, for some (positive) value ofp.

The two integrals in Eqs. (10.34) and (10.35) are known as taplace integrals.
We have seen that Eqs. (10.34) and (10.35) are valid for x > 0. (Of course, the first one is
also valid for x = 0). Can we obtain coh'espbndmg equations for x < O? Suppose we replace
x by -x everywhere in these two equations. The left hand side will then becomeeP" (with
x < 0, remember). The right hand side will remain unchanged in Eq. (10.34) but will be
multiplied by a negative sign in Eq.(10.35) (because sin (-kx) = -sin kx). You may like to
obtain these results yourself.

sm 4
Obtain the two equations in the manner described above, which will correspond to
Eqs. (10.34) and (10.35) but will be valid forx < 0.

Spend
5 ,in

Let us now summarize what you have studied in this unit.

10.4 SUMMARY
0

A periudic functionf ( x ) having period T and having a finite number of finite
discontinuities in one period can be expanded in a complex Fourier series with complex
Fourier coefficients given by

n =any integer.
0

The Fourier transform of an aperiodic functionf (xj having a finite number of finite
discontinuities on the entire real line and which is absolutely integrable between
-co and aa is given by

19

Fourier and Laplace Transforms

An even aperiodic function can be represented by a Fourier cosine transform:

An odd aperiodic function can be represented by a Fourier sine transform:

At a point of discontinuity in the function, its Fourier integral has a value which is the
average of the left hand limit and the right hand limit of the function at that point.

10.5 TERMINAL QUESTIONS

Spend 30 min

1.

Show that f (x) = 1, x > 0 cannot be represented by a,Fourier integral.

2.

Determine the Fourier cosine integral representation of the functionf (x) which equals p
(a positive constant) for 0 < x < a and 0 for x > a.

3. Obtain the Fourier sine and cosine transforms of the following functions as indicated:
O<x<n/2

(a)

f( 4 =

,

sine and cosine transform

x>lr/2

sinx

(b)

I4<71/2

f (XI=

, . sine pansform
IxI>7I/2

(c)

f( 4 =

i'ox.

-7I/2<x<n/2

,

,
H > R / ~

,

1.0.6 SOLUTIONS AND ANSWERS
Self-assessment Questions

=

5 exp(-~t)e-'~'dt

1
2~
1

0

exp [-(A

+ ip) t] dt

cosine transfonh

-- 1

1
-+=--

2n h + io

1 h-iw
2n h2 + a 2

Integrating by parts, we obtain
g(k) =
2.

1
2nk

(e-'

(ik + 1) - 1]

We know that for an even hnction

f (-x)

=f( 4

Iff (x) is even then g(k) is even too. Substituting e-ik = cos kx- isin kx in
Eq. (10.20b) we get
g(k) = ---

f (x) (cos kx - i sin kx) dr

Sincef (x) is even, the product f(x) sin kx is odd and the integral over the second term
will be zero:

which is Eq. (10.28b).

If we now replace k by -k, we get

i.e., g(k) is even. Then in the same way we obtain

f (XI.==-

1

g(k) (cos kx + i sin kx) dk
" g(k)
. cos ki dk

which is Eq. (10.28a). Hence proved.

3.

We define the auxiliary €unction h(x) such that h(x) is an odd extension off (x):
h(x) = f (x)

for

x >0

for

x <0

and
h(x)

-f (-x)

'

Fourier Transforms
--..

Fourier and Laplace Transforms

The function h(x) is an odd function so it will haIve the Fourier transform:
g(k) =

,/$ p h ( x ) sin b dx

Then

\I$

=

r g ( k )sin b dk

Now

g(k) =

,/$

e-'

sin b dx

Therefore
h(x) =

2 Im
-sinkxdk
n

p2 +k2

0

Substituting for h(x), we get

4. Replacing x by -x in Eqs. (10.34)and (10.35),we get

~erminalQuestions
1.

The Fourier integral representation off (x) = 1 , x > 0 is

where

Thus

f ( x )=

2n

I*dk C

& e-"e"

-00

Fourfer Transforms

which will diverge for the given limits. Hencef (x) = I , x > 0 cannot be represented by
a Fourier integral.

The Fourier cosine integral representation off (x) is obtained by substituting
Eq. (10.28b) in Eq.(10.28a):

f, (x) = 42

gc

(k) cos b dk

X

where
g, (k) =

=

dm

f, (k) cos b dk

X

-k-

2 psin ka
k

Thus

which is the Fourier cosine integral representation of the givenf (x).
3. (a) The Fourier sine transform off (x) is

The Fourier cosine transform off(x) is

x/2.
0

(b) The Fourier sine transform off (x) is

.

I

2(k + 1)
(c) The Fourier cosine transform off (x) is

=pr
..

gc(k)

71

fc(x)~osAxdx
sin(k + 1)x 12
2(k + 1)

-

-

-

+--I

sin(k - 1)x I2
2(k - 1)

