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4.1 INTRODUCTION 

With this unit wc start our discussion of analytical geomctry in three-dimensional space, or 
3-spa&. The aim of this unit is to acquairu you with some basic facis about points, Iines and . planes in 3-space. We start with a shorl introduction to the Carlesian coordinate system. 
Then we d>scuss various ways of representing a linc and a planc algebraically. We alsb 
cliscuss anglcs between lines, betwecn planes and betwecn a linc and a planc. 

The facts covered in this unit will be used constantly in the rest of the course. Therefore, we 
suggest that you dpall the exercises in the unit as you come to hem. Further, please do not 
go t the next unit till you arc sure that you have achievcd the following objectives. 

Objectives 

Alier studying his unil you should be able to 

e find the distance betwecn any two points in I-space; 

a obtain the direction cosines and direction ratios of tiline; 

e obtain the equations of a line in canonical form or in two-point fonn; 

e obtain the equation of a planc in three-point form, in in~er&~l  form or in normal form; 

e find the distance between a point an&a plane; . 
e find the an& between two lines, or between two planes, or btween a line and a plane; 

1. find the point (or points) of inkrsectio~r of two lines or of a line and a plane. 

Now let us start our discussion on p0inu~jn.3-s&e. 
" 

.... 

4.2 ' POINTS 
.+ . 

\ 

Let us sm by generalisingw ~naimensianal coordinate system to three dimensions. You 
know that. any point in twodimensional space is given by EWO rcal numbers. To hate the 
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position oTa point in Lhrec-di~ncnsiona space, we have to give three numbcrs. To do his, 
we rakc ~hrcc ~nutually ~)crpen(licular lincs (axes) in space which inlcrsccl in a poinlO (scc 
Fig. 1 (a)). 0 is ci~llcd ~ h c  origin. Thc posilive dircclions OX, OY and OZ on Lhcse lincs are 
so cllosen tha~ il'a right-handcd screw (Fig. l(b)) placed at 0 is rotated fro~n OX to OY, it 
n~ovcs in  ~hc  direction of.OZ. 

(ti) (b) 

Fig. 1 : Thc Carlcsinl~ coordinate axes in t h r ~ r  di~r~ansinns 

To find Lhc coortlina~cs of' any poinl P in space, we Lakc Ihc foot of lhc perpcndiculiu from P 
on ~ h c  planc XOY (scc Fig. 2). Call il M. Let Lhc coordinates of M in the plane XOY be 
(x,p) ancl thc lenglll or MP hc I z 1. Thcn lhc coordinates of P are (x, y, z), z is posiiive or 
ncgalivc according as MP is in 111e posilive direction OZ or nol. 

z 

So, li)r eacll poinl P in space, thcrc is an ordered ~riple (x,y,z) of real numbcrs, i.e., an 
clcrnenl 01% R ~ ,  ~ o n v c r s e l ~ ,  given an ordcrcd lriplc afrcal nurribcrs, wc can easily find a 
point P in space whosecoordinatesare the given triple. So there is a one-one col-~.esponduice 
hctwccn lhc spacc and the sct R3. For this reason, three-dimcnsional space is oficn denoted 
by lhc symbol R" For a similar rcason a plane is denotcd by R', and a linc by R. 

Now, in ~wo-dimensional spacc, thc distance of any poinl P (x,y) from Lhc origin is Jw. Using Fig. 2, can you enlcnd this expression lo lhrw dimcnsions? By 

Pylhagoras's theorem, we see lhal 
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,/m Thus,  he distance of P (x, y, z) rrom lhc origin is x +. y + z . 
And then, what will the distance between any two points P (xl, yl, zl ) and Q (x2, y2, z2) be? 
This is the distance formula 

as you may expect from E!quation (1) of Unit 1. 

Using (I), we can obtain the coo;dinates of a poiit R (x. y, z) that divides the join of 
P(x,, y,, 2 , )  and Q(x,, y,, z,) in the ratio m :n. They are 

For example, to obtain a point A that trisects the join oPP (1,0,0) and Q (1,1,1), wc take 

m = 1 and n = 2 in (2). Then the coordinates of A are (1, i, i). 
Note thht if we had taken m = 2, n = 1 in (2), we would have the olhcr point  hat trisects PQ, 

2 2 
namely, (1. - -) 3 '  3 ' 

Why don't you Lry some exercises now? 

El)  Find the dishnce bctween P (1, I, -1) and Q (-1, 1,l).  Whal are thc coordinates of 
the point R that divides PQ in the ratio 3:4? 

E2) Find the midpoint of lhe join of P (a, b, c) and Q (r, s, 1). 

Now let us shirt our altention LO lines. 

- 
4.3 LINES 

5 

111 Unil 1 we lodk s quick look at lines in 2-space, In @is section we wili show you how lo 
rcprcsenl lines in 3-space algebraically, You will see that in this case a line is detcrmincd by 
a scr ol' lwo linwr equations, and not one linear equation, as in 2-space. 

Lcl us star1 by looking at a triplet of angles which uniquely dctcrmine the direction of a line 
in 3-space. 

1.3.1 Direction Cosines 

Lel us considcr a Carlcsian coordinate systcm with 0 as the origin and OX, OY, 01, as the 
axes. Now take a directed line L in space, which passes through 0 (see Fig. 3). LetL makc 
aniles a, p and y with the positive directions of the x,y and z-axes, respectively. Then we 
tlefine dos a, cos p and cos y to be the direction cosines of L. 

For cxamplc, the direction cosines of the x-axis are cos 0, coH N2, cos n12, that is , 1,0,0. 

Noie that the direction cosines depend on the frame of relerence, or coordinate systcm, that 
we chwsc. 
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Fig. 3 : Cos n, ros P and cosy are the dirc~tlon cosines of the linc L. 
A; 

Now take any directed line L in space. How can'we find its direction cosines with respect to 
a given coordinate system? They will clearly be the direction cosines of the line through 0 
which has the same direction as-L. For example.the directiori cosines of the line through 
( l , l , l )  ant1 parallel to the x-axis are 1,0,,0. 

Now let us considcr some simpleproperties satisfied by the direction cosines of a line. Let 
the direction cosines of a line L be cos a, cos p and cos y with respect to a given coordinate 
system. Wc can assume that the origin 0 lies on L. Let P (x, y, z) beany point on L. Then 
you can see from Fig. 4 that 

FIE. 4 Since OPZ= x2+ y2f zZ= OP~(cos2a+cos2~-t-cos2y), we find that 

This simple properly of the direction cosines of a line is useful in several ways, as you'll see 
later in  thc course. Let us considcr an cxamplc of its use. i 

I 

n n: 
Example 1 : 11'a linc makes angles -and - wilh the x and y axes, respectively, then what 

~ 
4 . 3 

I 
is the anglc hat it makes with the z-axis? 

X n: 
Solution : Put a = - and p = - in (3). Then, if  y is the anglc that the line makes with the 

4 3 
I 

z-axis, we get , 7 

Thus. therc will be iwo lincs hat  satisb our hypothcsis. ( ~ o n ' t  be surprised ! SeePig. 5.) 1 
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3 3 

There is another number triple that is related to tjle direction cosines of a line. 

Definition : Three numbers a, b, c are called direction ratios of a line with direction 
cosines 1, rn and n, if a = kl, b = km, c = kn, for 'some k E R. 

~ h u s ,  any triple that is proportional to the direction cosines of a line are its direction ratios. 

1 1 1  
For example, JZ, 1, 1 are direction ratios of a line with direction cosines - a' 2' 2' 

-. You can try these exercises now. 

E3) If cos a, cos p and cos yare the direction cosines of a line, show that 
sin2a + sin2p + sin2y = 2. 

) Find the direction cosincs of 

a) the y and z axes, 

b) the line y = mx + c in the XY-plane. 

E5) Let L be a line passing through the origin, and let P (a, b, c) be a point on it. Show 
thal a, b, c are direction ratios of L. 

Eh) Suppose we change the direction of the line L in Fig. 3 to the opposite direction. 
What will the direction cosines of L be now? 

Let us now see how the direction cosines or ratios can be used to find the equation of a line. 

4.3.2 Equations of a Straight Line 

Wc will now find the equations of a line in different forms. Let us assume that the direction 
cosincs of a line are 1, rn and n, and that the point P (a, b, c) lies on it. 

Tlien, if Q (x, y, z) is any other point on it, lei us co~nplete thc cuboid with PQ as one of its 
diagonals (see Fig. 6). 

I rt'x 
Fig. 6 : (x - u), (y-b) and (z 4) urn dIrcrtlon mtlos of YQ. 

Then PA = x a ,  PB = y-b and PC = z-c. MAW? if PQ = r, you can see that. 

x - a  cos a = - 
r ,.that is, 

x- a  1 = - y - b  Z - c  . Similarly, m = ~ ,  n=-. r r 

Thus, any point on the line satisfies the equations * 
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x- a  y- b  z- c  - = = -  ..... .(4) 
f 1n n 

Note that (4) consists of pairs of equations, 

x- a  y- b  y - b  z - c  x- a  z - c  y- b  z- c  - --- and -=- -- , or -- and -=- or 
1 . ~n m n 1 n m n 

x- a  z - c  y-b and = - .  -- - 
1 ~n n 

Conversely, any pair of equations of the form (4) represent a suaight line passing through 
(a, b, c) and having direclion ratios I, m and n. 

(4) is called the canonical form of the equations of a straight line. 

For example, thc equations of  he straight line passing through (1,1,1) and having direction 

x - 1  y-1  2-1 - - = -  
1 1 8  - - I / &  1 / 4 3 '  that is, 

x - 1  y - 1  2 - 1  -=-- 
1 (-1) 1 ' 

Notc that this is in thc form (4), but 1 ,  -1,l are direction ratios of tl~is line, and not its 
. . direc tjon cosines. 

Remark 1 : By (4) wc can see hat  h c  equations of thc line passing through (a, b, c) and 
' 

I . having direction cosines 1, m, n are 

This is  a &-par&mct& fnrrh'of the equations of a linc, in terms of the purametcr r. 

Lcr us now use (4) to find another form of the  quat ti on^ of a line. Lct P (x,, y,, zl) and 
Q (xz, y2,:zl) lic on a linc L. Then, if 1, m and n are its directions cosines, (4) tells us that  he 
equations of L are . ' 

. . 

' Since Q lies on L, we get 

Then (6) and (7) give us I 
X - X 1  Y - K  _ - - I  I -- _-- ..... .(8) 

X 2 - X 1  Y2-Yl zz -z l '  
i 

(8) is (he gencralisation of Equation (7) of Unit I ,  and is called t l~c two-point form ofthe 
equations of a line in 3-space. 

For example, the equations of  he line passing through (1,2,3 ) and (0, 1,4 ) are 

X-1 = y-2 =- (2-3). 

Note that, while obtaining (8) wc have also shown that 

if P (xl, yl, 2,) and Q (XZ, y2, z2) lie on a line L, then xz-x,, yz-y, and 
z2-z, are direction ratios of L, 
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E7) Find the equations to the line joining (-1,0,1) and (1,2,3). I 
1 

E8) Show that the equations of a line through (2,4,3) and (-3,5,3) are x + 5y = 22, z = 3. I 

! 
Now let us see whcn tv/o lines are perpendicular. 

4.3.3 Angle Between Two Lines 

In Unit 1 you saw that the angle between two lincs in a plane can bc obtained in terms of 
 heir slopes. Now we will find the angle between two lines in 3-spacc in terms of their 
dircction cosines. 

Let ~ h c  lines L1 and Lz have dircction cosincs 11, rill, nl and l2, m2, nz, respectively. Let 0 be 
,he angle between L1 and L;. NOW let US draw strhight lines L'l and L> lhrough the origin 
with direction cosines I , ,  ntl, nl and 12, m2, nz. respectively. Then choose P and Q on Ltl and 
Ltz, respectively, such that OP = OQ = r. Then the coordinates of P are (llr,mlr, nlr), and of 
Q are (12r, mar, n2r). Also, 0 is the angle between OP and OQ (see Fig. 7). Now 

P Q ~  = (1) - 1212? + (ml - m212r2 + (nl - n212i! 

= 2(1- lI l2 - mlm2 -nl nz)?, 

i 2 2 .  using I:+ m:+ n:=1, l2 + m2 +n2 =l .  . 

Also, from Fig. 7 and cleincnlary trigonometry, we know that / 
I 

PQ" = O$ + 0Q2- 2 0 ~ .  OQ cos 8 1 
= 2 (1 - cos o)?. P 

i 
Therefore, we find that 0 is givcq by the relation 

cos 8 = 1112+mlm2+nln2 ..... .(9) I 

Using (9) can you say when two lines are perpenciicular ? Thcy will bc pcrpendiculau iff 

0 = n/2, that is iff 
i 
t 

Ill2+ mlm2 + 4/12  = 0. ......( 10) ! 
i 

Now, suppose wc consider direction riitios 81, bl, cl and a2, b, cz of Ll and b, instead of : 
~hcir direction cosines. Then, is it m c  hat L1 and L2 are pepndicular iffala2 +b,b +clc2 = O? 
II' you jusl apply ~ h c  definition bf direction ratios, you will see that this is so. 1 
Ant! whcn iue two lines parallel? Clcarly, thcy are panllcl if they have the same or opposite 
dircctions. Thus, the lincs Ll and L2 (given above) will bc,parallel iff 11= 12. ml = m2, ni = n2 
or 11 = - I,, m, = - m2, nl = - n2. In particular, thi, means ihat if  a, b, c and a', b', c' are 

-- 
dircct~on ratios of L1 and Lr respecti-vely, then 

a b c  - =-=- 
a' b' c' ' 

L.el us jusl summarise what we have said. 

Two lines with direction ralios al ,  b,, cl and a2, b2, c2 are 

(i) perpendicular iff a, a2 + bl bL,+ CI c2 = 0; 

a b c  
(ii) parallel iff 2 = -1- = -1. . 

"2 c2 

m 

X ' 2  For example, thc line - = y = - is:a& parallcl co the x-axis, since 2, 1,3 are not pmpor- 
2 3 
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tional to 1,0,O. Further. x = y = z is perpendicular to x = -y, z = 0, since 1, 1 , l  and 1, -1,O 
are the direction ratios of these two lines, and 1 ( I )  + 1 (-1) + 1 (0) = 0. 

Why don't you try some exercises now? 

E9) Find the angle between the lines with direction ratios 1 ,1 ,2  and &, - & , 4, 
respectively. 

E10) If 3 lines have direclion ratios 1,2,3; 1, -2, 1 and 4, 1, -2, respectively, show that 
they are mutually perpendicular. 

In this section you saw that a line in 3-space is represented by a pair of linear equations. In 
the ncxt section you will see that this means that a line is  he intersection o l  lwo planes. 

T 4.4 PLANES 

In  his section you will see that a linear equation represents a plane in 3-space. We will also 
discuss some aspects of inlersecling planes, as well as the intersection of a line and a plane. 

Let us first look at some algebraic representations of a plane. 

4.4.1 Equations of a Plane 

Consider the XY-plane in Fig. 1 (a). The z-coordinate of eyery point in this plane is 0. 
Conversely, any point whose z-coordinate is zero will be in  he XY-plane. Thus, the equa- 
tion z = 0 describes the XY-plane. 

Pig. 8 : The plnt~c r=3 Similarly, z = 3 describes the plane which is parallel to the XY-plane and which is placed 3 
units above it (Fig. 8). 

And what is the equation ol the YZ-plane? Do you agree that it is x = O? 

Notc that each of these planes satisfid the property that if any two points lie on it, then the 
line joining them also lics on it. This property is the defining property of a plane. 

Definition : A plane is a set of points such that whenever P and Q belong to it then so does 
every point on the line joining P and Q. I 
Another point that you may have noticedabout the planes mentioned above is that their 
equations are linear in x, y and z. This fact is true of any plane, according to the following 
theorem. 

Theorem 1 : The general linear equation Ax + By + Cz + D = 0, where at least one of A, B, C I 
is non-zero, represents a plane in three-dimensional space. 

I 
I 

Further, the converse is also true. 
i 

We will no1 prove this result here, but will always use thc fact that a plane is synonymous 
with a linear equation in 3 variables, Thus, lor example, because of Theorem 1 we know that i 

I 

2x + 5z = y represents a plane. 

AL this point we would like to make an important remark. 

Remark 2 : In 2-space a linear equation represents a line, while in 3-space alinear equation 
rcpresents a plane. For example, y = 1 is the line of Fig. 9 (a), as well as  he pbne of 
Fig. 9 (b). 



Fig. 9 : The same equation represents n line In Zspnce nnd a plane in 3-space. 

Let us now obtain the equation of a plane in different forms. To start with, wc have lhc 
following result. 

'rbeorcm 2 : Three non-collinear points determine a planc. In fact, [he unique plane passing 
through the non-collinear points (XI, yl, zl), (x2, y2, ~ 2 )  and (x3, y3, z3) is given by the 
determinant equation. 

We will not prove his result hcre, but we shall use it quile a bit. 

As an example, let us find the equalion of the plane which passes through the pints (1, 1, O), 
(-2,2, -1) and (1,2, 1). It will bc 

1 

Preliminaries in Three- 
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3 2~ + 3y-32 = 5. 

Why don't you try some exercises now? 
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Fig. 10 : The plane 

X Y Z  - + - + - = I .  
a h r  

Pig. 11: Obtuining the normal 
fimn of the cquntion of the plane. 

El 1) Show that the four points (0, -1, -I), (4,5, I), (3,9,4) and (:4,4,4) are coplanar, 
thal is, lie on the same plane. 
(Hint : Oblain the equation of the plane passing through any three of the points, and 
see if the fourth point lies on it.) 

E12) 'Show thal  he equation of the plane which makes intercepts 2, -1,5 on the three axes 

(Hint : The plane m&es an intercept 2 on  he x-axis means that it intersects the 
x-axis at (2,0, O).) 

In El2 did you notice the relationship between the intercepts and 141e coefficienls of the 
equation? 

In general, you can check that the equation of the plane making inlcrccpls a, b and c on the 
coordinate axes (see Fig. 10) is 

X - + Y + L = ] .  ......( 12) 
a b c  

This is because (a, 0, O), (0, b, 0) and (0,O, c) lie on it. 

(12) is'called the intercept.form of the equation of a plane. 

Let us see how we can use his form. 

Example 2 : Find the intercepts on the coordinate axes by the plane 2x - 3y + 5z = 4. 

Solution : Rewriting the equation , we get 

4 4 Thus,  he inlercepts on the axes are 2, - - and - . 
3 .  5 

Now here is an exercise on the use of (12). 

E13) Show that the planes ax+by+cz+d = 0 and AxtBytCztD = O arc the same ifl'a, b, c, 
d and A, B, C, D are proportional, 

(Hint : Rewrite the equations in intercept form. The two plancs will be the same iff 
their inlerccpis on the axes are equal.) 

- - --- . - . 

Let us now consider another form of h e  equalion of a planc. For this, let us drop a penpen- I 

dicular from the origin 0 onto t h e  given plane (see Fig. 11). Let it meet the plane in the 
F 

point P. Let cos a, cos and cos y be the direction cosines of OP and p = IOTPI. Further, let I 

the plane make inlercepls a, b and c on the x, y and z axes, respectively. Then 

X Y Z  Now, from (12) we know thal the equation of the plane is - a b c  + - + - = 1. 

Then, using (13), lhis equation becomes 

xcosa+ycosp+zcosy=p  ......( 14) 

This is called the normal form of-the equation of the plane. 

For exanlple, let us find the normal form of the. equation of the plane in Fig. 9 (b). The 
perpendicular from the origin onto it is of length 1 and lies along thc x-axis. Thus, its 
direction cosines are 1,0,O. Thus, from (14) we get its equation as x = 1. 
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Now, suppose wc are givcn a plune Ax + By + Cz + D = 0. From its equation, can we find 
~ h c  lcnglh of the nor~nal from lhc origin lo it.'! Wc will use E l 3  to do so. 

. rn 

Supposc lhc cquation of the plane in the normal form is 

Then this is the same as lllc given equation of the plane. So, by El3  we see that there is a 
consunt k such lhat 

Then, by (3) we gct 

1;' (A~+B'+c~)  = 1, 1hat is, k.= + 1 

.lzzFz- 

So, p = - kD= ID' , whcrc wc wke the absolute valuc of D sincc p 2 0. Jm 
Thus, llic lcrigth of the pcrpeiitlicular honi Ihc origin onlo the plane Ax+By+Cz+D = 0 is 

1 
F(ir cxample, the length of thc perpendicular from the origin onw x+y+z = 1 is -. a 
Now let us go one step further. Let us find thc distance between thc point (a, b, c) and the 
plane Ax + By,+ Cz + D = 0, that is, the length of the perpendicular from the point to the 
plane. To obtain it we simply shift the origin to (a. b, c), without changing the direction of Wc havc discussed thc transla- 

tlic axcs. Then, just as in Sec.l.4.1., if X, Y, Z arethe currentcoordinales, we get x = X + a, lion of axcs in detail in Unit 7. 

y = Y  + b , z = Z + c .  

So thc cyuution ol' the planc in currcnt cmrtlinatcs is A (X + a) + B (Y + b) + C (Z + c )  + D = 0. 

'Thus, thc length of the normal from (a, b, C) w the plane Ax + By + Cz, + D = 0 is the same . 
as h e  lcngth of the normal from the current origin to 

A (X+a) + B (Y+b) + C (2 + c )  + D = 0, that is, 

For cxamplc, thc length of the normal from (4,3, 1) LO 3x - 4y + 122 + 14 = 0 is 

Now you may like to do the following exercises. 

E14) Find  he distance of (2,3, -5) from each of the coordinate planes, as well as froin 
x + y + z = l .  

El 5) Show that if' the sum of the squares of the distances of (e, b, c) from the plancs 
x+y+z=0 ,x=zandx+z=2y is9 , thena2+b2+c2=9 .  

Now Lhat you are familiar with the various equations of a planc Ict us klk of h e  inkrsection 
(I!' plsu1cs. 

4.4.2 Intersecting Planes and Lines FIB. 12: A st r~~ght  Uno IS the 
Intcrscction of two ploncs. 

In Scc. 4.3.2, you saw lhat a linc is reprcscnrcd by two linear equations. Thus, it is thc 
intersection of two planes represented by these equations (see Fig. 12). '15 
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In general, we have the follpwing remark. 

Remark 3 : A straight line is'represented by a linear system of the form ax + by + cz+ d = 0, 
' A x + ~ ~ + C z + ~ = O . ~ e w r i t e t h i s i n s h o r t a s a x + b y + c z + d = . O = A ~ + B y + C z + ~ .  
For example, 3x + 5y + z - 1 = 0 = 2x + 1 represenls the line obtained on intersecting the 
planes3x+5y+z= 1 and2x+ 1 =O.  

Now, suppose we are given a line 

This line clearly lies in both the planes ax + by + cz + d = 0 and Ax + By + Cz + D = 0. In 
hct, it lies in  infinitely many planes given by 

where k E R. This is because any point (x, y, z) lies on the line iff it lies on ax+by+cz+d = 0 
as wellasAx+By+Cz+ D=0.  

Let us see an example of  he use of (17). 

x , + l  y- 3  - z + 2  Example 3 : Find the equation of the plane passing lhrough the line - - 
-3 2 I 

and the point (0,7, -7). 

Solution : The line is the intersection of 2 (x + 1) = -3 (y - 3) and x + 1 = -3(z + 2), that is,  
2 ~ + 3 ~ - 7 = 0 = ~ + 3 ~ + 7 .  

Thus, by (17), any plane passing ~hrough it is' of the form 

(2x+3y-7) + k (x + 32 + 7) = 0 for some k E R. 

Since (0,7, -7) lies on it, we get 

21 -7 + k (-21 + 7) = 0,  hat is, k = 1. 

Thus, the required plinc is 

3x + 3y + 32 = 0,  hat is, x + y + z = 0. 

You can do h e  following exercise on the same lines. 

E16) Find [he cquation of thcplanc passing through (1,2,0) and thc line 
~ c ~ ~ c r + y c o s p + z c o s y =  l ,x+y=z.  

I 
Now, given a line and a planc, will lhey always inlersect? And, if so, what will their inler- 
scction look like? In Fig. 13 we show you the three possibilities. 

I .  I : (a) A line md a p lancan  cithcr 
tiot lntcrscct nt all. 

('J) 
" 

intersect in a point, or (b) thc line can lie it1 theplanc, or (c) the? 



Let'us sec some examples. 

x y - 1  2 - 2  
Example 4 : Chcck whether: the plane x+y+z = 1 and the suaight line - = - = - 

1 2  3 
intersect. If thcy do, then'find their point (or points) of intersection. 

Solution : By Remark 1 you know that any point on the line can he given by x = t, y = I + 21 
and z = 2 + 3t, in tcrms of a parameter t. So if the line and planc intersect, lhen (t,1 + 2t, 
2 + 3t) must lie on the plane x+y+z = 1 for some t. Let us substitu~c thcse values i n  the 

. 
1 

equation. We get t+1+2t+2+3t = 1, Lllat is ,61= -2, that is, t = --. Thus, thclinc and plane 
3 
- 

1 1  
inlerscct in a point, and tho point of inlcrsection is (- - - , 1). . 

3 '  3 

Example 5 : Find the point (or points) of intersection of 

x + 2  y + 3 - 2 - 4  (a) - = - - - and 3x+2y+6z = 12, 
2 3 -2 

x-1 y- 2  2- 3  (b) -=-=- and X+Z = 1. 
2 1 -2 

Solution : a) Any point on  he line is of the form (2k-2,3k-3, -2k+4), where k E R. 

Thus, i f  1here.i~ any point of intersection, i t  will be givcn by substiluting lhis triple in 
3x+2y+6z = 12. 

So, we have 

i 3(2k-2) +2 (3k-3) +6 (-2k+4) = 12 
! 
'* O = O .  

I This is Lruc V k E R. Thus, for every k E R, the triple (2k12,3k-3, -2k-1-4) lics in thc plane. 
, 

'This nicans that thc whole line lies in thc plane. 

h) Any point on the line is of the form (21+1,1+2, -2t+3), wllcrc t E R. This lies on x+z = 1 
jf, for some t, (21+1) + (-2t+3) = 1, that is, if  4 = 1, which is false. Thus the line and 
plarie do not intersect. 

You can use thc same method for finding thc point (or points) ol' in~erscction of two lines. In 
thc foIIowing exercises you can chcck if you've understood the method. 

E17) Find thc point of intersection of the line x = y = z and the planc x + 2y + 32 = 3. 

I 1 1 .  1 1 E18) Show that the line x-1 = -(y-3) = -(z-5) meets the linc -(x+l) = , (y-4) = - (z-9). 
2 .  3 3 5 3 

Now, consider any two planes. Can we find  he anglc betwcen thcm? We can, once we have 
l.hc following definition. 

Ilel'inition : The angle between two planes is  he anglc between  he norn~als lo thcm from 
Lhc origin. 

So, now let us find thc angle bctwcen two planes. Lcl tho equations of thc planes, in the 
normal t'or~n, be Ilx+mly+nlz = pl and 12x + n12y+n2z= pz Then ~ h c  angle bclween dle 
normals is cos-' (~,l,+m,nt,+n~l;) 

Thus, the anglc bctween thc plancs 1, x +ml y + ri z = pl and l2x+rn2y+n2z = p2 is 
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I n  general, if the angle between the planes ax+by+cz+d=O and Ax+By+Cz+D=0 is 8, 
tl~en 

This is because a, b, c and A, B, C are direction ratios oE the normals to the two planes, so 

B C are their direc~on cosines. 

C1. 
Thus, 

the planes ax+by+cz+d = 0 and Ax+By+Cz+D = 0 

a b c' 
i) are parallel iff - = - = - , and 

A B C  

ii) are perpendicular ilf aA+bB+cC = 0. 

Let us consider an example ol the utility of ~hese conditions. 

Example 6 : Find the equation of a planc passing through Lhe line of intersection of the 
pli~nes 7x - 4y + 77, + 16 = 0 and 4 x  + 3y - 22 + 13 = 0, and which is perpendicular to the 
plane2x-)I-2z+5=0. 

Solution : The general equation of the plane through the line of intersection is given by 

7x-4y+7z+ 1 6 + k ( 4 ~ + 3 y - 2 ~ +  13)=0. 

3 ( 7 + 4 k ) x + ( 3 k - 4 ) ~ + ( 7 - 2 k ) z +  13k+16=0. 

This will be perpendicular to 2x - y - 22 + 5 = 0 iT 

'Thus, the required cquation ol Lhe plane is 4 7 x  -48y + 712 + 92 = 0. 

Try these exercises now. . 
- - -- - 

E19) Find the equation of the plane through (1,2,3) and parallel to 3x + 4y - 5z = 0. I 

E20) Find the angle between Lhe planes x + 2y + 22 = 5 aod 2x + 2y + 3 = 0. 

x- a '  y- b  z - c  
E21) Show that \he anglc between the line - = - = - and the plane Y 

a P Y 

Ax + By + Cz + D = 0 is sin-' Aa+BP+Cy 

4 

(Hint  he reyuircd angle is Lhe complement of the anglc bctwcen the linc and the 
normal to the planc.) 

And now let us end the unit by summarising what we have done in it .  
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4.5 SIJMMAR'II Dimensional Geometry . ; 

In lhis unit  we have covered the following points. 

1) Dislance formula : 'rhc dislsrnce bctwccn the poinls (x, y, z) and (a, b, c) is 

2) Thc coordinates ofa  point that divides the join of (xl, yl, zl) and (x2, yz, z2) in the 
ratio m:n are 

3)  ITcos a, cos p and cos y are Ihc direction cosines of a linc, thcn cos2a + cos2 p + cos?y= 1. 

4) The canonicitl fol-~n of the equalions of a line passing.~hrough thc point (a, b, c) and 
having dircclion cosines cos u., cos P and cosy is 

x - a  y - b  z - c  -=-=- 
cos a cos p cos y ' 

5 )  The two-poiril'form of lhc cqualions oTa linc passing lhrough 

( ~ I , X I ,  ~ 1 )  and (x2, Yz. ~ 2 )  arc 

0 )  The anglc betwecr~ Lwo I.incs willl dircc~ion ratios 
a,, bl, cl and.az, bZ, c:! is .'. 

Thus, ~hcsc lines arc pcrpcndicular iffala2+b102+c1c2= 0, and parallel iff 
a, = kaz, bl = kb2, cl = kc2, for sornc k E R. 

7) The cqualion ofa planc is ol'thc form Ax.+By+Cz+D = 0,  whcrc A, B, C, D E R and 
not. a l l  or A, 13, C arc zcro. 

Conversely, such an cclualion always rcprcscnls a planc. 

8)  Thc plane tielcrmined by Lllc Lhrcc points 

( X I ,  Y I ,  zl), (XZ, y2, z2) and (x3, y3, z3) is 

9 Thc cquation of ~ h c  plane which makcs inlerccpls a, b and c on the x,y and z-axes, 

x y z  
respeclivel y, is - + - + - = 1. 

a b c  

10) Thc nor~rlal k-~lrn of thc cquatiorl of a plane is x cos a + y cos P + z cos y= p, 
whcre p is the lcnglh of lhc perpendicular from the origin onto Lhc plane and cos a ,  
cos p, cos yare thc direclion cosines of the perpendicular. 

11) Thc length of the perpendicular from a point (a, b, c) onlo the planc Ax + By + Cz 
+ D = O i s  
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Jm + 
12) A line is the intersection of two planes. 

13) The general equation of 'a plane passing through the line ax + by + cz + d = 0 = Ax + 
B y + C z + D i s ( a ~ + b ~ + c z + d ) + k ( A x + B y + C z + D ) = O , w h e r e k ~  R. 

14) The angle between the planes ax + by + cz + d = 0 and Ax + By + Cz + D = 0 is 

COS -I 
aA+bB+cC 

6 b 2 + c 2 .  ~ A ~ + B ~ + c ~  

And now you may like to go back to S ~ C .  4.1, and see if you've achieved the unit objeeiives 
. listed there. As fou'know by now, one way of checking this is to ensure that you have done 

all the exercisesin thr: unit. You may like to see our solutions to thc exercises. We have 
given them in &efollowins section. 

4.6 SOLUTIONS/ANS WERS 

El)  PQ = d( l  - ( -I))~ + (1 - 1)'t  (-1 - 112 = Jid 

The coordinates of R are ($ , 1; - $). 

E4) a) 0, 1, 0 and 0,0,1, respectively. 

b) Any line In the XY-plane makcs the angle 7rJ2 with the x-axis. Now, i lm = tan 0, 
then y = mxtc makes an angle 0 with the x-axis, and 7rJ2 - 0 with the y-axis. 
Thus, its direction cosines arc cos 0, sin 0,O. 

E5) In Fig. 14 we have depicted the sii~iation. 

a b c  

1 
Let OP = r. Then you can see that the direcrion cosincs of L are -, -, - . 

r r r  
Fig. 14 Thus, a, b, c are direction ratios o l  L. 

E6) Now, thc line L makcs anglcs of K -a, rc - P  and K - y with thc positive directions o l  
the x, y and z-axes, respeclivcljl. Thus, its direction cosincs are - cos a, - cos /3 and 
- cos y. 

x + l  y 2 - 1  E7) = - -  -- 4 

2 2 2  

E8) Thc equations are . 

x+.3 y - 5  2-3 -- --=-= r, say, that is, 
5 -1 0 

- (x + 3) = 5 (y - 5) and z = 3, hat is, 
x+5y=22,7.=3. 



6 & 4  
Similarly, the direction cosines of the other line are - - - - 5 '  5 ' 5 '  

Thus, if 0 is the angle between them, 

E10) Since 1 (1) + 2 (-2) + 3 (1) = 0, 
1 (4) - 2 (1) + 1 (-2) = 0, and 
l(4)  +2 (1) +3 (-2) = 0, 
Lhc lines are mutually perpendicular. 

El 1) The equation of the plane passing through the first three points is 

I Y 
z I 

Since (- 4,4,4)  sa~isfies it, the 4 points arc coplanar. 

El?) The points (2,0, 0), (0, -1, O), (0,0, 5) lie on lhc plane. 

Thus, its equation is 

d d d El 3) Thc intercepts of thc two plancs on thc axcs arc - -, - - -- 
n b '  c 

D D D  and --, -- - - rcspectively. Thus, tlic plancs coincide 
A B '  C '  

. . d  D CI D d n l i i - -  = -- - -- = -- - - = -. - that is, 
a A '  b B '  c C' 

a iff -=-=-=-  ' that is, ill a, h, c, d and A, B, C, D arc proporionsl. 
A B C D '  

1-51 E14) Thcdistance of (2,3, -5) frorn thc XY-planc, z = 0, is - = 5. 
d? 

Similarly, the distancc oT (2,3, -5) lrom x = 0 and y = 0 is 2 and 3, rcspcctivcly. 
Its dishnce from x+y+z = 1 is 

(2+3-5-11 1 

~jl'+=z, 
El 5 )  We know lhat 
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E16) The equation of the plane passing through the given line is 
(xcos a +  y cosp+zcosy -1).+k(x+y-z)=O, . . . . . . (20) 
where k E R is chosen so that (1,2,0) lies on the plane. 

Thus, the required equation is obtained by putting this value of k in (20). 

E17) Any point on the line is (t, t, i). The line and planc will intersect if, for scme t E R, 

Thus, the plane and line intersect in only one point (1 2 '  1 2 '  i) 2 . 

E18) Any point on the first line is given by 
(t+l, 2t+3,3t+5), t E R. 
Any point on the second line is given by 
(3k*-1,5k+4,7k+9), k E R. 

 hi two lines will intersect if t + 1 = 3k - 1,2t + 3 = 5k + 4 and 3t + 5 = 7k + 9 for 
some t and k in R. 

On solving these equations we find that they are consistent, and k = 5 gives us the 
common point. Thus, the point of intersection is (14,29,44). 

E19) Any plane parallel to 3x + 4y - 5z = 0 is of the form 
3 ~ + 4 y - 5 z + k = O , w h e r c k ~  R. 
Since (l,2,3) lieson it, 3+8-15+k = 0 * k = 4. 
Thus, the required plane is 3x + 4y - 5z + 4 = 0. 

E20) If the anglc is 0, then 

COS e = l(2) + 2(2) + 2(0) - 1 -- T' 2/z  

E21) If 9 is the angle betwcen the line and thc plane, thcn - is the angle betwecn the 
2 

line and the normal to the plane (see Fig. 15). Now, A, B, C are Lhe direction ratios 
of the normal. Thus, 

-. fn n7- Aa+BB+Cr  

I 

I:ig. I5 : The line I, tnrkw an 4 

a~lglc H with the plane n and a sin 8 = Aa+Bp+Cy 
(~12-0)  with the nor~nul N to n. 

r 



IJNIT 5 THE SPHERE 

Structure 

5.1 Introduction 
Objectives 

5.2 Equations of a Sphere 

5.3 Tangent Lines and Planes 
Tmgcnt Lines 

Tangent Planes 

5.4 Intersection ofSpheres 
Two Intersecting Spheres 
Spheres Thnxlgh a Given Circle 

5.1 INTRODUCTION 

With lhis unit wc start our discussion of threc-dimensional objects. As the unit titlesuggests, 
we shall consider various aspccls of a sphere here. A sphere is not new lo you. When you 
wcrc a child you lnusl havc playcd with balls. You must also havc caten several fruits like 
limes, oranges and watermelons. All these objccts arc splierical in shape. But all or them are 
not sphcrcs from the poinl of vicw olanalytical geometry. 

1 

In this unil  you will scc what a gcomclcr calls a spherc. Wc shall also oblain the general 
cqua~ion of a sphere. Then we sh;lll discuss linear and planar sections of a sphere. In 
particular, we shall considcr thc ccluations ol  tangenl lines and plancs 1o.a spherc. Finally, 
you will scc what the intcrscction ol' two spheres is and how many sphercs can pass through 
a giver1 circle. 

Sphcrcs arc an integral part or the study of Lhe struclure of crystals of chcmical compounds. 
You rind their properties uscd by wchilects and cngincers also. Thus, an analytical study of 
sphcres is not mcrely to salisfy our malhematical curiosity. 

A spherc is a particular case of an ellipsoid as will see whcn you study Block 3. So; if  
you have graspcd the conlenls of lhis unit,it will be of hclp lo you while studying the next 
block. In other words, if you achievc thc following objeclives, il will be easicr Lor you to 
understand the contents of Block 3. 

i+ 

Objectives 

Aner studying this unit you should be able to 

9 ohmin thc cquation of a spherc if you know its centre and radius ; 

0 chwk whcthcr a given second dcgree equation in lhrce variables represents a sphere; 

chcck whether a given line is tangent toa given sphere; 

obtain the mngcnt plane to a givcn point on a given sphere; 

oblain Lhe angle of intersection of two illtersectiny spheres; 

find the family of spheres passing through a given circle. 




