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41 INTRODUCTION

With this unit we start our discussiondf analytical geometry in three-dimensiona space, or
3g0a&. Theam of this unit is to acquaint you with some basic facts about points, linesand
planesin 3-space. Westart with ashort introduction to the Cartesian coordinate system.
Then wediscuss Various waysof representingaline and a plancalgebraically. Wealso
discuss angles between lines, between planesand betwecn a line and a planc.

Thefactscovered in this unit will be used constantly in therest of thecourse. Therefore, we
suggest that you dey all theexercisesin the unit asyou come to them. Further, pleasedo not
go w thenext unit till you arc surethat you have achieved the following objectives.
Objectives

Afier studying this unit you should beableto

e tind thedistancebetwecn any two points in |-space;

@ obtain thedirection cosinesand direction ratiosof a'line;

obtain theequationsof alinein canonical form or in two-point form;

obtain theequation of a plancin three-point form, in intercept form or in normal form;
find thedistance between a point and.a plane; .

find the angle between two lines, or between two planes, or between alineand a plane

find the point (or points) of intersection Of two linesor of alineand a plane.

Now let usstart our discussion on poimswin.S-spac\:e.

42 " POINTS

1

Let usstart by generalising the two-dimensional coordinate System to three dimensions. You
know thatany pointin two-dimensional space iSgiven by two real numbers. To locate the
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Pythagoras’s theorem, we see that

position of a point in three-dimensional space, we have o give three numbcers. Todo this,
we take three mutually perpendicular lines (axes) in space which intersect in a point O (sce
Fig. 1 (4)).0 iscalled the origin. The positive directions OX, OY and OZ on these lines are
so chosen that if a right-handed screw (Fig. 1(b)) placed at O isrotated from OX to QY, it
moves in the direction of OZ.

4
Z

(2) (b)

Fig. 1 : The Cartesian coordinateaxes in three ditmensions

To find the coordinates of any point P in space, we take the foot of the perpendicular from P
on Lhe plane XQOY (sce Fig. 2). Call it M. Let the coordinatesof M in the plane XOY be
{x,y) and the length of MP be | z |. Then the coordinatesof P are (X, Y, z). z i Spositive o
negalive accordingas MP isin the positive direction OZ or not,

A
z

1P (x,y,2)
|
|

Fig. 2 f

So, for each point P in space, there isan ordered wriple (x,y,z) of real numbcrs, i.e., an
clement of R?, Conversely, given an ordered triple of real numbers, we can easily finda
point Pinspacewhose coordinates are the given triple. So there isaone-onecorrespondence
between the spacc and the set R3, For this reason, three-dimensional space is ofien denoted
by the symbol R*, For asimilar reason aplaneisdenoted by R?, and alinc by R.

Now, in two-dimensional space, the distanceof any point P (x,y) from the origin is
%%+ y2. Using Fig. 2, can you extend thisexpression 1o three dimcnsions? By

OP? = OMMMP*
= x4y v
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Thus, the distanceof P(x, y, 7) from the origin is y/x2 + y* + 22.

Ard then, what will thedistance between any two pointsP (x;, y;, z; ) and Q (X3, ya, z3) be?
Thisisthedistanceformula

PQ= \/,(xl - x2)2 +(y -y + (2~ 22)2, | o 1)
as you mey expect from Equation (1) of Unit 1.

Using (1), we can obtain the coordinates of apoint R (%, y, 2) that dividesthe join of
P(x,, Y, z,) and Q(x,, ¥,, z,) in the ratio m:n. They are

nxl <+ lnX2 nyl + my?' z nzl -+ m22
X = = - , =
m+n m+n m+n

For example, toobtain apoint A that trisectsthejoin of P (1, 0,0) and Q (1,1,1), wc take
1 1
m = 1and n=2in (2). Then thecoordinatesof A ae(l, 3 5]
Note thht if we had teaken m=2, n= 1in (2), wewould have the other point that trisects PQ,
ay, (1. 2 2)
namey.\» 3+ 3/

Why don't you try some exercises now?

E1) Find thedistance between P (1, |,-1) and Q (-1, 1, 1). What arethe coordinatesd
the point R that dividesPQ in theratio3:4?

E2) Find themidpoint of the join o P(a, b,c) and Q (r, s, 1).

Now let usshirt our attention to lines.

43 LINES

In Unit 1 we todk a quick look at lines in 2-space, In this section we will show you how lo
represent linesin 3-spaceagebraicaly, You will seethat in thiscasealineis determined by
a set of two lincar equations, and not onelinear equation, as in 2-space.

Let usstart by looking at a triplet of angles which uniquely dctcrminethedircction of aline
in 3-space.
4.3.1 Direction Cosines

Let usconsider aCartesian coordinate system with O as the originand OX, OY, OZ asthe
axes. Now takeadirectedline L in space, which passesthrough O (seeFig. 3). LetL make
angles @, B and y with the positive directions of the x,y and z-axes, respectively. Then we j
define dosa , cosB and cosy to be thedirection cosinesdf L. 11

For cxample, thedirection cosinesof thex-axisarecosO0, cos 1/2, cosn/2, that is, 1, 0, 0. L

Note that the direction cosines depend on the framed reference, or coordinate system, thet
wechoose.
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Fig. 4

Fig. 31 Cos «, cos p and cosy are the direction cosi nes of theline L.

Now takeany directed lineL in space. How can'wefind itsdirection cosineswith respect to
agiven coordinatesystem?They will clearly be the direction cosinesof the linethrough O
which hasthe same direction as L. For example, the directiori cosinesd the linethrough
(1,1,1) and pardld tothex-axisare 1,0,0.

Now let usconsider some simplepropertiessatisfied by thedirection cosinesd aline. Let
thedirectioncosinesof alineL becos a, cosp and cosvy with respect toa given coordinate
system. Wc can assumethat theorigin O liesonL. Let P(x, v, 2z) be.any pointon L. Then
you can see from Fig. 4 that

x=0Pcos &, y=0OPcosPand z= OPcos Y.

Since OP?= x2+ y2f z?= OP?(cos’a+cos?B+cos?y), we find that

cos? o+ cos® B+ cos®y =1 L 3

Thissimpleproperty of thedirection cosinesaof alineis useful in several ways, asyoull see
later in the course. Let usconsider an cxampled its use

Example L : 1 a linc makes ang_l_es%anld % with thex and y axes, respectively, then what

isthe angle that it makes with the z-axis?

Solution : Puta= % and p= % in (3). Then, if y istheangle that the line makes with the

Z-axis, we get

‘1 | 2 1 n 2r

—+—+ cos“y=1=2cos Y= X—=>yY=— Or —.

) 08y cos Y 3 Y 3 3

Thus. there will be two lines that satisly our hypothesis. (Don’t besyrprised! See Fig, 5.

&

Fig. 5

f
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There isanother number triple that isrelated to the direction cosinesd aline.

Definition : Three numbersa, b, c arecalled direction ratios of aline with direction
cosinesl » andn, if a=kl, b=km, c=kn, forsomek « R.
Thus, &y triplethat is proportional to thedirection cosines of aline areitsdirectionratios.

Forexample, /7, 1, Laredirection ratiosof aIinewithdirectioncosines%, 12 é.

Yau can try these exercises now.

E3) If cosa,cosP and cosyare thedirection cosinesof aline, show thet
sinat sin’f + siny=2.
g4) Find thedirection cosincsd
a) theyandzaxes,
b) theliney =mx * cin the XY-plane.

B) LeL bealinepassingthrough theorigin, and et P (a, b, ¢) beapoint on it. Show
that a, b, c aredirection ratiosof L.

E6)  Supposewechangethedirection of thelineL in Fig. 3to theoppositedirection.
What will thedirection cosinesof L be now?

Let us now see how thedirection cosinesor ratioscan be usad to find the equation of aline

432 Equationsof aStraight Line

We will now find the equationsadf alinein differentforms. Let usassume tha thedirection
cosincsd alinearel, mmand n, and that thepoint P(a, b, ¢) lieson it.

Then, if Q (X, Y, z) isany other point on it, let uscomplete the cuboid with PQ asonedf its
diagonals(seeFig. 6).

Fig.6: (x —u),(y-b) and (z—c)} are direction ratios of YQ

Then PA = xa, PB = y-band PC = 2—. New, if PQ =r, you can Seethat.

X—a .
cos a= —r——,.thatls,

_X-a o . _y-b _z-c¢
- .Slmllarly,m--—r—--,n——r.

Thus, any point on theline satisiestheequations
[ 4
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X-a_y-b_z-c
{ m n
Notethat (4) consistsd pairsd equations,

x—aTy—bamd y—b:z—c’or X-a_z=¢c ., y—b= z-¢ .,
1 .m m n 1 n m n
y-b X-a z-c¢

= and =
i m I n

Conversely,any par of equationsd theform (4) represent astraight line passing through
(a, b, ¢) ad having direction ratios|, mand n.

(4) iscaled the canonical form of the equationsof a straight line.

For example, the equations o the straight line passing through (1, 1, 1) and having direction
(1 -1 1

.cosines[w—[—,a,‘, el ﬁ]are

x-1 y -1 z-1 .
= ,tha = _—
13 --1/& 1743018

x~-1 y-1 z-1

1 () 1

Note that this isin the farm(4), but 1, —1, 1 aredirection ratios of this line, and not its
direction cosines.

Remark 1: By (4) we can seethat the equations of the linepassing through (a, b, ¢) and
having direction cogines 1, m, nare

| ;(.f'=_a+h'-', y = bmr, 2 = cnr, wherer e R, e (5

Thisis ao&;#pﬁriiuetér form of theequationsof alinc, in termsof the purametcr r.

Let usnow use(4) to find another form f thegquations of aline. Let P(x,,y,, z;) and
Q (%2, y2,2p) licon atine L. Then, if {, m and n are itsdirectionscosines, (4) tells us thet the
equationsd L are .

X=X _Y=W_2z2h

T T m o m e 6)
"SinceQlieson L, weget
Xa-X _V2-W_Zz=%
T m ok e ©
Then (6)and (7)givels
Xo% Y- n_Z2-y
...... @)

X=X y2-vI Za—Zy’
B isthe generalisation of Equation (7) of Unit |, and iscalled the two-point form of the
equationsof alinein 3-space.

For example, theequationsd the line passingthrough (1, 2,3) and (0, 1,4) are

x—1 = y~2 =— (z-3),

Note that, whileobtaining (8) wc have alsoshown that

if P(xy, y1,2) and Q (xa, va, 29) lieon aline L, then x3=xy, yo-y, and
292, aredirectionratiosof L,
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Now yau can try soime exercises.

E7) Fnd theequationsto the linejoining (1,0, 1) and (1, 2, 3).
E8) Show that theequationsof alinethrough (2,4, 3) and (=3, 5,3) aex + 5y =22,z=3

Now let ussee when two linesare perpendicular.

4.3.3 AngleBetween TwoLines

In Unit 1 you saw that theangl e between two lincs in a plane can be obtained in terms of
their dopes. Now wewill find the angle between two linesin 3-spaccin termsof their
direction COSINeEsS.

Let the linesL; and L, have dircction cosincs !y, my, ny and Iy, my, ny, respectively. Let 6 be
the angle between L, and Lz. Now let us draw straight linesL’, and L', through theorigin
with direction cosines}y, my, ry and ly, my, na, respectively. Then choosePand Q on L'y and
1", respectively, such that OP= OQ=r. Then the coordinatesd P are (r.mr, nyr), and of
Qae(l,yr, myr, nar). Alsn, 8 is theangle between OP and OQ(see Fig. 7). Now

PQ* = (i — )P+ (my —m)l?+ (n) — np)*? Fig. 7
= A1 = - mma-ny )2,

usng 2+ mi + af =1, lzi'l' m3 +nf =1
Also, from Fig. 7 and clementary trigonometry, weknow thet
PQ* = OP?>+0Q*-20P.0Q cosé
=2(1-cos @),
Thercfore, wefind that @ is given by the relation
cos8 = lilb+mmy+ning L 9)
Using (9) can you say when two linesare perpendicular ? They will be perpendicular iff
0 =1/2, that iSiff
L+ mmy+tninp=0. (10)
Now, suppose wc consider direction ratios a;, by, ¢; and ay, by, ¢y of L amd Ly, instead of
their direction cosines. Then, isit truc that L; and Ly ar€ perpendicular iff aja; +b, by +¢,c, =07
II"you just apply the definition of direction ratios, you will see that thisisso.
And when are two linesparallel ?Clearly, they areparallel if they have the sameor opposite
dircctions. Thus, the lines L; and L, (givenabove) will be,parallel iff L= L, m; = my, nj=ny

orly=— L, m ==myn =~ ny In particular,. meansthat if a b, cand d, b, ¢ are
direction ratiosof L, and L, respectively, then

o o
<o

-C
¢

Let us just summarise what we have said.

Two lineswith direction ratios a;, b,, ¢, and a,, by, ¢, are
(i) perpendiculariff a,a;+b; by +c;¢,=0;

N e d b
(||) parallel iff 2, = b.z—c—z .
For example, the Iine% sy= % ismot parallel (o the x-axis, since 2, 1,3 are not propor-

e C———
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Pig. 8: Theplane z=3

tional to 1,0, 0. Further. x = y = z isperpendicular tox=-y,z=0,sincel, 1,tand 1, -1,0
arethe direction ratiosof thesetwolines,and 1 (1)+1(-1) + 1(0)=0.

Why don't you try someexercises now?

E9) Find theangle between thelineswith direction ratios 1, 1, 2 and V3, —1/3, 4,
respectively.

E10) If 3lineshavedirection ratios1,?2,3; 1,-2, 1and 4, 1, -2, respectively, show that
they are mutudly perpendicular.

In this section you saw that alinein 3-space isrepresented by apair of linear equations. In
the next section you will see that this meansthat a lineisthe intersection of two planes.

44 PLANES

In this section you will see that a linear equation representsa planein 3-space. We will also
discuss some aspectsof intersecting planes, aswell as theintersectionof alineand a plane.

L et usfirst look a some a gebraicrepresentationsof aplane.

4.4.1 Equationsof a Plane

Consider the XY -planein Fig. 1 (a). Thez-coordinateof exery point in thisplaneiso.
Conversdly, any point whosez-coordinateiszero will bein the XY -plane. Thus, theequa-
tion z= 0 describesthe XY -plane.

Similarly,z = 3describesthe plane which isparallel to the XY -planeand which isplaced 3
unitsaboveit (Fig. 8).

And what is the equation ol the Y Z-plane? Do you agree that itisx=0?

Note that cach of theseplanessatisfies the property that if any two pointslieon it, then the
line joining them aso lies on it. Thisproperty isthe definingproperty of aplane.

Definition: A planeisaset of pointssuch that whenever P and Q belong toit then so does
every pointon thelinejoining Pand Q.

Another point that you may have noticed about the planes mentioned aboveis thet their
eguationsare linear in x, y and z, Thisfactistrueof any plane, accordingto thefollowing
theorem.

Theorem 1: Thegenerd linear equation Ax + By +Cz+ D=0, whereat least oneof A, B,C
isnon-zero, representsa planein three-dimensiona space.

Further, the converseisalso true.

We will not provethis result here, but will dways usethe fact that a planei s synonymous

with alinear equation in 3 variables, Thus, lor example, because of Theorem 1 weknow that
2x * 5z = y representsaplane.

Al thispoint wewould like to make an important remark.

Remark 2: In 2-gpacealinear equationrepresentsa line, whilein 3-spacea linear equation
represents aplane. For example, y = Listhelined Fig. 9 (a), as well as the plane of

Fig.9 (b).
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(a) (b)
Fig. 9 : The same equation represents a line In 2-space and a plane in 3-space.

Let us now obtain theequation of a planein different forms. To start with, wc have the
following result.

Theorem 2 : Three non-collinear pointsdetermineaplane. In fact, the unique plane passng
through the non-collinear points(x;, ¥1, 21), (X2. Y2, z2) and (xs, ys, z3) is given by the
determinantequation.

X - y Z 1

X v, 2, al (1)
=0.

X2 Y2 Zy 1

X3 y3 Z3 1

Wewill nat provethis result here, but weshall useit quite abit.

Asan example, let usfind theequation of the plane which passesthrough thepoints (1, 1, 0),
(=2,2,-1) and (1,2, 1). It will be

X y Z 1
L 0 1
| =0.
-2 2 -1 1
1 2 1
1 0 1 1 0 1 11 1
=x | 2 -1 1| -y |2 —-1. 1| 42 | =2 2 1
2 1 1 11 1 1 2 1
1 1 0 |
- |2 2 af =0
1 2 1

= 2x + 3y-3z=5.

Why don't you try someexercisesnow?

13
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Fig. 10 : The plane

X Yy z
—+=+==1
a b ¢

Pig. 11: Obtaining the normal
form of the equation of the plane.

14

E11) Show that thefour points(0, -1, -1), (4, 5, 1), (3,9, 4) and (- 4, 4, 4) arecoplanar,
that is, lieon thesame plane.
(Hint : Obtain theequation o the plane passing through any three of the points, and
seeif thefourth point lieson it.)

E12) ‘Show that the equation of the plane which makesintercepts2,—1, 5 on the three axes
T AR
182+(-—l)+5 1.
(Hint : The plane makes an intercept 2 on the x-axismeansthat it intersectsthe
x-axisat (2,0, 0).)

In E12 did you natice the rel ationship between theinterceptsand the coefficients of the
eguation?

In general, you can check that the equation of the plane making intercepts a, b and c on the
coordinate axes (e Fig. 10) is

XXV ES (12)

a b c
Thisis because (a0, 0), (0, b, 0) and (0, 0, C) lieon it.
(12) iscaled theintercept.form of the equation of a plane.

Let ussee how wecan use this form.

Example 2: Find theinterceptson thecoordinateaxes by the plane2x -3y + 5z = 4.
Solution : Rewriting theeguetion , we get

+—-=1

X
2

W Bf<
(T RN

Thus, the intercepts on the axesare 2, - 531' and é

Now hereisan exerciseon the ued (12).

E13) Show that the planesax+by+cz+d = 0 and Ax+By+Cz+D = () arc thesameiff a, b, C,
dad A, B,C, D areproportiond,

(Hint : Rewrite theequationsin intercept form. Theiwo planes will be the sameiff
their intercepts on theaxesareequd.)

L et us now condder another form of h e equation of aplane. For this, let usdrop aperpen-
dicular from theorigin O onto the given plane (seeFig. 11). Let it meet the planein the
pointP. Let cosa, cosp and cosy ke thedirectioncosinesof OP and p = |OF|. Further, let
the plane mekeintercepts & band c on thex, y and z axes, respectively. Then

coso=2 cosB= B =2
cos(x—a,cosﬁ—bandcosy-c. ...... (13)

Now, from (12) weknow that theequation of theplaneis % +¥%+&=1

Then, usng (13), Ihisequation becomes

xcoso+ycosB+zcosy=p L. 14)
Thisiscaled thenormal form of the equation of theplane.

For example, let usfind the norma form of the equation of theplanein Fig. 9 (b). The
perpendicular from theoriginonto it isof length 1 and Lies dong the x-axis. Thus, its
direction cognesare 1,0, 0. Thus, from (14) we get itsequationasx = 1.



Note that (14) isof the form Ax+By+Cz = D, where A< 1 B|<1,|C|<1and D2 0.
Now, supposewc are given aplane Ax + By + Cz+ D = 0. From itsequation, can we find
the length of thenormal from the origin lo it? Wc will useE13 todo so.

Supposc the equation of the planein the normal form is
xcosoe+ycosp+zcosy-p=0.

Then this is the same as the given equation of the plane. So, by E13 we seethat thereisa
constant k such that

cos o = kA, cos.p =kB, cos Y= kC, p =-kD.

Then, by (3) we get

k*(A24+B%+C?) = 1, that is k.= £

VA% +B*+C?

D]
So,p =-kD= , where we wake the absolutevalue of D since p = 0.

VA2 B2+ C2

Thus, the length of the perpeidicular from the origin onto the plane Ax+By+Cz+D =0 is
D

VA?+ B+ C?

. . . : .1
For ecxample, the length of the perpendicular from the origin onw x+y+z = 1is w/_§

Now let usgoonestep further. Let usfind the distance between the point (a, b, €) and the
plane Ax + By + Cz+ D=0, that is, thelength of the perpendicular from the point to the
plane. To obtain it we simply shift the origin to (a b, c), without changing the direction of
the axes. Then, just asin Sec.1. 4.1., if X, Y, Z are the current coordinates, weget x = X + a,
v=Y+bz=Z+¢.

Sothe equation of theplane in current coordinates isA (X t@+B (Y th)+C(ztc)+D=0.

"Thus, the length of the normal from (a, b, c) to the planeAx + By + Cz+ D=0 is thesame .
as the length of the normal from thecurrent origin to

A (X+a)*+ B (Y+b)+* C(Z+C)+ D=0, thatis,
|Aa + Bb+ Cc+ DJ
VAZ+B2+C2
For cxamplc, the length of the normal from (4,3, 1) to 3x -4y + 122+ 14=01s
2-12+12+14] 26

1
p: > > 0 ——=2.
V424122 13

Now you may like to do the following exerciscs.

E14) Find the distanceof {2, 3,-5) from each of the coordinate planes, aswel as from
x+y+z=1.

E15) Show that if'thesum of the squares of thedistances of (a, b, ¢) from the plancs
x+y+z=0,x=zand x +z=2yis 9, thena®+ b>+ c*=9,

Now that you are familiar with the variousequations of a planc let ustalk of the inicrsection
of plancs,

4.4.2 Intersecting Planesand Lines

In Sec. 4.3,2, you saw that @line iSrepresented by two linear equations. Thus, itisthe
intersection of two planesrepresented by these equations (SeeFig. 12).

Preliminariesin Three-
Dimensiona Geometry

We have djscussed the transla-
tion of axes in detail in Unit 7.

Fig. 12: A straight line Is the
Intersection of two planes.

15
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In generd, we have the follpwing remark.

Remark 3: A straight line is represented by a linear system of the form ax + by + cz+ d= ),
‘Ax+By+Cz+D=0.We writcthisinshortasax+by+cz+d=.0=A\x+By+Cz+D,
For example, 3x t 5y +z - 1= 0 = 2x + 1 represents the line obtained on intersecting the
planes 3x + 5y +2=1and 2x + 1 =0.

Now, suppose wearegiven aline

ax+by+cz+d=0=Ax+By+Cz+D. ‘ 4

This"lineclearly liesin both theplanesax + by +cz+d=0and Ax + By+ Cz+ D =0.In
fact, itliesin infinitely many planesgiven by

(ax+by+cz+d)+k(Ax+By+Cz+D)=0, ... ¥

wherek € R. Thisis becauseany point (x, y, ) lieson thelineiff itlies on ax+by+cz+d =0
aswell as Ax + By +Cz+ D =0.

Let usseean exampledf the useof (17).

Example 3: Find theequation of the plane passing through the Iine.’i'_’;_1 - y; 3_ Z‘:"Z
and the paint (0, 7, =7).

Solution : Thelineistheintersectionof 2(x + 1)=-3 (y - 3) and x + 1=-3(z 1 2), that i s,
2x+3y-7=0=x+3z+7.

Thus, by (17), any plane passingthrough it is of theform

(2x+3y-T)t+k (x +3z+7)=0for somek e R.

Since(0, 7,-7) lieson it, we get

21-7+k(-21*+7)=0, thatis k = 1

Thus, the required planc is

3x+t3y+ =0, thatis, x ty+z=0.

You can do the following exercise on thesamelines.

E16) Find the cquation of theplanc passing through (1, 2, 0) and the line
xcosa+ycosP+zcosy=1,x+y=z.

Now, given a lineand aplane, will they dwaysintersect? And, if so, what will their inter-
scction look like?In Fig. 13 weshow you the three possibilities.

() (®) , ()

Fig. 13 (a) Alinemd aplane can Gither intersectina point, or (b) the line can liein the plane, or (c) the? may
not intersect at all.
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. X -1 2-2
Example 4 : Check whether:theplanex+y+z = 1 and thestraight line 1= LA —

intersect. If they do, then find their point (Or points) of intersection.

Solution : By Remark 1 you know that any pointon thelinecan be givenby x = t,y = | +2i
and Z= 2+ 31, in terms of a parametert. So if thelineand plane intersect, then (1, 1 + 2t
2+ St)“r;?ust lieon the planex+y+z =1 for somet. Let ussubstitute these vauesin the

)

equation. We get t+1+2t+2+3t =1, that is, 61 = -2, that is, 1 = _ é Thus, thclinc and plane

intersect in apoint, and tho point of intersection is(' % % 1}
Example 5 : Find the point (or points) of intersection of

@ X+t2_¥*+3_2-9 4 3xe2y+62= 12,
2 . 3 2

and x+z=1.

(b) X—]:y_2:2—3
2 1 -2
Solution : @) Any point on the lineisd the form (2k-2, 3k~3, -2k+4), wherek € R.

Thus, if there-is any point of intersection, it will begiven by substituting this triplein
Ix+2y+62=12.

So, we have
i3(2k-2) +2 (3k—3) +6 (~2k+4) =12
: = 0=0.

«Thisistrue Vk e R. Thus,for every k e R, thetriple(2k*2, 3k-3, -2k-1-4)lics in the plane.
"Thismeans thet the whole lineliesin the plane.

b) Any point on thelineisof theform (2t+1, 1+2, -2t+3), where t € R. Thislieson x+2=1
if. for somet, 2t+1) + (=2t+3) = 1, that is, if 4= 1, which isfalse. Thus theline and
plane do not intersect.

Yau can use the same method for finding the point (or points) of intersection of two lines. In
the following exercisesyou can check if you've understood the method.

E17) Find the point of intersection of thelinex =y =z and theplane x T2y +3z = 3.

E18) Show that thelinex—1= -’2-(y—3): %(Z~5) meets the line 13(x+1) = %(y—4): 13 7-9).

Now, consider any two planes. Can wefind the anglc between them? We can, once we have
the followingdefinition.

Definition : Theangle between two planes isthe anglc between the normals to tham from
Licorigin.

So, now let usfind the angle between two planes. Let the equations of the planes, in the
norma form, befjx+m;y+nz = py and lx + imyy+nyz = pz. Then the angle between the
normalsiscos™ (1 1,+m m. +n n,)

Thus, theanglc between the ptancs /X +myy t n,2=p; axd hx+may+nyz = py IS

cos™ (ll/2+llilll12+nlrzz) o (18)
17
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In general, if the angle between the planes ax+by-+cz+d=0 and Ax+By+Cz+D=0 js 8,
then

cos = aA+bB+cC L (19)
JaZ+b2+ct. AT+ B2+ C?

Thisisbecausea, b, cand A, B, C aredirection ratiosof the normasto the two planes, so

hat ——— b ¢ and A
tha 3 y ¢ )
VaZ+b?+c? val+ bi+c? '\/;2+b2+cz JAa2+ B2+ C?
B C are thar direction cosines.
Va?+B2+C? VAZ+B2+C
Thus,

the planesax+by+cz+d = 0 and Ax+By+Cz+D =0

i) aepadld iﬁ%:%: and

<
C )
i) areperpendiculari(f aA+bB+cC=0.

Let uscongder an exampleof the utility of these conditions.

Example6 : Find the equation of aplanc passing through the lineof intersection of the
planes 7x -4y + 7z + 16 = 0 and 4x * 3y - 2z + 13= 0, and which is perpendicular to the
plane 2x -y — 22+ 5=0,

Solution : The generd equation of the planethrough thelinedf intersection isgiven by
Tx-4y+72+ 16 +k(dx+3y—-22+13)=0.

=(7T+4k)x+ Bk -4)y+ (7-2k) z+ 13k + 16 = 0.

Thiswill be perpendiculer to2x -y - 2+5=0if

27+ 4k) - (3k —4) = 2 (7 = 2K) = 0, that is , k = _i;._

Thus, the required cquation of the planeis47x —48y + 712+ 92=0.

Try theseexercisssnow. .

E19) Find theeguation of the plane through (1, 2, 3) and parald to 3x + 4y - 5z =0. !
E20) Find theangle betwean the planesx + 2y + 22=5 and 2x + 2y + 3=0.

Xx-a_y-b_z-c

E21) Show thet the angle between theline 5 and the plane
o
Ax+By+Cz+D=0issn |_____Ac+BB+Cy _
, \/A2+B2+C2.\/<12+[32+'y2

(Hint : The required angleis the complement o the angle betwoen theline and the
normal to the planc.)

And now let usend the unit by summarising whet we havedonein it.



45 SUMMARY

In this unit we have covered the following points.

D

2

3)
4)

0)

9)

10)

1)

Distance formula: The distance bctween the points(x, y,z) and (g, b, ¢) is

\f(x—a)2+ (y b)Y+ (z-c)’.

The coordinates of a point that dividesthejoin of (x4, y1, z;) and (xa, y3, Z5) in the
ratiom:n are

A,

nx; + Mxp; Ny +my; nz;+ m22)
m+n ~ m+n  m+n

It cos o, cos P ad cosy arehe directioncosinesof aline, then cos’at cos? B+ cos®y= 1.

The canonicitl form of the equations of a linepassing. through the point (g, b, ¢) and
having direction cosines cos o, cos and cosy is

x—a_Yy-b_ z-c
cosa cosPp cosy

Thetwo-poirit form of the cquations of a line passing through
(x1,¥1, Z1) and (X3, y2, 7;) are

X=X _ Y-y _2-1%

X2—=X1 . Ya— N1 “Za—-1

The angle between (wo lines with direction ratios
ay, by, ¢y and ay, by, ¢y s

COS.I dldz+b1b2+(|(,2 .

VaP+ b+ . a3+ bd+ct
Thus, these linesarc perpendicular iff a,82+b, bat+c,c, = 0, and parald iff
a,=kag, by =kby, ¢; = ke, for sornck e R.

Theequation of a plancis of the form Ax+By+Cz+D =0, wherc A, B,C,De R ad
not.all of A, B, C arc zcro.

Conversely, such an equation alwaysrepresents aplanc.
The planedetermined by the three points

(X1, Y1, 71), (X2, Y2, 72) and (X3, ¥3. 73) is

X y 2 1
X A |
1 M 1 =0
X2 Y2 75 1
X3 Y3 3 1

The equation of the plane which makes intercepts a, b and ¢ on the x,y and z-axes,
X 2
respectively, IS =+ L2 L
a b ¢

The normal [orm of the cquation of aplaneisx cosaty cosp + zcosy=p,
where pis thelength of the perpendicular from the origin onto Lkt plane and cosa,
cos 3, cosyare the direction cosinesof the perpendicular.

The length of the perpendicular from apoint (a, b, ¢) onto the planc Ax + By + Cz
+D=0is

Preliminariesin Three-
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]' Fig. 14

2

|Aa+ Bb+ Cc+ D
VA2+ B2+ C?

12) Alineis theintersection of two planes.

13) Thegenera equation of a plane passing through thelineax + by + cz+d=0 = Ax +
By+Cz+Dis(ax+by+cz+d)+k(Ax+By+Cz+D)=0,wherek € R.

14) Theangle betweentheplanesax + by +cz+d=0and Ax+By+ Cz+ D=0is

. [ aA + BB +cC J
Cos = = 2,,
Va2+p2+c?. VAZ+B2+C

And nowyou may like to go back to Se¢. 4.1, and see if you've achieved theunit objectives
listed there. As you know by now, oneway of checking thisisto ensure that you have done
dl theexercises in the unit. You may like to seeour solutionsto the exercises. We have
given them in the following section.

4.6 SOLUTIONS/ANSWERS

El)  PQ=Y(I-(-D)' + - 1*+(-1-1)* =8

Thecoordinatesof R are (—;- , 1,- $)

Ez)( ,
2 2 2

a+r b+s c+tj

E3)  sin? o +sin® f +sin*y =3 — (cos? o+ cos? B +cos? ) = 2.

a 0,1, 0ad0,0,1, respectively.

b) Any linein the XY -planemakcsthe angle &/2 with thex-axis. Now, ifm = tan O,
then y = mx+c makesan angle 6 with the x-axis, and x/2 — 6 with the y-axis.
Thus, itsdirection cosinesare cos6, sin 8, 0.

In Fig. 14 we have depicted the situation.

Let OP=r. Then you can seethat the direciion cosincsot L are 2
r

- T
=10

»

Thus, a, b, caredircction ratiosof L.

E6)  Now,the lineL makes angles of m —a,n - and & -y with the positive directionsof
thex, yand z-axes, respectively. Thus, itsdirection cosines are - cos &, - cos 3 and

- COSY.

E7) X+|__

2
E8) Theequationsare .

|
2

N i<

X+3_y=5_z-3 . say, that is,
0

5 -1
-(x +3)=5(y-5)andz= 3, that is,
X+5y=22,2=3.

1

E9) - The direction cosines of the line with direction ratios 1, 1,2 are et
‘ ‘ V12412422

-1 2

. 1 2
241222 AP 24 2

m————

,—J—*g,jg.

, that is,

-



V3 _\J6 4
Similarly, the direction cosines of the otherIineareTa 'JSC. 5'

Thus,if 8 is theangle between them,

w=(3)(3)+ (%) (5 )

1
=——{8++v3-46]).
5v6 (843 -46)

E10) Sincel(1)t2(-2)+3(1)=0,
14)-2(1)+1(-2=0,and
1(#)+2 (1) +3 (-2 =0,
the linesare mutually perpendicular.

El1) Theequation of the plane passing through thefirst three pointsis

X y Z 1
0 -1 -1 1
=(
4 5 1 1
3 9- 4 1

= 5% -Ty+1lz+4=0.

Since (-4, 4, 4) satisfies it, the 4 pointsarc coplanar.
E12) Thepoints(2,0,0),(0,-1,0), (0,0, 5) lieon the plane.

Thus, itsequation is

X y 7 1
2 0 0 1
=0 = 5x-10y+2z=10
0 -1 0 1
0 0 5 1
— _y_ + — =
2 (-1) 5
E13) Theintercepts of the two planes on the axes arc - Q_, - Q, _4
a b c
and - P—J - 2 - Q, respectively. Thus, the planes coincide
A B C
ir 4D _d_ D _d_ D ygis
a A" b B c C
iff 2.0 _¢_9 haisiffab,c,dand A, B, C, D arcproportional,
A B C D

E14) Thedistance of (2, 3, -5) from the XY-planc, z= 0, is \/ﬂ_ =5.
12

Similarly, the distance of (2, 3, -5) from x=0and y=0 is2and 3, rcspcctivcly.
Itsdistance from x+y+z = 11iS

2+3-5-1 1
V2412412 3

E15) Weknow that

la+b+d Y (la-¢ ) la-2b+¢|)
+ = + =9,
V3 V2 V6
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Fig. 15 : Theline |, makes an
angle 8 with the planeTT and
(/2-6) with the normal N te [1.

22

E16)

E17)

E18)

E19)

E20)

E21)

= @+ +ct=9,

Theequation of the plane passing through thegivenlineis
(xcosatycosB+zcosy —1y+k(x+y-2)=0, ... (20)
wherek € R ischosenso that (1, 2, 0) lieson theplane.

(cosa+2¢os[3—1)+3k=0=:k=.:1;(1— cos o.—2 cos B).

Thus, therequired equation isobtained by putting thisvalueof k in (20).
Any pointon thelineis (t, t, i). Thelineand planc will intersect if, for scmete R,

t+2t+3t=3=3t=

[N

Thus, theplaneand line intersect in only one point (g 3 %)

Ary point on thefirstlineisgiven by

(t+1, 2t43, 3t+5), t = R,

Ary point on thesecond lineis given by

(3k%1, 5k+4, 7k+9),k  R.

The two lineswill intersect if t+1=3k-1,2t+3=5k+4and 3t+5=7k +9 for
sometandkinR.

On solving theseequations we find that they are consistent, and k = 5 givesusthe
common point. Thus, the point of intersectionis (14, 29, 44).

Any planeparald to 3x +4y - 5z=0isof theform
Ix+4y-52+k=0,whercke R.

Since{l, 2, 3) lieson it, 3+8-15+k = 0=k =4.
Thus, the required planeis3x +4y -5z + 4 =0.

If theangle is8, then

1(2) +2(2) +2(0) _

1
R

cos€=

=0 =n/M4.

If 6 is theangle between thelineand the plane, then 12‘_ _ g istheanglebetween the

lineand thenormal to the plane (see Fig. 15). Now, A, B, C are the directionratios
of thenormal. Thus,

co*(£~6]" Ao+ BB + Cy
515 = .
VAZ+B24C? \/a2+32+72

= 9n8= égéRIR.L(‘rv )
VA2 + B2+ C?, o2+ B2+ 72
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51 INTRODUCTION

With this unit we start our discussion of threc-dimensiond objects. Asthe unit title suggests,
weshdl consider variousaspects of asphere here. A sphereis not new lo you, VN you
warc achild you must have played with balls. Y ou must also havc caten severd fruitslike
limes, orangesand watcrmelons. All these objects arc spherical in shape. Butall of them are
not spheres from the ?oint of view of analytical geometry.

In thisunit you will scc what a geometer callsaspherc. We shdl also obtain the generd
cquation of asphere. Then weshall discusslinear and planar sectionsdf a sphere. In
particular,we shdl consider the equations of tangent linesand plancs to.a spherc. Findly,
yau will sec what the intersection of two spheresisand how many sphercs can pass through
agivencircle.

Spheres arc an integral part ol thestudy of the strucwre o crystalsof chemical compounds.
Yau rind their propertiesused by architects and engincers al so. Thus, an analytical study of
sphcresis not merely to satisfy our mathematical curiosity.

A sphercisaparticular caseof an dlipsoid asyuu will see when you study Block 3. So, if
you have grasped the contents of Thisunit, it will beof help 10 you while sudying the next
block. In other words, if you achieve the following objectives, it will ke easier for you to
understand the contentsof Block 3.

p

Objectives

Afier studying this unit you should be ableto

obtain the ecquation of asphercif you know itscentreand radius;

check whcether a given second degree equationin three variablesrepresents a sphere;
check whether a given lineistangent to a given sphere;

obtain the tangent planeto agiven point on agivensphere;

obtain the angledf intersection of two intersecting spheres,

e 6 ¢ 6 O @

find the family of pherespassing through agiven circle.






