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17.1

INTRODUCTION

We shall begin this unit by discussing the distribution of correlation coefficients in
Sec. 17.2. AS we have already studied the correlation coefficient of two variables, in
this unit, we shall extend this to more than two variables by introducing the multiple
correlation and partial correlation coefficients. The distribution of partial correlation
coefficient and distribution of multiple correlation coefficientswill be discussed in
Sec. 17.4 and Sec. 17.5, respectively. At the end, we shall focus on the distribution of
R~
in Sec. 17.5.
1-R2

Objectives
After studying this unit, you should be able to:
define the correlation coefficients;
calculate the correlation coefficient for multiple and partiel correlation;
describe the distribution of multiple correlation coefficients;
describe the distribution of partial correlation coefficients;

rI

find the distribution of RZ/(1-

17.2

w') .

DISTRIBUTION OF CORRELATION
COEFFICIENTS

Let us start with the linear regression analysis with two independent variables and one
dependent variable. This is nothing but the extention of two variable regression
analyses. Let us assume the independent variables be x, and x, and the dependent
variable be y. Suppose we experimentally take observations on y by setting (x,, xz) at
n different levels. Let yi be the observed value of y when (XI,xz) is set of (xli, xli)
where i = 1, 2, ..., n . Since we are assuming a linear relationship, the following
model is considered y, = b, + b,x + b,x ,where i = 1, 2, ..., n .

,,

j

In this model, because of random variation in y, the points (yi, x e xzi) may not lie on a
plane, thus an error term ei is added to the equation of plane. Next we estimate boybl,
bj! using observations yi, so that we get a best fit linear model.
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,.

gi = bO+ blxli + bZxZi,i = 1, 2, ..., n
where &,6, and 6, are the estimated parameters and then 9, is the best estimated

Now let

A

A

value of y,. The best fit plane is known as regression plane.
Let us minimize the sum of s a m s of v, - i .the residuals or errors. that is

n

= C ( y i - bo - blxli - b,x,)'

(Using Eqn. (1))

i-1

For minimization, the necessary condition is that the partial derivatives of expression
in Eqn. (2) with respect to b,, b, and b, are zero. Thus

ill

These equations can be written as

The system of equations in Eqns. (4), (5) and (6) are the normal equations of the least
square method. This system of normal equations can be solved to find the values of
bo,bl and b, defined by 6,,6, and 6, and can be substituted in Eqn. (I) to g.et the
equation of regression plane. The coefficients of independent variables b, and b, are
regression coefficients for linear regression. This model can be generalized to handle
the prediction a dependent variable forms several independent variables. Let us
consider the independent variables x , x , ..., x ,and the dependent variable y.
Then linear model is

,

, ,

where ei is the error or the difference between the true value and the estimated value.
The matrix notation of Ean. (7)is

-

1 x,,
1 x,,
= 1 i

-1

x,,
x,,

xnl xn2

-- -

...
...

b,

+

xek--b, -

which can be rewritten as y = xb + e
(8)
The errors ei are random variables for which the following assumptions are made
i)
E(~,)=o
ii)

cov(ei,ej)=O,iij.

iii)

var (ei) = constant (say a').
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Now, let us extend the least square method to more than two independent v
For this, we rewrite Eqn. (7) as given below
To fit the model, we estimate the values for the regression coefficients boyb,, ..., b,
with the available data. For this, according to the method of least square, we minimize
the sum of squares of the errors w.r.t bi s. Thus, we minimize

= ( - x b (y - xb)

[using Ecp. (811

Now we get a system of k + 1 normal equations (similar to Eqn. (4), (5), (6)). If we
assume that rank of matrix x in Eqn. (8) is (k + l), then normal equations will have a
unique solution given by Eqn.(l 1).
A

Let us denote the estimate or fitted value of b by b. Then the deviation of the
estimated value and the true value is
A

A

or

e=y-xb
A

where iis the vector of estimated residuals ei ,
The least square estimate of b, obtained by solving normal equations, is given by
A

b = (x'xr1 xly
As noted above the rank of x should be k + 15 n.

(1 1)

A

Using the value of b given in Eqn. (1 1) and Eqn.(8), the fltted value of y can be
written as
9 = x i = X(X#X)" XIY
(12)
The matrix x(xlx]' x' is known as 'Hat matrix'. The residual vector is

= [I
t

I

i

i

i
1

- x (x 'x)-'

xl]

[ur~ngmn. (1211

and the residual sum of squares equal i'e ,
Now let us illustrate this concept in the followin@examples.
Example 1: Formulate a linear regression modal in matrix form for the following
&ta:

Solution: The independent varlablea we x, and x2 and the dependent variable is y.
The number of observations given hem Ia 5. The corresponding matrices are
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Therefore, we get y = xb + e
Example 2: The owner of a chain of five stores wishes to forecast net profit with the
help of next year's projected sales of food ar
year's sales of food items, sales of non-food
stores are available as follows:
Table 1: Sales of Food and Non-Food Item and Net Proflt of a Chain of Stores

Store No.
1
2
.3
4
5

Net Profit
Sales of Food Items
(Rs.Crores) y (Rs. Crores) x,
15
5

Sales of Non-Food
Items (Rs. Crores) x,
2

9
3
7
3

3
3

3
4
2

6
7

1

Assuming a linear regression model yi = b, + b1xli'+ b2xZi+ ei ,when
i = 1, 2, 3, 4, 5 ,calculate
the least square estimates b ,
i)
ii) the residuals iand
iii) the residual sum of squares for the model.
Solution: (i)

From the given data,

I

'

59
19

164
95

Thefittedregressionplaneis 9, =-+-x,~-Gx,~,
8

4

i=1,2,

.... 5 .

I

A

A

A

and the residuals e = y - y = -606195

1-34195 1
(iii)

The residual sum of squares is
5619
e'e = -.
95

Now, try the following exercises.

E l ) Given the following data, fit a regression equation representing dependence of
number of credit cards on family size and family income. Also, show whether
addition of 'Family Income' variable har lmproved the relationship by finding
sums of squares of errors as also calculating simple and multiple correlation
coefficients.

E2)

If the Hat matrix, given in Eqn. (12), is

H = ~(x'x)" x', then verify that

A

i)

e = I - H is symmetric.
A

ii)

e =I -H

is idempotent.

So far, we have discussed the linear regression fit. Now, we shall obtain some kind of
coefficient of correlation that measures the adequacy of simultaneous linear fit with
several independent variables. For this consider y'y.
y'y = ( j+ 6s ( j+ 6)

[using Eqn. (1311

y'y = 9'9 + i'j + 9'6 + $6
Y'Y = j'j + $6

[since 29 = 0 , using Eqn.(l3)]

- 2

-2
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AA

y 'y - ny = 4'4 - n (4)
where

+ e'e [since ji = $ by normal Eqn. (4) for general k]

-

y = mean of yi series

A

A

y = mean of yi series.

or Total sum of squares = Regression sum of squares + Residual (or error) sum of
squares
Dividing both the sides by

g(yi
- ;)1

and rearranging the t e r n , we get

i-I

The sum of squares breakup suggests the following measure for goodness of fit for
linear model.

ill

'

R2 is the coefficient of multiple determination. It can be shown that R2 is the square
of Pearson product moment correlation coefficient between the observed values yi and
the fitted values 9, . This correlation coefficient is called multiple correlation
coefficient between y and XI,]GZ,. ..,&
Thus, we see that
R2 =

i-1

2

3

-7Y

Regression sum of squares
Total sum of squares about mean

( ~ i

i=l

where R2 is the squared multiple correlation coefficient. We write R~ with the
subscripts as corresponding variables under consideration. For example, if we assume
the dependent variable y and the independent variables x, ,x2,x, , then the squared
multiple correlation coefficient is denoted as R:.,,,

. The value of R2 lies between

0 to 1. If the value of R2 = 1, then the fitted equation passes through each of data
points and in that case ii:.: 0 f'.~allr i. While W "= Q :qpliw 9, = 4 for all i or the
values of x:s denote affect the estimates of y,.

Now, in the following section, let us discuss the multiple correlation coefficient in the
case when independent variables are not considered as fixed as in the present section
but are random variables.

17.3

MULTIPLE CORRELATION COEFFICIENTS

If the modeling is done by fitting a linear equation among more than two variables i.e.
more than one independent variables, then the extent of fit is measured by correlation
coefficient of dependent variable and independent variables called the multiple
correlation coefficient.

Let us consider the set of independent variables or predictor variables
x x ,x3, ..., x ,and the dependent or response variable y. In many applications
(y, xI, ..., X, ) be y, for i = 1, 2, ..., n ,can be considered random vector having
some joint probability distribution and the problem is to find a best linear function of
x,, x,, ..., x,,say, b, +b,x, +-..+b,x,toestimateorpredicty.

,

,

Then y is predicted by b,

1

Let r = ( Y- and Z=(

..-

+ b'x .Then e = b,
i

.

- b'x is the prediction error.

I be its corresponding partitioned variance

covariance matrix. z is assumed to be positive definite. The multiple comlation
coefficient between y and the predictor variables x ,x , ,x is d e f d to be the
maximum correlation coefficient between y and any linear function
b'x = b, + b,x, + b,x, + + b,x,. The multiple correlation coefficient R ,,.. , is

, , ... ,

...

,/*,b12,

b

for all bo, b. [using Cauchy-Schwarz inequality u'v s JUrUJ9'vI
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Clearly the equality is attained when b = Ca:,
Therefore,

OW

and R,, is the correlation between y and its best linear predictor, and is known as the
population multiple correlation coefficient. The square of R that is R2 is called the
population coefficientof determination.
It may be noted that 0 5 R s 1 by definition. If R = 0, then x has no predictive power
and if R = 1, then y can be predicted without error. In the following we assume z has
multivariate normal distributionN, (@) . It may be recalled that if Z - N,,, ( p , ~ ) ,
then the cdnditional distribution of y given x is normal with mean

and variance

Thus in present case best linear predictor of y is in fact the regression of y on x and

Even if z is not multivariate normal but the linear model
y = b o +b,x,
bkxk+ e = b 0 + b f x + e isfittedsothattheMeansquarederror
+ . a * +

= E ( -~bo - b'x)l is minimal. Then it can be proved that minimum mean squared

error equals
var(y/x) =a,

-a;c:a,.

and is attained when b =C:a,,

[as in Eqn. (1 811

.

Now let us understand this in the following examples.
Example 3: Derive the coefficient of correlation of bivariate case from the multiple

correlation coefficient.
Solution: For bivariate case, let the predictor variable be x and the response variable
be y. Then, we have

where ox and a, be variances of x and y and the correlation coefficient between
them be p.
Then v a r ( y / x ) = ~ ; ( l - ~ ' ) ,

= p'
and hence

R, = lpl*

Example 4: Consider the mean vector be px =

matrices of x,,x2 and y are

x,=[:

:],OW

and p, = 4, and the covariance
=9,~~=[:]

Evaluate

i)
ii)
iii)

Fit the equation y = bo + b,x,

+ b2x,

as best linear equation,

The multiple correlation coefficient, and
The mean square error.

Therefore,
y = b 0 + b f x = l l + 2x,-x,.

9,

.c"v

[using Eqn. (16)]

ii)

R~ = ,

iii)

The mean square error = O, (1 - R')

=,

[using Eqn. (19)]

Now, try the following exercises.
E3) The following data gives DPS (dividend per share), EPS (Earning per share) and
Return on Market, for six companies.
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Find the regression equation y = b,
coefficient and mean square error.

+ b,x, + b,x,.

Find the multiple correlation

So k,
we have discussed the population multiple correlation coeficient. Under the
assumption of normality of z, let us now discuss the estimation of population multiple
correlation coefficient. The estimate is called sample multiple correlation coefficient.
For this consider the joint distribution of y with x ,x ,...,x is N,,, (P,Z) where
r

Y:]

..-["?I.

L ~ X

, ,

Q,

Q,

Now suppose we have sample of size n on (y, XI,...,xk)and we computes the s a p l e
A

mean vector C( and sample covariance matrix S for this random sample. Let these be
partitioned as

It can be shown that the maximum likelihood estimators of the coefficients b,,b are
A

'

b=s:

s, and

-

A-

(21)

-

-

b, = y - b f x = y - S L S ~ X .
Now

[using Eqn. (2 l)]

~,+~'x=~+s&s~(x-E)

(22)
(23

A

It may be noted that b, + b'x is called the linear regression function. The maxim-bn
likelihood estimator of Ry, is the sample multiple correlation coefficient which is
defined as

A

If the considered distribution is normal, then R is the maximum likelihood estimate of

R.
Now, in the following section let us discuss the partial correlation coefficient.

17.4

PARTIAL CORRELATION COEFFICIENTS

Let us consider the variables y, x, and x, where y is the linear predictor of two
independent variables x,. and x,. If we consider the simple correlation coefficient
between y and x, or between y and x, keeping x, or x, constaht respectively, then
this correlation coefficient is said to be partial correlation coefficient. Therefore, the
partial cornlation coefficient is determined in terms of simple correlation coefficients

,

I

!

I

among the various variables involved in a multiple relationship. In the case of three
variables y, xl and xz there are two partial correlation coefficients, which are
h57 partial correlat-cient
between y and x, keeping x, constant.
'F,.., = partial correlation coefficienitween y and x, keeping x, constant.
Expanding the number of variables, the partial correlation coefficient between
y, and xi holding x ,x,,, , ..., x k fixed is given by

,+,

Let us define the distribution of this by dividing the components y and x into two
groups

x(')and x(,).Accordingly, the corresponding mean vectors p of X is divided

into p(l)and #) and covariance matrix Z is divided into Z,,, El,, C,

,where

C1,,C1, and % are the covariance matrices of x('),of x(')and x('), and of x('),
respectively. Further assuming that the distribution is normal, then the joint
distribution of

1

1

x(')given x('), is normal with mean p(" + El, ,%(x(')- p(g ) and

the covariance matrix is El

,

= Ell - E,,c;~c,,

.

Example 5: Consider the above in a bivariate normal distribution to find the
= XI given x(')= X, = x,.
conditional distribution of
~ 6 l u t b a :Given is

x(')= XI and x(,)= X,,

therefore p(') = p, and p(2) = p,,
Ell = a:,E12 = EZI= pula2 and E, = a,2
Therefore
El,., = Ell - E,,C;:C,,

Example 6: Consider the random vector z be

r9

r21

If z ispartitionedas z=(Y,,Y,,x,,x,)I
E, =

:]

6
and EL = [-3

-3

o

3

31

mdp,=(;),p,=(~),

1,

Then find

Solution: E(Y/X) = p, + C
, :Z (X - p,)

Z,=r

V]

0

1

Mrib.tioar of

Cembtkm Cecmekab
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Now, try the following exercise.

I:1 I: : I:

Let y be distributed as N,(HZ) where p = -1

E4)

Find

and Z= 1 2 1

7

7

LY1-Y2+Y3 J

i)

the distribution of z = 4y1 - 6y2 + y, and z =

ii)

conditional densities f (y2/y,, y, ) and f (Y,,y21Y,

iii)

r,, and r12.,.

2 ~ +y2-Y,
1

)

-4

S,,S,,S,

are the estimators of Z,,X,,Z,.

q,,m,, is
where

;i,m..q,

which is the ijh element of R,.

D, = [diag

(s,

Therefore, the estimator of
= D;' (s,

- s,s:s,)D;~

11%.

-S ~ S ~ S ~

Now let us define the sample partial correlation coefficient between y, and y2 with y,
fixed as

where r,, ,r,, and r2, are the ordinary correlation coefficients between y, and y
and y, and y, and y, respectively.
In the next section, we shall discuss distribution of R ~ / ( I- R')

.

,,y,

17.5
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DISTRIBUTION OF 1- R ~

Correlation Cocfikksb

Let us first recall the multiple correlation coefficient given in Eqn, (14). This is an
alternative way of computing the multiple coefftcient of correlation. Before we
proceed for the distribution, let us define and discuss the following theorem.
Theorem 1: let X be a random matrix of order n x k and y be a m d o m matrix of
order n x 1 with P(y = 0) = 0. Suppose x is independent of y and the rank of X is
k - 1 with probability 1. If the sample multiple correlation coefficient R given in
1
1
Eqn. (24), then R has the beta distribution with parameters -(k - 1) and -(n - I),
2
2
n - k R'
which can also be written as
is F,-,,
k-l-l-~z

--

,-,.

Proof: Consider the partitions given as

.

where the order p, is (k - 1) x 1 and order of Z, is (k - I) x (k - I) Here, it may be
noted that since R = 0, therefore a,,= 0. Here the multiple conelation between

(Xi- p,) is same as that of betwten Yi and XI, therefore it can
be assumed that p = 0 and Z = I,. Now all the conditions of Theorem I are satisfied,
and the result follows.
*z
Example 7: Find the rm moment of R' and hmce derive mean and variance of R
A 2

Solution: The r" moment of R is

- 2(n - k)(k -I)
(n2- I)(*-1)
Trythe following exercises.

.
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E5) Show that

ES) If a random vector X = (x,,x,,x,,x,)'has covariance matrix

Then show that the four multiple correlation coefficients between one variable
and the other t k are equal.
Let us now summarize the unit.

17.6

SUMMARY

In this unit, we have covered the following points:
1.

The coefficient of correlation.

2.

Multiple correlation is the correlation among more than two variables.

3.

M i a 1 cornlation is the simple correlation between two variables while the rest
of the variables are kept constant.

4.

Distribution of

i2and ;'/I

- i2.
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=~-x[(x*)-']~f=~
Therefore I - H is symmetric

=I-H
Therefore, = I - H is idempotent.

= a'y (suppose)

p, =a1p=[4 -6

11

Z, =arZa =[4 -6

11

Therefore, z is distributed as N (1 7,79)

= 2

1

-1

1;: J

= tiy (suppose)

Y3

Z, = AZA' =

[: A]

Therefore, the distribution of z is N2
: [ y J [ [

31.
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iii)

JS

r,, = -= 0.3536
4

E5) We know the following relationship between regression coef%cients and simple
correlation coefficients.
In this case

From the correlation coefficients of the two regressions we obtain

and

Therefore

CY"=Cy2(1-d)
and
(ii)
Substitute the terms with asterisks in the formula of the partial correlation'
coefficient

(iii)
Substituting the values of i, and 6 , for their expressions obtained in (i)

We multiply each term of the numerator by appropriate unitary terms so as to
transform them into simple correlation coefficients. For example, we multiply

